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Exercise 1.1: finite optimal solution (2 dimensions).

Given the following LP,

maximizez =z + 2x2
Stxy <2z +2
T, + 3ry <27
1 +x9 <15
201 < a9+ 18
x>0

compute its optimal solution by geometrical arguments aitld the simplex algorithm.

Geometrical solution.
By geometrical means, we obtain the following represeomatif the LP model.

+» T

+ y + + — t ‘
0 1 2 3 4 5 6 7 8 /<<X§) 10 11 12 13 14 15 16

The optimal solution is iD = (9, 6) at the intersection of the constraints corresponding tetdrebasic variables,
andzs.

Solution with the simplex algorithm.
To solve the LP with the simplex algorithm, first of all we ré@rthe model as a system of linear inequalities (maxi-
mization form anc< inequalities).

maximizez = x1 + 2o
S.t. — 2z + a9 <2
T, + 3xe < 27
1 +22 <15
201 — 10 < 18
x>0

Then, we put the problem in standard form by inserting foaclslvariables and replacingwith w = —z.



minimizew = — x1 — 224
st. —2x1 4+ 20+ 23 =2
T + 3w + x4 =27
r1 +To+ x5 =15
201 —x9 + 16 = 18

x>0
The corresponding tableau is the following.
0 | -1 -2 0 0 0 O
2]1-2 1 1 0 0 O
27|11 3 0 1 0 O
151 1 0 0 1 O
182 -1 0 0 0 1

It corresponds to a (strong) canonical form, where the hasizade by the last four columns, corresponding to the
slack variables.

The current solution is it. Active constraints arél) and(2).

Column selection policy: first column with negative reducectost.

Iteration 1. According to the numbering of the columns, the first one witigative reduced cost is column To
correctly select the pivot row, we discard row 1 (negativeygrand we compare the three rat@g/1 (row 2),15/1 (row
3) and18/2 (row 4). The minimum ratio is on row 4. Therefore we pivot owrd, column 1, as indicated here below on
the left, and we obtain the tableau on the right.

0[-1 2 0000 90 52 0 0 0 12
22 1 1 0 0 0 2000 0 1 0 0 1
2701 3 0 1 0 0 180 72 0 1 0 -12
15/1 1 0 0 1 0 60 32 0 0 1 -112
182 -1 0 0 0 1 9|1 -1/2 0 0 0 12
B={3,4,56} 2=[002271518] w=0 B={1,3,4,5} 2=[90201860] w= -9

The current solution is if?. The active constraints a(@) and(6).
Let examine this pivot step in greater detail.

First we divide the pivot row, i.e. row 4 by the pivot, i.e. By So, we compute the new row 4 65/2)[ 18 | 2 —
10001). Theresultig9|1 —1/20001/2].

Now we compute the rest of the tableau row by row.

Row 0: the entry of the tableau on row 0, column 1 (the pivotioot) is—1. Then we subtract from row 0 the new
pivot row multiplied by—1. So, we compute the newrowO0p8| —1 —20000]—(-1)[9|1 —1/20001/2].
Theresultig9|0 —5/20001/2].

Row 1: the entry of the tableau on row 1, column 1 (the pivotinwi) is—2. Then we subtract from row 1 the new
pivot row multiplied by(—2). So, we compute the newrow 18| —211000]—(-2)[9|1 —1/20001/2]. The
resultis[20001001].

Row 2: the entry of the tableau on row 2, column 1 (the pivounui) is1. Then we subtract from row 2 the new
pivot row multiplied byl. So, we compute the newrow2p37|130100]—-1[9|1 —1/20001/2]. Theresultis



[18]07/2010 —1/2].

Row 3: the entry of the tableau on row 3, column 1 (the pivotunoui) is1. Then we subtract from row 3 the new
pivot row multiplied by1. So, we compute thenewrow 3pE5|110010]—-1[9|1 —1/20001/2]. The resultis
[6/03/2001 —1/2].

