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Exercise 2.1: post-optimal analysis.

Given the following LP,

maximize z =x1 + 2x2

s.t. x2 ≤ 2x1 + 2

x1 + 3x2 ≤ 27

x1 + x2 ≤ 15

2x1 ≤ x2 + 18

x ≥ 0

and its optimal tableau (see Exercise 1.1)

21 0 0 0 1/2 1/2 0

14 0 0 1 -3/2 7/2 0

6 0 0 0 3/2 -7/2 1

6 0 1 0 1/2 -1/2 0

9 1 0 0 -1/2 3/2 0

1. discuss the robustness of the optimal solution with respect to variations of the marginal revenues, interpreting z as

a profit;

2. which resources can be scarce if c1 can vary between 1/2 and 3/2?

Question 1: sensitivity analysis.

The optimal tableau corresponds to the optimal basis B∗ = {1, 2, 3, 6} and to the optimal basic solution x∗ =
[9 6 14 0 0 6] with z∗ = 21.

Variations of c1. Examining the tableau at optimality,

21 0 0 0 1/2 1/2 0

6 0 1 0 1/2 -1/2 0

9 1 0 0 -1/2 3/2 0

14 0 0 1 -3/2 7/2 0

6 0 0 0 3/2 -7/2 1

since x1 is basic on row 2, we have

−1/2

3/2
≤ ∆c1 ≤

−1/2

−1/2

that is

−
1

3
≤ ∆c1 ≤ 1

which means
2

3
≤ c1 ≤ 2.

Variations of c2. Examining the tableau at optimality,

21 0 0 0 1/2 1/2 0

6 0 1 0 1/2 -1/2 0

9 1 0 0 -1/2 3/2 0

14 0 0 1 -3/2 7/2 0

6 0 0 0 3/2 -7/2 1

since x2 is basic on row 1, we have
−1/2

1/2
≤ ∆c2 ≤

−1/2

−1/2

that is

−1 ≤ ∆c2 ≤ 1

which means

1 ≤ c2 ≤ 3.
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Question 2: parametric analysis.

At optimality (vertex D in the figure), the resources corresponding to x4 and x5 are scarce, since the corresponding

constraints are active and x4 and x5 are non-basic. However, sensitivity analysis reveals that B∗ remains optimal only for
2

3
≤ c1 ≤ 2. So, we have no information about scarce resources when 1

2
≤ c1 ≤ 2

3
. For this purpose we need parametric

analysis on c1.

We already know from sensitivity analysis that the ratio that bounds the allowable decrease of c1 is
−1/2
3/2 which is

found on column 5. In other words x5 becomes basic when c1 decreases by more than 1/3. When c1 decreases by 1/3, the

indifference lines of the objective function become parallel to constraint (4) and we have two equivalent optimal solutions

(vertices C and D in the figure). This corresponds to the occurrence of a zero reduced cost in the tableau.

We need to perform a pivot step so that column 5 leaves the basis, in order to explore what happens for c1 < 2/3.

Therefore, we need to reconstruct the tableau that would have been obtained in vertex D with c1 = 2/3 instead of c1 = 1.

The only difference would have been in row 0, because the entries in the other rows of the tableau do not depend on the

coefficients c.
First of all, we have to remember that in standard form we put the objective funnction in minimization form. So,

we are minimizing z′ = −c1x1 − 2x2. we can easily compute the value of z′ in vertex D when c1 = 2/3. We have

xD = [9 6 14 0 0 6]. Hence, z′(D) = −9c1 − 12; For c1 = 1, z′(D) = −21 and this is consistent with the result already

found. for c1 = 2/3, z′(D) = −18. Therefore in the top left corner of the tableau we would have obtained an entry equal

to 18 instead of 21.

The reduced costs on the basic columns {1, 2, 3, 6} would have been equal to 0, by definition of canonical form.

The reduced cost of the non-basic variables must be computed. We know that in a canonical form, z′ = z′B + (c′N
T −

c′B
T
B−1N)xN and IxB + B−1NxN = B−1b. By c′ we indicate the coefficents of z′, which are opposite in sign to the

coefficients of the original objective z. We can read the matrix B−1N from the current tableau, after reordering the rows

in order to obtain an identity matrix in the basic columns:

B−1N =









−1/2 3/2
1/2 −1/2
−3/2 7/2
3/2 −7/2









.

