1dicembre 28,1994 Towards Object-Oriented Modelling of EuclideanGeometryMaria Alberta Alberti, Eric Bastioli, Daniele MariniDipartimento di Scienze dell’InformazioneUniversit� degli Studi di MilanoVia Comelico 39 - 10135 MILANO - ItalyAbstractThis paper presents an object-oriented approach to interactive modelling ofg e o m e t r i c o b j e c t s . T h e o b j e c t s a r e s p e c i f i e d b y g e o m e t r i c c o n s t r u c t i o n s , which are built mimicing the compass-and-ruler manual approach in agraphical direct manipulation interface. The system adopts a "programmingby example" paradigm to incrementally enrich construction methods; newconstructions can be used to define new classes of objects or new methodsf o r a n e x i s t i n g c l a s s . M e s s a g e s e x c h a n g e d a m o n g o b j e c t s s p e c i f y g e o m e t r i c relationships among entities. Messages sent at construction time implicitlyform a relationship network, which is preserved during subsequent geometrictransformations, allowing to satisfy geometric constraints without recurringto numerical methods. The prototype GEObject is implemented under Actorin Windows 3.0 environment.Keywords: Object-Oriented graphics, Constraint solving, Euclidean geometry,Geometric constructions1IntroductionGeometric modelling is extensively used, both in a formal and in a na�ve way, in anyhuman activity where graphical representation is required. Since many years interactivegraphics and paint systems provide a fundamental tool to create a pictorial representationof the desired structure. Unfortunately most of these graphics systems are not based ongeometric knowledge. In some paint systems even geometric entities are conceptually lostwhen created and displayed on a screen, and only their pixel components are stillavailable to users. What is therefore needed is a "geometry expert environment" thatshould incorporate geometric knowledge in a computer system.Indeed, in traditional computer graphics libraries or graphics systems, which are notusually structured on their knowledge domain, a geometric entity is mainly modelled onits visual appearance and users are provided with tools to change it, but it is not modelledconsidering its structure and geometrical properties. For instance, a line segment can bevisualised as a series of pixels of variable length on the screen, while a graphics librarycan offer a routine to trace a line given its end-points co-ordinates, which represents theline model, but no other geometric property is modelled, e.g. being parallel to another, orhaving a mid-point. To construct a segment with such properties one has to explicitlywrite a computer program, in a given language. This is also true in many object-orientedsystems dealing with graphics classes: even though the concept of a class goes into thedirection of modelling the structure of a geometric entity, still we are far from satisfying

2dicembre 28,1394knowledge based systems, where lines or triangles, for example, have and maintain theirexpected geometrical properties.A "geometry expert environment" could be the basis of any interactive graphics systemfor applications in CAD or in computer animation areas, for building creative illustrationsor for teaching and studying geometry in a kind of virtual laboratory. With this final goalin mind we have started the exploration of Euclidean Geometry, aiming at developing amethodological approach to computer based geometric modelling. The result of our workis the prototype GEObject, an object-oriented system, that is described in the following:the choice of an object-oriented environment allows to encapsulate geometric knowledgeinto geometric classes and objects, according to the foundations of Euclidean geometry.Given the highly constructive character of Euclidean Geometry, it seems natural todesign a geometric modelling system that can increase its capabilities adding newconstructions, defined by users. This approach allows to develop a simple system thatrequires neither a deep knowledge in geometry nor a long training for its use. As users’needs increase they can extend system capabilities, easing system tailoring orcustomisation.2Constructive geometryConstructions for ancient Geometers have been for many centuries the only way to provethe existence of a solution to a given problem. Constructive methods were used to build ageometric object satisfying the requirements of a given problem, by means of basicconstructions. Euclid in his Elements stated five postulates that regulate the geometricalreasoning. These postulates tell us the "rules of the game": how one can compose thelegal moves into a complete meaningful construction; more complex geometric figurescan be derived by simpler ones by repeatedly applying basic operations. The first threepostulates are easily interpreted as the basic tools that Geometer will have: a ruler to drawlines and a compass to draw circles. In Euclid’s postulates we read:1. it is possible to draw a straight line from one point to another;2. given a segment it is possible to produce a straight line;3. it is possible to draw a circle, given a point (centre) and a distance (radius).Complex geometric figures can be modelled using the known procedures of elementaryplane geometry, e.g. we can impose a relationship of congruence, parallelism ororthogonality among lines, or we can impose intersection among lines or circles in orderto obtain points that are meaningful in a given geometric construction. These procedurescan all be implemented by using a compass and a ruler.Nevertheless there are problems that can not be solved by these two tools. For instancethere are three famous constructions that Greeks tried in vain to perform with ruler andcompass: the duplication of the cube, the trisection of the angle and the quadrature of thecircle. These problems cannot be solved with these tools, as it was proved later on, afterGalois theory1. More constructions are possible with additional instruments. A givenangle, for instance, can be trisected with a marked ruler, that is a ruler on whose edge onecan mark lengths.During a geometric construction, we impose geometric constraints among entities thatmust be satisfied when a figure is transformed.2 . 1 A case study for constraint satisfactionA well-known geometric theorem asserts that a polygon whose vertices are mid-points ofa quadrilateral is a parallelogram. Alan Borning [Borning 1986] uses this theorem to1Felix Klein, using Galois theory results (Klein, 1895) has clearly stated that the geometric figures that canbe constructed using compass and ruler are those and only those that can be expressed in terms of algebraicequations that can be solved by applying a finite number of rational operations or second order radicals. Theseresults express the theoretical bound of the kind of problems that one can face in a constructive geometricsystems, like our.