Iteration 2. Now the only column with negative reduced cost is column 2er&hare only two candidate rows for
pivoting: row 2 and row 3. Comparing the ratid$/(7/2) and6/(3/2), we select row 3. The tableaux before and after
the pivot operation are shown here below.

90 52 0 0 0 12 19/0 0 0 0 53 -13
20/0 0 1 0 0 1 200 0 T 0 0 1
180 72 0 1 0 -112 410 0 0 1 -73 23
60 32 0 0 1 -12 410 1 0 0 23 -1/3
9|1 -2 0 0 0 12 111 0 0 0 13 173

B=1{1,3,4,5} *=[90201860] w=—9 B=1{1,2,3,4} x=[11420400] w=—19
The current solution is iF". The active constraints a(g) and(6).
Iteration 3. The only column with negative reduced cost is column 6. Tlaeeethree candidate rows for pivoting:

rows 1, 2 and 4. Comparing the rati®8/1, 4/(2/3) and11/(1/3), we select row 2. The tableaux before and after the
pivot operation are shown here below.

19/0 0 0 0 53 -13 21|0 0 0 12 12 0
20/0 0 1 0 0 1 140 0 1 32 72 0
410 0 0 1 -7/3 23 60 0 0 32 -72 1
410 1 0 0 23 -13 60 1 0 12 -12 0
111 0 0 0 13 13 91 0 0 -1/2 32 0

B={1,2,3,4} £=[11420400] w=—19 B=1{1,2,3,6} £=[9614006] w=—21
The current solution is itD. The active constraints a(é) and(5).

The algorithm stops, because optimality conditions arfiesdit all reduced costs on rovare non-negative.

Column selection policy: minimum reduced cost.

Iteration 1. Choosing a column with minimum reduced cost, we pivot onewi2. To correctly select the row, we
discard row 4 (negative pivot) and we compare the threegafib (row 1),27/3 (row 2) andl15/1 (row 3). The minimum
ratio is that on row 1. Therefore we pivot on row 1, column 2jraicated here below on the left, and we obtain the
tableau on the right.

0 | -1 -2 0 0 0 O 4 | 5 0 2 0 0 O
212 1 1 0 0 O 212 1 1 0 0 O
2711 3 0 1 0 O 227 0 -3 1 0 O
1511 1 0 0 1 O 13/3 0 -1 0 1 O
8, 2 -1 0 0 0 1 2000 0 1 0 0 1

B =1{3,4,5,6} B =1{2,4,5,6}

x=1[002271518] x=[020211320]

w=20 w=—4

The current solution is iB. The active constraints afé¢) and(3).

Iteration 2.



4|15 0 2 0 0 O 19/0 0 -1/7 57 0 0
2|1-2 1 1 0 0 0 8 (0 1 17 2/7 0 O
217 0 -3 1 0 O 3|1 0 -37 17 0 O
13/3 0 -1 0 1 O 410 0 2/7 37 1 O
2000 0 1 0 0 1 2000 0 1 0 0 1
B =1{2,4,5,6} B=1{1,2,5,6}
z=1[020211320] z=[3800420]
The current solution is i@. Active constraints aré3) and(4).
Iteration 3.
19/0 0 -17 57 0 0 21|0 0 0 12 172 0
8 (0 1 17 2/7 0 O 6 |0 1 0 12 -12 0
3|1 0 -37 17 0 O 911 0 0 -1/2 32 O
4 10 0 2/7r -3)7 1 O 1410 0 1 -32 7/2 0
2000 0 1 0 0 1 6 |0 0 0 32 -72 1
B =1{1,2,5,6} B =1{1,2,3,6}
x=1[3800420] z=10961400 6]
w=—19 w=—21

The current solution is itD. Active constraints arét) and(5).

The simplex algorithm stops because the optimality coongtiare satisfied. The optimal valuesis= —w* = 21.



Exercise 1.2: finite optimal solution (more than 2 dimension).

Given the following LP,

maximizez =2x1 + 3xo + 4x3 + Sy
Stri4+ax—23+24 <10
T, + 229 <8
x3 + x4 <20
x>0

compute its optimal solution with the simplex algorithm.