Since c′B = [−c1 − 2 0 0]T and c′N = [0 0]T , we obtain z′(D) = z′B +(−1/2 c1+1)x4+(3/2 c1− 1)x5. When c1 = 1,

both reduced costs of x4 and x5 are equal to 1/2, and this is consistent with the tableau in vertex D we have obtained

with the simplex algorithm. When c1 = 2/3 the same formula gives us the reduced costs 2/3 for x4 and 0 (as expected)

for x5. So, pivoting on column 5 does not change the value of z′.

x1(2)

x2

(1)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1

2

3

4

5

6

7

8

9

10

(3)

(4)

(5)

(6)

X

A

B

C

D

E

F

z

Therefore for c1 = 2/3, the tableau in vertex D reads as follows:
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18 0 0 0 2/3 0 0

6 0 1 0 1/2 -1/2 0

9 1 0 0 -1/2 3/2 0

14 0 0 1 -3/2 7/2 0

6 0 0 0 3/2 -7/2 1

Now we can pivot on column 5 to reach a new equivalent basic solution.

To pivot on column 5 keeping the basis feasible, the pivot must be chosen according to the usual rules: there are two

candidate pivots on column 5, one on row 2 and the other on row 3. The minimum ratio is 14

7/2 , which is smaller than 9

3/2 .

Therefore the pivot in on column 5, row 3 (in bold). The variable leaving the basis is thus x3, which is basic on row 3.

The starting tableau is on the left, the resulting tableau is on the right.

18 0 0 0 2/3 0 0

6 0 1 0 1/2 -1/2 0

9 1 0 0 -1/2 3/2 0

14 0 0 1 -3/2 7/2 0

6 0 0 0 3/2 -7/2 1

B = {1, 2, 3, 6} x = [9 6 14 0 0 6] z = 21

18 0 0 0 2/3 0 0

8 0 1 1/7 2/7 0 0

3 1 0 -3/7 1/7 0 0

4 0 0 2/7 -3/7 1 0

20 0 0 1 0 0 1

B = {1, 2, 5, 6} x = [3 8 0 0 4 20] z = 18

Now it is possible to repeat the sensitivity analysis on c1 around the new basic solution. Variable x1 is still basic on row

2. A lower bound for ∆c1 is given by
−2/3
1/7 , i.e. −14/3. For ∆c1 = −14/3, we have c1 = 2/3 − 14/3 = −4, which

includes the required range 1/2 ≤ c1 ≤ 3/2.

Therefore vertex C remains optimal for 1/2 ≤ c1 ≤ 2/3 and this concludes the required parametric analysis on c1.
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Exercise 2.2: post-optimal analysis.

Given the following LP,

maximize z =2x1 + 3x2 + 4x3 + 5x4

s.t. x1 + x2 − x3 + x4 ≤ 10

x1 + 2x2 ≤ 8

x3 + x4 ≤ 20

x ≥ 0

and its optimal tableau (see exercise 1.2),

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

assuming z is the profit of a manufacturing company and b is the amount of available resources, whose current price

is 1/2, 1 and 2, answer these questions with post-optimal analysis.

1. An offer is issued by a provider for an additional amount of the third resource at a price equal to 4. Is it profitable

to accept it? What amount of resource should be purchased?

2. Which of the three resources is subject to the largest increase in value due to its transformation in the manufacturing

plant?

3. What is the maximum amount of the first resource that could be profitably used, if available at negligible price?

4. Do the sensitivity analysis on all coefficients of the objective function and all right-hand-sides of the constraints.

Question 1.

All three constraints are active at optimality. In particular, the slack variable x7, corresponding to the third resource,

has reduced cost 9/2; i.e. the shadow price of the third resource is 9/2. Hence, although the price 4 is definitely larger

than the price of the usual provision of resource (at a price 1/2) it is still convenient to accept it, because its shadow price

is larger than its price. This remains true in the range in which the optimal basis does not change. Examining the optimal

tableau, and in particular column 7, we see that the increase of its right hand side is not bounded. Therefore the shadow

price remains equal to 9/2 for any additional quantity of resource. Hence it is always profitable to buy at price 4 any

available amount of the resource.

Question 2.

The increase in value of the three resources can be immediately obtained by comparing the price at which they are

purchased and their shadow price, i.e,. their actual value for the company.