3dicembre 28,1394illustratehisconstraintbasedsystemThingLab,whichallowsuserstoinspectthevalidity of the theorem in different configurations by moving any vertex of the quadrilateral.ThingLab provides this kind of flexibility and interactivity, because the construction ofa geometric figure is completely specified by means of a set of predicates, and aconstraint solver is invoked when a transformation requires to recalculate parameters of afigure. The constraints of the quadrilateral problem are the binds that link vertices ofinscribed quadrilateral to mid-points. When a user modifies the external quadrilateral suchbinding relationships are to be maintained. A possible way to do so is the followingpseudo code, taken from ThingLab [Borning 1981]:Class MidPointLineSuperClassGeometricObjectPart Descriptionsline: aLinemidpoint: aPointConstraints(linepoint1 + linepoint2) / 2 = midpoint /* rulemidpoint <- (linepoint1 + linepoint2) / 2/* method 1linepoint1 <- linepoint2 + ((midpoint - linepoint2 )*2)/* method 2linepoint2 <- linepoint1 + ((midpoint - linepoint1)*2)/* method 3This formalisation merges two mathematical domains: geometry and algebra. Geometricproperties are expressed in algebraic terms, masking the distinction between the theoryand its interpretative model. A geometric problem is thereafter solved applying algebraicmethods.ABCDMNPQC’P’N’Fig. 1. Theorem of the quadrilateralThis declarative approach requires to explicitly state the properties and relationships thathold among the geometric elements of the figure. In fact the mid-points of the four sidesof the quadrilateral have been defined by means of algebraic properties, that bind co-ordinates of the end-points of a segment.The alternative procedural approach is based only on geometric constructions,grounded on geometric knowledge. A geometric construction problem is a problem ofdrawing a figure satisfying given conditions, by using some prescribed tools, only afinite number of times. The problem can be: possible; impossible, if it can not be found aprocedure to build a figure satisfying the problem, even though the solution exists; orinconsistent, if it does not exist a figure satisfying the given constraints.

4dicembre 28,1994The procedural mid-point construction can be done by recalling geometrical methodsonly: any point generated by intersecting circles and segments is a new geometric entity.Only the final depiction on paper or screen requires an algebraic interpretation, in order tocompute its co-ordinates in a given Cartesian system. The inscribed parallelogram of thequadrilateral theorem can then be constructed applying repeatedly the above mid-pointprocedure.The procedural approach allows us to construct a geometric figure in a natural andintuitive way, and to define implicitly geometric constraints by specifying therelationships among geometric entities during the construction. Procedural geometriccharacterisation allows to mimic the usual compass-and-ruler technique of elementaryEuclidean geometry, and it allows to satisfy constraints during geometric manipulationwithout recurring to a numerical general constraint solver.PQMRSFig. 2. Construction of a segment mid-point by its axis2.2Object-oriented representation of geometric knowledgeLooking at the foundations of Euclidean geometry, we first observe that geometry isorganised in a hierarchy of entities from primitives to complex derived ones. Primitiveentities are generally assumed to be: points, lines, angles and circles. From primitiveentities one can derive complex geometric figures by repeatedly applying basicoperations. Constructive geometry requires in fact that the following actions areprimitives:¥drawing a segment given two points;¥drawing a circle given a point and a segment;¥getting points intersecting couples of segments, couples of circles or asegment and a circle. Namely, using the ruler only, we can determine theintersection of two given lines; using the compass, on the other hand, we candetermine the intersection of a circle with a given line or the intersections oftwo given circles.The object-oriented approach to geometric knowledge representation allows to definegeometric entities taking advantage of the inheritance mechanism among classes. Ingeometry we find both the genus-species hierarchy and the part-of hierarchy: anequilateral triangle is a specification of a triangle, which, in turn, is a specification of aclosed polygon (genus-species hierarchy) and a point is part of a segment, which, in turnis part of a polygon (part-of hierarchy). Objects model geometric entities with theirhierarchical relationships.A geometric entity can be considered as an instance of its geometric class; classesencapsulate, as methods, their behaviour in response to messages sent by other entities oractivated by the end-user. The methods of the class are inherited by subclasses. In orderto instantiate an object a class method must be invoked, while the specific geometricbehaviour of an object is ruled by instance methods. To apply a geometric transformationto an object the corresponding method must be invoked by sending a transformationmessage.