Solution.
First of all, we rewrite the model in standard form (minintipa form and< inequalities).

minimizew = — 2x1 — 3o — 413 — 514
sty +ax0—23+24+ 25 <10
1+ 220 + 26 < 8
T3+ xg + a7 <20
x>0

The corresponding tableau is as follows.

0|2 3 4 50 00
01 1 1 1 1 0 0
8|1 2 0 00 10
2000 0 1 10 0 1

Column selection policy: minimum reduced cost.
Iteration 1. Selecting a column with minimum reduced cost, we pivot anefleenent indicated on the left, and we

obtain the tableau on the right.

0|2 3 -4 50 0 0 50] 3 2 -9 0 5 00
10/1 1 -1 1 1 0 O 10,1 1 -1 1 1 0 O
8|1 2 0 0 0 1 0O 8|1 2 0 0 0 1 0O
2000 0 1 1 0 0 1 0|2 12 2 0 -1 0 1

B ={5,6,7} B ={4,6,7}

z=1[0000108 20] £=1[000100810]

w=20 w = —50

Iteration 2. With the same criterion we obtain the following tableaux.

50]3 2 -9 0 5 00 95|-32 -52 0 0 12 0 9
10,1 1 -1 1 1 0 O 15| 1/2 12 0 1 12 0 1/2
8|1 2 0 0 0 1 O 8 1 2 0 0 0 1 o0
101 -1 2 0 -1 0 1 51(-1/2 -1/2 1 0 -1/2 0 1/2

B=1{4,6,7} B =1{3,4,6}

x=1[000100810] x=[00515080]

Iteration 3.



95 | -3/2 -5/2 0 0 12 0 92 105 | -1/4 0 0 0 1/2 5/4 9/2
15| 1/2 12 0 1 1/2 0 1/2 13114 0 0 1 1/2 -1/4 1/2
8 1 2 0O 0 O 1 0 4 /2 1 0 0 O 1/2 0
51|-12 -12 1 0 -1/2 0 1/2 7 |-1/4 0 1 0 -1/2 1/4 1/2
B ={3,4,6} B ={2,3,4}
x=[00515080] x=1[04713000]
w=—95 w = —105
Iteration 4.
105 | -1/4 0 0 0 1/2 5/4 972 107 | 0O 12 0 0 1/2 3/2 0972
13|14 0 0 1 1/2 -1/4 1/2 11 /0 -1/2 0 1 1/2 -1/2 1/2
4 /2 1 0 0 O 1/2 0 8 1 2 0O 0 O 1 0
7 |-1/4 0 1 0 -1/2 1/4 1/2 9 |0 12 1 0 -12 1/2 1/2
B=1{2,3,4} B=1{1,3,4}
x=1[04713000] x=1[80911000]
w=—105 w = —107

The optimal solution has been reached in four iterations.

Column selection policy: maximum improvement.
A different strategy can be used to select the entering bigrid-or instance, we can evaluate the improvement in the
objective function value and we can select a column progidiaximum benefit. The improvementin the objective value
when pivoting on element on roinand columry is given by
a;0a0;
Q5

Az =

Iteration 1.
In our example, the starting tableau offers four possiegi{columns withug; < 0). The corresponding four pivot

elements are shown in bold.

0|2 3 -4 5
101 1 -1 1
8|1 2 0 0
2000 0 1 1

O O RO
O Olo
= O Olo

The improvementsin the objective function correspondirggich entering column ifil, 2, 3,4} areAz = [16 12 80 50].
Following the maximum improvement criterion, column 3 ifeséed.

0|-2 -3 4 50 0 O 80|-2 -3 0 -1 0 0 4
01 1 -1 1 1 0 O 30/1 1 0 2 1 0 1
8(1 2 0 00 1 0 81 2 0 0 O 1 0
2000 0 1 1 0 0 1 2000 0 1 1 0 0 1

B=1{5,6,7} B=1{3,56}

x=1[0000108 10] x=1[002003080]

w=20 w = —80

Iteration 2.

At the next iteration we have three possibilities: columng and 4. They provide improvements equafte?, 853

and3%<!, respectively. Therefore, column 1 is chosen.