First resource:
1/2−1/2

1/2 = 0%.

Second resource:
3/2−1

1
= 50%.

Third resource:
9/2−2

2
= 125%.

Question 3.

The answer is given by the value of the right hand side beyond which the resource becomes non-scarce and its

corresponding constraint becomes non-active. The first resource corresponds to the non-basic variable x5. From the

sensitivity analysis on column 5, we see that
−11

1/2
≤ ∆b ≤

−9

−1/2

i.e.

−22 ≤ ∆b ≤ 18.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2
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This guarantees that at least 18 additional units of resource would be used, if available. Now we need to know whether

x5 would remain non-basic if ∆b > 18; parametric analysis provides the answer. Pivoting on column 5, row 3, i.e. on the

element defining the allowable increase, we obtain the following tableau.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

B = {1, 3, 4} x = [8 0 9 11 0 0 0] z = 107

116 0 1 1 0 0 2 5

20 0 0 1 1 0 0 1

8 1 2 0 0 0 1 0

-18 0 -1 -2 0 1 -1 -1

B = {1, 4, 5} x = [8 0 0 20 − 18 0 0] z = 116

The solution is infeasible because we have pivoted on a negative coefficient, moving beyond constraint (5). Now we shift

the constraint, so that it passes through the current basic solution, by replacing the entry −18 in column 0 with 0.

116 0 1 1 0 0 2 5

20 0 0 1 1 0 0 1

8 1 2 0 0 0 1 0

0 0 -1 -2 0 1 -1 -1

Now the current solution is degenerate. To go on, we have to make x5 non-basic again. However this is not possible,

because there are no available candidate pivots on row 3. This means that beyond this value, x5 would remain basic: the

optimal solution is now determined by the other constraints and it would not change even if constraint (5) were moved

further. Hence, it is not profitable to buy more than 18 additional units of the first resource.

Question 4.

Sensitivity analysis on c1.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

Column 1 is basic on row 2.

max

{

−1/2

2
,
−3/2

1

}

≤ ∆c1 < ∞

−1/4 ≤ ∆c1 < ∞

Sensitivity analysis on c2.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

Column 2 is non-basic. Then

∆c2 ≤ 1/2.

Sensitivity analysis on c3.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

Column 3 is basic on row 3.

max

{

−1/2

1/2
,
−1/2

1/2
,
−9/2

1/2

}

≤ ∆c1 ≤
−1/2

−1/2
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−1 ≤ ∆c3 ≤ 1

Sensitivity analysis on b1.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

Row 1 corresponds to slack variable x4, which is non-basic.

−11

1/2
≤ ∆b1 ≤

−9

−1/2

−22 ≤ ∆b1 ≤ 18.

Sensitivity analysis on b2.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

Row 2 corresponds to slack variable x5, which is non-basic.

max

{

−8

1
,
−9

1/2

}

≤ ∆b2 ≤
−11

−1/2

−8 ≤ ∆b2 ≤ 22.

Sensitivity analysis on b3.

107 0 1/2 0 0 1/2 3/2 9/2

11 0 -1/2 0 1 1/2 -1/2 1/2

8 1 2 0 0 0 1 0

9 0 1/2 1 0 -1/2 1/2 1/2

Row 2 corresponds to slack variable x5, which is non-basic.

max

{

−11

1/2
,
−9

1/2

}

≤ ∆b3 < ∞

−18 ≤ ∆b3 < ∞.
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Exercise 2.3: duality.

Given the following LP,

maximize z =x2

s.t. x1 − 2x2 ≤ −2

− 2x1 + x2 ≤ −4

x1 + x2 ≤ 4

x ≥ 0

1. write its dual;

2. solve the dual with the simplex algorithm;

3. solve the primal geometrically.

Question 1.

maximize z =x2

s.t. x1 − 2x2 ≤ −2

− 2x1 + x2 ≤ −4

x1 + x2 ≤ 4

x ≥ 0

minimize w =− 2y3 − 4y4 + 4y5

s.t. y3 − 2y4 + y5 ≥ 0

− 2y3 + y4 + y5 ≥ 1

y ≥ 0

Question 2.

The initial basis is infeasible. We define an auxiliary problem, where the violated constraint temporarily plays the role

of the objective function.