5dicembre 28,1994A construction process is realised instantiating points, segments and circles by sendingproper creation messages, the class methods. Instance methods are then invoked, in theproper order, to generate new points, as intersections among lines or circles, or to imposeconstraints.2.3Representation of geometric constructionsTo represent the dynamics of the process of a geometric construction and the successivemanipulation on the geometric figure, we use, rather informally, coloured Petri nets(Jensen, 1991). Petri nets allow to represent any compass-and-ruler constructions. Placesare interpreted as geometric objects and transitions as constructive methods. A methodcan be applied to geometric objects to originate new or modified geometric objects. Placesare represented as circles or ellipses, and transitions as rectangles. The net can be considered as a recipe to perform the geometric construction. Giving ageometric entity corresponds, in Petri net language, to put a token in the correspondingplace. Tokens are associated to information specific of the given entity, that allows todiscriminate among different entities of the same type and among entities of differenttype; therefore tokens are said to be "coloured". The colour of token tells us about thetype of geometrical entity it refers to, point or segment or other ones, and about the co-ordinates of its constituent points. Applying a constructive step to geometric entities isequivalent to fire a transition. Each transition can fire if all its input places are marked bytokens, and the effect of the transition is to mark all its output places.PQ_segmPQsegm_2pPQ_segma point token; its colour holds the point co-ordinates on the planePsegm_2pa segment token; its colour holds the co-ordinates of its end-pointsQFig. 3. Building a segment given two pointsAs a simple example let us consider the construction of a segment, given two points;the instantiation of points P and Q gives an initial marking for the net and allows to firethe transition segm_2p, a method to build a segment given its two end-points, and givesthe segment PQ. Points P and Q are still available for further manipulation, because theconstruction has not cancelled them; therefore their places are still marked. A net can beconsidered as an abstract representation of the concept of a segment, while an initial tokenconfiguration, the initial marking, can be interpreted as the actual drawing of a segmentgiven a couple of points.

6dicembre 28,1994PQ_segmPQcirc_c_radPQ_circlePQintersectPQRS_segmRSPQRSintersectMRSPQRSMsegm_2psegm_2pcirc_c_radQP_circlemid_ptFig. 4. The mid-point construction netWith Petri net notation we now represent the construction of the quadrilateral problem.We need first to show, Fig.4 2, the net of a sub problem - the classical mid-pointconstruction - where we define by example the construction method, mid_pt.2From now on, in order to simplify the graph depiction, we shall not display arcs returning tokens to inputplaces of a transition; moreover in the following graphs, we use other construction methods: line_2p, to returna line given two points; circle_c_rad, to build a circle given a centre and a radius; intersect, to returnintersection points between entities.

7dicembre 28,1994We can use the new mid_pt method in any further construction, as in the net of Fig.5,which represents the quadrilateral problem.ABsegm_2pAB_segmCD_segmCDsegm_2psegm_2psegm_2pBC_segmAD_segmMN_segmPQ_segmNP_segmMQ_segm mid_pt mid_pt mid_pt mid_ptMNPQsegm_2psegm_2psegm_2psegm_2pFig. 5. The geometric construction of the quadrilateral theoremFrom these examples we see how the Petri net represents the process of building ageometric construction showing the relationships among the involved geometric entities.Such relationships are indeed geometric constraints, that are not expressed in term ofalgebraic equations, but only in terms of pure geometric properties that entities mustsatisfy. Characterising geometric constraints in this way avoids recurring to nongeometric tools. Petri nets ease the task of recognising constrained geometric entities asthose whose corresponding places are produced by some constructive method. On theopposite primitive points of the construction are represented by places with no input arcs,and they are the only unconstrained points.2 . 4 Transformations of geometric constructions

8dicembre 28,1994After we have built a geometric figure, it is important to be able to transform it,