80|-2 -3 0 -1 0 0 4 96|O 1 0 -1 0 2 4
301 1 0 2 1 0 1 22|10 -1 0 2 1 -1 1
8|1 2 0 0 0 1 O 8|1 2 0 O O 1 O
2000 0 1 1 0 0 1 2000 0 1 1 0O O 1

B=1{3,56} B=1{1,3,5}

x=1[002003080] x=1[802002200]

w = —80 w = —96



Iteration 3.
At the next iteration we have only one possibility: column 4.

96 | 0O 1 0 -1 0 2 4 107 | 0O 12 0 0 12 3/2 92
2210 -1 0 2 1 -1 1 11 /0 -1/2 0 1 1/2 -1/2 1/2
8|1 2 0 O O 1 OO 8 1 2 0O 0 O 1 0
2000 0 1 1 0 0 1 9 |0 12 1 0 -1/2 1/2 172

B ={1,3,5} B ={1,3,4}

x=1[802002200] x=1[80911000]

w = —96 w = —107

The algorithm stops: an optimal solution has been reachtdér iterations.

Remark. In general, there is no guarantee about which rule allowsithplex algorithm to reach an optimal solution
with a minimum number of iterations.



Exercise 1.3: unbounded polyhedron, finite optimal solutia.

Given the following LP,

minimizez =z; — x»
Staxy —x0 > -2

71‘14’21‘2271
x>0

compute its optimal solution by geometrical arguments aitld the simplex algorithm.

Solution: geometrical construction.
By geometrical means we get the following solution.

T2 (3)

(4)
A
(2) + i +—» 1
Mﬂ 2 : :
(1)
The optimum is at poinB = [0, 2] with z* = —2.
Solution with the simplex algorithm.
There is only one possible pivot, on column 2, row 1.
0|1 -1 00 2/0 01 0
211 1 1 0 211 1 1 0
11 -2 0 1 5/-1 0 2 1
B ={3,4} B ={2,4}
z=1[0021] z=1[0205]
z=0

z=—-2

The polyhedron is open, but not along the direction of optation: hence a finite optimal solution exists.



Exercise 1.4: unbounded problem (2 dimensions).

Given the LP,

maximizez =z + o
Stxzy —x9 > —2
— 21+ 229 > —1
x>0

compute its optimal solution by geometrical arguments aitld the simplex algorithm.

Solution: geometrical construction.
By geometrical means we get the following solution.

T2
(3)
A
3 AL
z
2 B
(4)
1 N X
A
(2) 4 5 4—» T
///:/( M ’ ’ !

The polyhedron is open in the directionafthe problem is unbounded.

Solution with the simplex algorithm.

With the simplex algorithm, after replacing the objectivadtionz to be maximized withv = —z to be minimized,
we have two possibilities for pivoting, on column 1, row 2 amdcolumn 2, row 1. Using - for instance - a lexicographical
tie-break criterion, we select column 1.

O|-1 -1 0 O 1|O -3 0 1
21-1 1 1 O 3/0 -1 1 1
111 -2 0 1 111 -2 0 1

B ={3,4} B =1{1,3}

x=1[0021] x=1[1030]

w=20 w=1

The tableau contains a column with negative reduced costitlitno positive entries. Then, the simplex algorithm
detects that no finite optimal solution exists and stops.
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Exercise 1.5: unbounded problem (more than 2 dimensions).

Given the following LP,

maximizez =z + xa + r3 + 14
Stxi+20— 23 — 224 <10
201 —3x2+ a3 — 14 <8
T, —To—T3+ x4 <7
x>0

solve it with the simplex algorithm.

Solution with the simplex algorithm.
First, we replace the objective functierio be maximized withv = —z to be minimized.

Iteration 1.

We select, for instance, the column yielding maximum imraent in the objective function.