0 0 0 -2 -4 4

0 1 0 -1 2 -1

-1 0 1 2 -1 -1

B = {1, 2} y = [0 −1 0 0 0] w = 0

-1 0 1 2 -1 -1

0 1 0 -1 2 -1

0 0 0 -2 -4 4

Iteration 1. We can pivot on column 4 or column 5. Selecting column 4, the following pivot step is done.

-1 0 1 2 -1 -1

0 1 0 -1 2 -1

0 0 0 -2 -4 4

B = {1, 2} y = [0 −1 0 0 0] w = 0

-1 1/2 1 3/2 0 -3/2

0 1/2 0 -1/2 1 -1/2

0 2 0 -4 0 2

B = {2, 4} y = [0 −1 0 0 0] w = 0

The constraint is still violated.

Iteration 2. We can pivot on column 5. Since there no positive candidate pivots on column 5, the pivot must be

selected on the row of the violated constraint (the auxiliary problem is unbounded).

-1 1/2 1 3/2 0 -3/2

0 1/2 0 -1/2 1 -1/2

0 2 0 -4 0 2

B = {2, 4} y = [0 −1 0 0 0] w = 0

2/3 -1/3 -2/3 -1 0 1

1/3 1/3 -1/3 -1 1 0

-4/3 8/3 4/3 -2 0 0

B = {4, 5} y = [0 0 0 1/3 2/3] w = 4/3

Now the basis is feasible. The tableau of the original dual problem can be reconstructed.

-4/3 8/3 4/3 -2 0 0

1/3 1/3 -1/3 -1 1 0

2/3 -1/3 -2/3 -1 0 1

B = {4, 5} y = [0 0 0 1/3 2/3] w = 4/3

Column 3 is made by negative entries: the dual problem is unbounded. Hence, the primal problem is infeasible.
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Question 3.

Since the primal problem has two variables, we can solve it by geometrical means.

x1(2)

x2

(1)

0−2 2 4

−4

1

4

(3)

(4)

(5)

z

The feasible region is empty; the primal problem is infeasible.
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Exercise 2.4: duality.

Given the unbounded LP (see exercise 1.4),

maximize z =x1 + x2

s.t. x1 − x2 ≥ −2

− x1 + 2x2 ≥ −1

x ≥ 0

1. write its dual;

2. solve the dual with the simplex algorithm;

3. solve the dual geometrically.

Question 1.

maximize z =x1 + x2

s.t. − x1 + x2 ≤ 2

x1 − 2x2 ≤ 1

x ≥ 0

minimize w =2y3 + y4

s.t. − y3 + y4 ≥ 1

y3 − 2y4 ≥ 1

y ≥ 0

Question 2.

The initial basis is infeasible: both constraints are violated. We define an auxiliary problem, where constraint (1)
temporarily plays the role of the objective function.

0 0 0 2 1

-1 1 0 1 -1

-1 0 1 -1 2

B = {4, 5} y = [0 0 0 0 −1] w = 0

-1 1 0 1 -1

-1 0 1 -1 2

0 0 0 2 1

Iteration 1. We pivot on column 4. The only available pivot is on the row of the violated constraint.

-1 1 0 1 -1

-1 0 1 -1 2

0 0 0 2 1

1 -1 0 -1 1

-3 2 1 1 0

-1 1 0 3 0

Feasibility with respect to constraint (1) has been repaired. We can now define a second auxiliary problem, using

constraint (2) as a temporary objective function.

-3 2 1 1 0

1 -1 0 -1 1

-1 1 0 3 0

The violated constraint cannot be repaired, since all entries on row 0 are non-negative and the right-hand-side is negative.

Hence the dual problem is infeasible.

10



Question 3.

Since the dual problem has two variables, we can solve it by geometrical means.

y3(4)

y4

(3)

0−2 2 4

−4

1

4

(1)

(2)

w

The feasible region is empty; the primal problem is infeasible.
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Exercise 2.5: duality.

Given the following LP,

maximize z = 2x1 + 6x2

s.t. − 5x1 + 2x2 ≤ 4

4x2 ≤ −3

x ≥ 0

solve it and its dual.

Solution.