0|1 -1 1 -1 000 10/0 0 2 -3 -1 0 O
01 1 -1 21 00 0/1 1 -1 -2 1 00
8/2 3 1 -10 10 3|5 0 -2 -7 0 1 0
7/1 -1 -1 10 0 1 172 0 -2 -1 0 0 1

B ={5,6,7} B =1{2,6,7}

z=[00001087] z=[0100003817]

w=0 w = —10

The tableau contains two columns with negative reducedmdstith no positive entries: the problem is unbounded.

11



Exercise 1.6: degeneration (two dimensions).

Given the LP

maximizez =z + 2z9
S.t.os <221 +2
i) S xr1 + 2

1
ZL'2§§$1+2

1'1§4
x>0

solve it with the simplex algorithm and by geometrical argums.

Solution with the simplex algorithm.
To put the problem in standard form, we insert the slack wemand we replace the objective functiorio be
maximized withw = —z to be minimized.

minimizew = — 1 — 222
st. —2x1 4+ 20 +23=2
— T+ T2+ x4 =2
— 1+ 229+ x5 =4
T+ 26 =4
x>0

Iteration 1. We select the column with minimum reduced cost. At the fisstition there are three possible equivalent
choices for the pivot row. As a tie-break rule, we choose tlveaccording to the constraint ordering. Therefore we $elec
the pivot on row 1.

0|1 -2 0 0 0 O 4|5 0 2 0 0 O
2|12 1 1 0 0 0 2|12 1 1 0 0 O
2|11 1 0 1 0 O of1 o -1 1 0 O
41-1 2 0 0 1 O 03 0 -2 0 1 O
411 0 0 0 0 1 4(1 0 0 0 0 1
B ={3,4,5,6} B ={2,4,5,6}
x=1[002244] x=1[020004]
w=20 w=—4
We observe that two variables, namelyandzxs, are null even if they are basic.
Iteration 2.
4/5 0 2 0 0 O 4/0 0 -3 5 0 0
212 1 1 0 0 O 2|0 1 -1 2 0 O
of1 0 -1 1 0 O oO(f1 o0 -1 1 0 O
0|3 0 -2 0 1 O 0/0 01 -3 1 0O
411 0 0 0 0 1 410 0 1 -1 0 1
B ={2,4,5,6} B ={1,2,5,6}
z=1[020004] z=1[020004]
w=—4 w=—4

In this iteration the base has changed but the solution has no
Iteration 3.

12



4/0 0 -3 5 0 0 4/0 0 0 -4 3 0
2/0 1 -1 2 0 O 2|0 1 0 -1 1 O
0/|1 0 -1 1 0 O 0|1 0 0 -2 1 O
0/0 01 -3 1 O 0/0 01 -3 1 O
410 0 1 -1 0 1 410 0 0 2 -1 1
B=1{1,2,5,6} B=1{1,2,3,6}
x=1[020004] x=1[020004]
w=—4 w=—4
Again, a different basis but the same solution.
Iteration 4.
4/0 0 0 -4 3 0 2|0 0 0 0 1 2
2/0 1 0 -1 1 O 410 1.0 0 3 3
oOf1 o 0 -2 1 O 411 0 0 0 0 1
0/0 0 1 -3 1 O 6|0 0 1 0 —3 %
410 0 0 2 -1 1 210 0 0 1 L1 2
B=1{1,2,3,6} B=1{1,2,3,4}
x=1[020004] x=1[446200]
w=—4 w=—12

Finally, we have reached the optimal solution.

Geometrical construction.
By geometrical means we get the following representatich@froblem.

T2

If the algorithm had started in the other direction at theifbeigg, selectings; as the entering variable, the optimal
solution would have been found in only two iterations, iastef four.

13



Exercise 1.7: degeneration (more than two dimensions).

Solve the following LP with the simplex algorithm.

maximizez =2x1 + 3xs + 4x3 + 514 + 10
St.2x1 + 20 — 23 <8
2x9 +x3 — x4 < 10
— 1+ 223 + x4 <10
xr1 — o+ 224 < 12

x>0
Solution.