Primal problem

maximize z = 2x1 + 6x2

s.t. − 5x1 + 2x2 ≤ 4

4x2 ≤ −3

x ≥ 0

Dual problem

minimize w = 4y3 − 3y4

s.t. − 5y3 ≥ 2

2y3 + 4y4 ≥ 6

y ≥ 0

The primal problem is infeasible, owing to the constraint 4x2 ≤ −3.

The dual problem is infeasible too, owing to the constraint −5y3 ≥ 2.
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Exercise 2.6: complementary slackness.

Given the following LP (see exercise 1.6),

maximize z =x1 + 2x2

s.t. x2 ≤ 2x1 + 2

x2 ≤ x1 + 2

x2 ≤
1

2
x1 + 2

x1 ≤ 4

x ≥ 0

1. write its dual;

2. solve the dual with the dual simplex algorithm;

3. obtain the optimal solution of the dual from the optimal solution of the primal computed in exercise 1.6.

Question 1.

Primal problem

maximize z =x1 + 2x2

s.t. x2 ≤ 2x1 + 2

x2 ≤ x1 + 2

x2 ≤
1

2
x1 + 2

x1 ≤ 4

x ≥ 0

Dual problem

minimize w =2y3 + 2y4 + 4y5 + 4y6

s.t. − 2y3 − y4 − y5 + y6 ≥ 1

y3 + y4 + 2y5 ≥ 2

y ≥ 0

Question 2.

In the dual tableau, feasibility conditions are violated (two constraints have negative right-hand-side), but optimal-

ity conditions are satisfied (all reduced costs are non-negative). Therefore, instead of having recourse to the initialization

phase of the simplex algorithm to achieve feasibility, it is possible to start the dual simplex algorithm, with no initialization.

Iteration 1. We select the row corresponding to the lasgest violation of a constraint, i.e. row 2. There are three possible

equivalent choices for the pivot column. As a tie-break rule, we choose the column with smallest index. Therefore we

pivot on column 3.

0 0 0 2 2 4 4

-1 1 0 2 1 1 -1

-2 0 1 -1 -1 -2 0

B = {1, 2}
y = [−1 − 2 0 0 0 0]
w = 0

-4 0 2 0 0 0 4

-5 1 2 0 -1 -3 -1

2 0 -1 1 1 2 0

B = {1, 3}
y = [−5 0 2 0 0 0]
w = 4

Iteration 2. We observe that two reduced costs on columns 4 and 5 are null, even if the columns are non-basic. We

pivot on row 1 and as a tie-break rule between column 4 and 5 we select the one with smallest index.

-4 0 2 0 0 0 4

-5 1 2 0 -1 -3 -1

2 0 -1 1 1 2 0

B = {1, 3}
y = [−5 0 2 0 0 0]
w = 4

-4 0 2 0 0 0 4

5 -1 -2 0 1 3 1

-3 1 1 1 0 -1 -1

B = {3, 4}
y = [0 0 − 3 5 0 0]
w = 4

In this iteration the basic solution has changed but the value of the objective function has not. Where the primal

problem is degenerate, its dual has multiple equivalent solutions.

Iteration 3.
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-4 0 2 0 0 0 4

5 -1 -2 0 1 3 1

-3 1 1 1 0 -1 -1

B = {3, 4}
y = [0 0 − 3 5 0 0]
w = 4

-4 0 2 0 0 0 4

-4 2 1 3 1 0 -2

3 -1 -1 -1 0 1 1

B = {4, 5}
y = [0 0 0 − 4 3 0]
w = 4

Again, a different basic solution but with the same objective value.

Iteration 4.

-4 0 2 0 0 0 4

-4 2 1 3 1 0 -2

3 -1 -1 -1 0 1 1

B = {4, 5}
y = [0 0 0 − 4 3 0]
w = 4

-12 4 4 6 2 0 0

2 -1 -1/2 -3/2 -1/2 0 1

1 0 -1/2 1/2 1/2 1 0

B = {5, 6}
y = [0 0 0 0 1 2]
w = 12

The solution is now feasible and optimal.

Question 3.

The optimal solution of the primal problem (see exercise 1.6) is

B = {1, 2, 3, 4} x = [4 4 6 2 0 0] z = 12

By the complementary slackness theorem, we know that optimality implies

y1 = y2 = y3 = y4 = 0.

Hence the dual problem reduces to

w =4y5 + 4y6

s.t. − y5 + y6 = 1

2y5 = 2

Solving this linear system of two equations with two variables, we obtain y5 = 1, y6 = 2 and w = 12.
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Exercise 8: dual simplex algorithm.