Iteration 1. We select the column with minimum reduced cost.
10|-2 -3 4 5 0 0 0 O 40| 1/2 -11/2 -4 0 0 O 0O 5/2
8/ 2 1 -1 0 1 0 0 O 8 2 1 -1 01 0 0 O
10,0 2 1 -1 0 1 0 O 16 | 1/2 3/2 1 0 0 1 0 1/2
10,12 0 2 1 0O O 1 O 4 | -3/2 1/2 2 0 0 0 1 -1/2
1211 -1 0 2 0 O 0 1 6|12 -1/2 0 1 0 0 0 1/2

B =1{5,6,7,8} B =1{4,5,6,7}

x=[00008101012] x=[000681640]

w = —10 w = —40

Iteration 2. We select column 2, with minimum reduced cost. Row 1 and 3 easeltected indifferently. We select
row 3.

40| 1/2 -11/2 -4 0 0 0 0 512 84|-16 0 18 0 0 0 11 -3
8 2 1 -1 01 0 0 O 0|5 0 -5 010 -2 1
16| 1/2 32 1 0 0 1 0 1/2 4|15 0 -5 0 0 1 -3 2
4 |32 12 2 0 0 0 1 -1/2 8|/ -3 1 4 0 0 0 2 -1
6 |12 -12 0 1 0 0 0 12 0/ -1 0 2 1 0 0O 1 O
B ={4,5,6,7} B ={2,4,5,6}
£=1[000681640] £=1[080100400]
w = —40 w = —84
The variabler; is null even though it is basic; the solution is degenerate.
Iteration 3.
84]-16 0 18 0 0 0 11 -3 84|0 0 2 0 16/5 0 235 1/5
0|5 0 -5 01 0 -2 1 0|1 0 -2 0 15 0 -2/5 1/5
415 0 -5 001 -3 2 410 0 0 0 -1 1 -1 1
8|-3 1 4 0 0 0 2 -1 80 1 1 0 35 0 45 -2/5
0(-1 0 2 1 0 0 1 O 10{0 0 1 1 15 0 35 15
B ={2,4,5,6} B =1{1,2,4,6}
x=1[080100400] x=1[080100400]
w=—84 w=—84

The optimal solution is the same as the previous one. But hewptimality conditions are satisfied; with the previous
basis they were not, although the solution was already @btim
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Exercise 1.8: multiple optima.

Solve the following LP problem geometrically and with thenpiex algorithm.

maximizez =2x1 + 2
S.t.2x1 4+ 22 <18
—x1tae <4
T, — a9 <4
x>0

Geometrical solution.
The geometrical representation of the problem is the fatigw

All points along the segment betweehand B are equivalent and optimal. The endpoidtand B are the basic
optimal solutions.

Solution with the simplex algorithm.
Iteration 1. We select the column with minimum reduced cost.

0 |-2 -1 0 0 O 8 |0 -3 0 0 2
182 1 1 0 O 0|0 3 1 0 -2
4 1-1 1 0 1 O 80 0 O 1 1
4 1 -1 0 0 1 411 -1 0 0 1

B ={3,4,5} B ={1,3,4}

x=1001844] x=1401080]

w=20 w=—8

Iteration 2.
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8 | 0 3 0 0 2 18 | 0 0 1 0 O
100 3 1 0 -2 1030 1 1/3 0 -2/3
8|10 0 0 1 1 8 |0 0O 0 1 1
411 -1 0 0 1 22/13|1 0 13 0 173

B ={1,3,4} B ={1,2,4}

z=1[401080] z:[%%—OOSO]

w= —8 w=—18

This solution corresponds to poii and it is optimal. However, variable;, which is non-basic, has null reduced
cost. Hence, selecting it as the entering variable for déuriteration of the algorithm, leads to an equivalent basio-
tion, that is pointA.

Iteration 3.
18 |O 0O 1 0 ©O 18 |O 0 1 0O O
10/3|0 1 1/3 0 -2/3 26/3|0 1 13 2/3 0
8 0O 0 0 1 1 8 0O 0 O 1 1
22/13|11 0 1/3 0 1/3 14/3]1 0 13 -1/3 0

B={1,2,4} B={1,2,5}

x=[232080] z=[% 2008

w=—18 w=—18

16



Exercise 1.9: infeasible starting basis, infeasible probim.