Solve the following LP with the dual simplex algorithm and verify the optimal solution geometrically.

minimize z =8x1 + 10x2 + 24x3

s.t. − x1 + x2 + 3x3 ≥ 1

2x1 + x2 + x3 ≥ 2

x ≥ 0

Question 1.

Iteration 1.

0 8 10 24 0 0

-1 1 -1 -3 1 0

-2 -2 -1 -1 0 1

B = {4, 5}
x = [0 0 0 − 1 − 2]
z = 0

-8 0 6 20 0 4

-2 0 -3/2 -7/2 1 1/2

1 1 1/2 1/2 0 -1/2

B = {1, 4}
x = [1 0 0 − 2 0]
z = 8

Iteration 2.

-8 0 6 20 0 4

-2 0 -3/2 -7/2 1 1/2

1 1 1/2 1/2 0 -1/2

B = {1, 4}
x = [1 0 0 − 2 0]
z = 8

-16 0 0 6 -4 6

4/3 0 1 7/3 -2/3 -1/3

1/3 1 0 -2/3 1/3 -1/3

B = {1, 2}
x = [1/3 4/3 0 0 0]
z = 16

Question 2.

The dual problem is as follows.

Primal problem

minimize z =8x1 + 10x2 + 24x3

s.t. − x1 + x2 + 3x3 ≥ 1

2x1 + x2 + x3 ≥ 2

x ≥ 0

Dual problem

minimize w =y4 + 2y5

s.t. − y4 + 2y5 ≤ 8

y4 + y5 ≤ 10

3y4 + y5 ≤ 24

y ≥ 0

Since the dual problem has only two variables, we can solve it geometrically. The geometrical representation of the dual

problem is the following.
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y4(5)

y5

(4)
0 1 2 3 4 5 6 7 8

1

2

3

4

5

6

(1)

(2)

(3)

Y

w

Using the Balinski - Gomory method, instead of the dual simplex we start from a tableau with two violated constraints

and we define an auxiliary problem, where one of them is temporarily used as an objective function.

0 8 10 24 0 0

-1 1 -1 -3 1 0

-2 -2 -1 -1 0 1

B = {4, 5}
x = [0 0 0 − 1 − 2]
z = 0

-1 1 -1 -3 1 0

-2 -2 -1 -1 0 1

0 8 10 24 0 0

The auxiliary problem is unbounded: it is necessary to pivot on a negative coefficient of the violated constraint. After

pivoting on column 2 we obtain:

-1 1 -1 -3 1 0

-2 -2 -1 -1 0 1

0 8 10 24 0 0

B = {4, 5}
x = [0 0 0 − 1 − 2]
z = 0

1 -1 1 3 -1 0

-1 -3 0 2 -1 1

-10 18 0 -6 10 0

B = {2, 5}
x = [0 1 0 0 − 1]
z = 10

The solution corresponds to y4 = 10, and y5 = 0 in the dual space.

Now the second constraint must be used as a temporary objective function. The auxiliary problem is unbounded. A

possible pivot is on column 1.

-1 -3 0 2 -1 1

1 -1 1 3 -1 0

-10 18 0 -6 10 0

B = {2, 5}
x = [0 1 0 0 − 1]
z = 10

1/3 1 0 -2/3 1/3 -1/3

4/3 0 1 7/3 -2/3 -1/3

-16 0 0 6 4 6

B = {1, 2}
x = [1/3 4/3 0 0 0]
z = 16

A feasible base solution has been obtained, corresponding to the following canonical form:

-16 0 0 6 4 6

4/3 0 1 7/3 -2/3 -1/3

1/3 1 0 -2/3 1/3 -1/3

Such a solution is also optimal.

16



Esercizio 9: PL con variabili limitate.

Dato il seguente modello di PL,

maximize z =x1 + 2x2

s.t. 3x1 + 2x2 ≤ 18

0 ≤ x1 ≤ 4

0 ≤ x2 ≤ 6

risolverlo utilizzando soluzioni di base estese nell’esecuzione dell’algoritmo del simplesso.

Soluzione.

Anzitutto poniamo il modello in forma standard, riscrivendo la funzione obiettivo in forma di minimizzazione ed

introducendo la variabile di slack opportuna.

minimize z′ =− x1 − 2x2

s.t. 3x1 + 2x2 + x3 = 18

0 ≤ x1 ≤ 4

0 ≤ x2 ≤ 6

x3 ≥ 0

Per questo modello in forma standard si ha:

A = [3 2 1]

b = [18]

cT = [−1 − 2 0]

e con

d− =





0
0
0





d+ =





4
6
·



 .

A questo modello corrisponde il tableau seguente:

(1) (2) (3)

0 -1 -2 0

18 3 2 1

al di sopra del quale sono indicati tra parentesi gli indici delle variabili corrispondenti ad ogni colonna. Il simbolo (i)
indica che la colonna corrisponde alla variabile xi, mentre il simbolo (i) indica che la colonna corrisponde alla variabile

xi = d+i − xi.

La soluzione di base corrispondente al tableau è: B = {3}, N− = {1, 2}, N+ = ∅, con le corrispondenti matrici

B = [1] e N− = [3 2]. Si ha xT = [0 0 18] e z′ = 0.

La soluzione di base è ammissibile ma non è ottima, poiché due costi ridotti sono negativi.

Iterazione 1.

Utilizzando la regola di Bland, selezioniamo la colonna 1 per fare pivot. La colonna corrisponde alla variabile x1

che è fuori base. Quindi, p = 1 e p ∈ N−. Quindi ã = B−1A1 = [1][3] = 3, che è positivo. Questo significa che

l’unica variabile in base, x3 diminuisce e può portarsi fuori base al suo limite inferiore. Invece la variabile x1 che entra

in base aumenta e può portarsi fuori base al suo limite superiore. Per sapere quale di questi due casi si verifica, bisogna

confrontare i due limiti:
x3 − d−3

ã
=

18− 0

3
= 6

e

d+1 − d−1 = 4− 0 = 4.

Il minore tra i due è il secondo. Si ha quindi un passaggio di x1 da N− a N+.

Orlando il tableau con una riga ed una colonna aggiuntive, inseriamo il vincolo x1 + x1 = 4 con x1 in base.
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(1) (2) (3) (1)
0 -1 -2 0 0

18 3 2 1 0

4 1 0 0 1

In base alla regola di scelta della riga, se la colonna di pivot è la colonna 1, la riga di pivot deve essere la riga 2. Il pivot è

indicato in grassetto.

Eseguendo l’operazione di pivot si ottiene il nuovo tableau

(1) (2) (3) (1)
4 0 -2 0 1

6 0 2 1 -3

4 1 0 0 1

nel quale non occorre più la prima colonna. Calcoliamo e memorizziamo quindi soltanto il tableau

(2) (3) (1)
4 -2 0 1

6 2 1 -3

La soluzione di base corrispondente al tableau è: B = {3}, N− = {2}, N+ = {1}, con le corrispondenti matrici

B = [1] e N− = [2] e N+ = [3]. Si ha x1 = d+1 = 4 poiché x1 è fuori base e pari al suo limite superiore; x2 = d−2 = 0
poiché x2 è fuori base e pari al suo limite inferiore; x3 = 6, poiché x3 è in base ed il suo valore si legge dal tableau.

Quindi xT = [4 0 6] e z′ = −4.

La soluzione di base è ancora ammissibile ma non è ancora ottima, poiché esiste un costo ridotto negativo.

Iterazione 2.

Bisogna fare pivot sulla colonna corrispondente alla variabile x2, che è fuori base pari al suo limite inferiore. Quindi,

p = 2 e p ∈ N−. Quindi ã = B−1A2 = [1][2] = 2, che è positivo. Questo significa che l’unica variabile in base, x3,

diminuisce e può portarsi fuori base al suo limite inferiore. Invece la variabile x2 che entra in base aumenta e può portarsi

fuori base al suo limite superiore. Per sapere quale di questi due casi si verifica, bisogna confrontare i due limiti:

x3 − d−3
ã

=
6− 0

2
= 3

e

d+2 − d−2 = 6− 0 = 6.

Il minore tra i due è il primo. Si ha quindi un passaggio di x3 da B a N− ed un passaggio di x2 da N− a B. Non occorre

quindi considerare altre righe o colonne oltre a quelle già rappresentate nel tableau corrente,

(2) (3) (1)
4 -2 0 1

6 2 1 -3

dove il pivot è indicato in grassetto.