Solve the following LP geometrically and with the simpleg@iithm.

maximizez =z,
Stxy — 22, < =2
—2x1+ 10 < —4
1 +x9 <4
x>0

Geometrical solution.
The geometrical representation of the problem is the faligw

A T1

0 ‘1 2 L"» 4 5") 6
1)

The polyhedron defined by the constraints is empty: no féasitdution exists.

—~

Solution with the simplex algorithm: artificial variables.
We rewrite the problem so that all right-hand-sides coeffits are non-negative. After inserting slack or surplus
variables, we obtain the following LP.

maximizez =x-
St. — x4+ 220 —23=2
200 —x0 — x4 =4
T, +To+ x5 =4
x>0

Now, we insert artificial variables in constraints with ixd@) and (4). This is not needed in constraint (5) because
the column ofx; already satisfies the canonical form conditions. The oljedtinction of the artificial problem asks for
the minimization of the sum of the artificial variables.

minimizew =ug + u7
st. —x1 + 220 — 23+ ug = 2
201 — X2 — x4 +uy =4
T, +To+ x5 =4
z,u >0

The artificial problem is in standard form, but not in canahform. The columns ofig, u7 andx; satisfy the first
condition of canonical forms, but not the second. To enféiheesecodn condition we have to replageanduy; in the
objective function. From the constraints we obtain
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Ug =1 — 209 + x3 + 2
Uy = —2x1+ T2+ x4+ 4

and therefore
w=Ug+ uy = —x1 — To + T3 + x4 + 6.

The artificial problem is:

minimizew = —x1 — a2 +x3 + x4 + 6
St. —x1 +2x0 — 23 +ug =2
201 — X2 — x4 +uy =4
T+ T2+ x5 =4
z,u >0

The problem is now in strong canonical form with = 2, u; = 4 andxs; = 4 as basic variables.

-6 | -1 -1 1 1 0 0 O
2|1 2 -1 0 0 1 O
412 -1 0 -1 0 0 1
4171 1 0 0 1 0 O

B=1{56,7 2=[00004] u=[24] w=6

After pivoting on columnil, row 2, the following tableau is obtained.

4|0 -32 1 12 0 0 1/2
410 32 -1 -12 0 1 12
2|1 -2 0 -2 0 0 1/2
2|0 32 0 12 1 0 -1/2

B={1,56} 2 =[20002] u=[40] w=4

The artificial variable:7 is now non-basic. After pivoting on colun# row 3, the following tableau is obtained.

2[00 1 1 1 0 0
20 0 1 1 -1 1 1
831 0 0 -13 13 0 13
43/0 1 0 13 230 -13

B={1,26} t=[53000 u=[20] w=2

Optimality conditions are satisfied: the artificial objgetcannot be further reduced. Sincé = 2 > 0, the original
problem is infeasible.

Solution with the simplex algorithm: Balinsky-Gomory method.
After rewriting the LP model in standard form, we observe tha starting solution is infeasible.

0/0 -1 0 0 0
21 2 1 0 0
402 1 0 1 0
411 1 0 0 1

B={3,4,5} 2=1[00-2-44 w=0
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Two basic variables have a negative value. We define an anxjroblem, by temporary using one of the violated
constraints as an objective. We select the second cortstrarause it is violated by the largest amount.

41-2 1 0 1 O
211 -2 1 0 O
4171 1 0 0 1
00 -1 0 0 O

Iteration 1.

We run the simplex algorithm on this auxiliary problem. Gulul enters the basis. We avoid pivoting on the objective
function row (we would lose the canonical form), on violatahstraints (we will consider them at later iterations) and
on negative entries (we would lose the feasibility on theivs). Therefore, we are left with a unique possibility: fing

on the last constraint.