Eseguendo l’operazione di pivot si ottiene il nuovo tableau

(2) (3) (1)
10 0 1 -2

3 1 1

2
− 3

2

La soluzione di base corrispondente al tableau è: B = {2}, N− = {3}, N+ = {1}, con le corrispondenti matrici

B = [2] e N− = [1] e N+ = [3]. Si ha x1 = d+1 = 4 poiché x1 è fuori base e pari al suo limite superiore; x2 = 3, poiché

x2 è in base ed il suo valore si legge dal tableau; x3 = d−3 = 0 poiché x3 è fuori base e pari al suo limite inferiore. Quindi

xT = [4 3 0] e z′ = −10.

La soluzione di base è ancora ammissibile ma non è ancora ottima, poiché esiste ancora un costo ridotto negativo.

Iterazione 3.

La colonna di pivot corrisponde alla variabile x1 che è fuori base. Quindi, p = 1 e p ∈ N+. Quindi ã = −B−1A1 =
−[1/2][3] = −3/2, che è negativo. Questo significa che l’unica variabile in base, x2, aumenta e può portarsi fuori base

al suo limite superiore. Invece la variabile x1, che entra in base, aumenta e può portarsi fuori base al suo limite inferiore.

Per sapere quale di questi due casi si verifica, bisogna confrontare i due limiti:

d+2 − x2

−ã
=

6− 3

3/2
= 2
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e

d+1 − d−1 = 4− 0 = 4.

Il minore tra i due è il primo. Si ha quindi un passaggio di x1 da N+ a B ed un passaggio di x2 da B a N+. Poiché x2

entra in N+, occorre orlare il tableau con una colonna che corrisponda ad x2, che esce di base.

Nell’iterazione 1 questa operazione era stata fatta aggiungendo semplicemente la riga x1 + x1 = 4, poiché x1 era

fuori base e x1 era in base. Ora, invece, nel tableau corrente sia x2 che x2 sono in base. La riga da aggiungere al tableau,

che corrisponde al vincolo x2 + x2 = 6 deve esprimere x2 in funzione delle varaibili fuori base, sfruttando il vincolo

rappresentato nel tableau x2 +
1

2
x3 −

3

2
x1 = 3. Eseguendo la sostituzione, si ha 3− 1

2
x3 +

3

2
x1+x2 = 6, da cui si ricava

− 1

2
x3 +

3

2
x1 + x2 = 6 − 3. Quindi nella nuova riga, tutti i coefficiennti delle variabili fuori base risultano cambiati di

segno, mentre il termine noto è pari al complemento rispetto a d+2 − d−2 .

Si ottiene quindi il tableau seguente:

(2) (3) (1) (2)
10 0 1 -2 0

3 1 1

2
− 3

2
0

3 0 − 1

2

3

2
1

dove il pivot è indicato in grassetto.

Eseguendo l’operazione di pivot si ottiene il nuovo tableau

(2) (3) (1) (2)
14 0 − 1

3
0 − 4

3

6 1 0 0 1

2 0 − 1

3
1 2

3

nel quale non occorre più la prima colonna. Calcoliamo e memorizziamo quindi soltanto il tableau

(3) (1) (2)
14 1

3
0 4

3

2 − 1

3
1 2

3

La soluzione di base corrispondente al tableau è: B = {1}, N− = {3}, N+ = {2}, Si ha x1 = 2, poiché x1 è in base ed

il suo valore si legge dal tableau: da x1 = 2 si ricava x1 = d+1 − x1 = 4 − 2 = 2; x2 = d+2 = 6 poiché x2 è fuori base

e pari al suo limite superiore; x3 = d−3 = 0 poiché x3 è fuori base e pari al suo limite inferiore. Quindi xT = [2 6 0] e

z′ = −14.

La soluzione di base è ancora ammissibile ed è anche ottima, poiché tutti i costi ridotti sono non-negativi.

Il problema ammette anche una soluzione per via grafica, potendosi rappresentare in due dimensioni. Le soluzioni di

base visitate dall’algoritmo del simplesso sono nell’ordine A, B, C e D.

x1(2)

x2

(1)

0 1 2 3 4 5 6 7

1

2

3

4

5

6

7 (1)

(2)

(3)

X

A B

C

D
z
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