41-2 1 0 1 O 410 3 0 1 2
211 -2 1 0 O 6|0 -3 1 0 -1
411 1 0 0 1 411 1 0 0 1
0O(0 -1 0 0 O 0O(0 -2 0 0 O

B ={3,4,5} B ={1,3,4}

x=1001844] x=1[40-640]

w=20 w=20

Now the constraint we are using as an auxiliary objectivaisted (the value in the top-left corner of the tableau is
now positive). So, we can restore the original tableau.

0/0 -1 0 0 0O
60 3 1 0 -1
410 3 0 1 2
401 1 0 0 1

B={1,3,4} 2=[40-640] w=0

The current solution is still infeasible, because therenistlaer violated constraint. We use it as a temporary oljecti
function and we define a new auxiliary problem.

60 -3 1 0 -1
410 3 0 1 2
411 1 0 0 1
of(o -1 0 0 O

B={1,3,4} t=[40-640] w=0
Iteration 2.

Column 2 enters the basis.

6|0 -3 1 0 -1 20 01 1 1
410 3 0 1 2 4310 1 0 13 23
411 1 0 0 1 83|/1 0 0 -13 1/3
0/0 -1 0 0 O 4310 0 0 113 273

B ={1,3,4} B={1,2,3}

z=1[40-640] z=1[53-200]

w=20 w = —%



The auxiliary problem cannot be optimized further, becabseoptimality conditions are satisfied: all reduced costs
are non-negative. Since the constraint is still violatbd,groblem is infeasible. The top row of the tableau corredpo
to the equation

T3+ x4+ x5 = —2

that cannot be satisfied without violating the non-negativbnditions on the variables.
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Exercise 1.10: infeasible starting basis, feasible prohte.

Solve the following LP geometrically and with the simpleg@iithm.

maximizez =z
Stxy —a9 < -3
—x1— 29 < —6
T+ a9 <12
x>0

Geometrical solution.
The geometrical representation of the problem is the fatigw

The origin is not feasible. The optimal solution is(gt £2).

Solution with the simplex algorithm: artificial variables.
We rewrite the model so that all right-hand-side coeffigeare non-negative.

maximizez =x;
st. —x1+22>3
T1+x2>6
1+ 22 <12
x>0

We rewrite the model so that all right-hand-side coeffideare non-negative. The we write the problem in standard
form.
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minimizez’ = — =
st. —z1+20—23=3
Ty +2x9—24=06
1+ a9+ x5 =12
x>0

Inserting artificial variablesg andu; in constraints (3) and (4), we obtain the following artiflgg@oblem:

minimizew =9 — 2x5 + x3 + 24
st. —z1+29 — 23 +ug =3
1+ T2 — 24 +ur =6
T+ o+ x5 =12
z,u >0

The problem is in strong canonical form with basic variablgsug andu;.

9]0 2 1 10 0 0
3/1 1 1 0 0 1 0
6|1 1 0 -10 0 1
2/1 1 0 01 0 0

B=1{5,67 x=1[000012] u=[36] w=9

After pivoting on columr2, row 1 the following tableau is obtained:

3]/-2 0 -1 10 2 0
311 -1 0 0 1 0
3|2 0 1 -1 0 -1 1
9|1 0 1 0 1 -1 0

B={2,57} 2=1[03009] u=[03] w=3

After pivoting on columnt, row 2 the following tableau is obtained:

0 | 0O 0 O 0O 0 1 1

92|10 1 -1/2 -12 0 1/2 1/2

3211 0 12 -12 0 -1/2 1/2
0O 0 O 1 1 0O -1

B={1,25} 2=[22006] u=[00] w=0

Now, to write the original problem in canonical form, it iscessary to replace basic variables with linear combination
of non-baisc variables in the expressiorzof-rom constraint on ro®,

1 3

1= 578 + 5% + B
and therefore ) 5
22131:—51734-51:44—5.

The second phase of the simplex algorithm can start fromahenfing tableau, where all feasibility conditions are
satisfied.
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32]0 0 12 -12 0
920 1 -12 -12 0
32|10 12 -12 0
600 0 1 1

B={1,2,5} 2=[35006] 2=3

After pivoting on columnt, row 3, the following tableau is obtained.

92 |0 0 12 0 1/2
1520 1 -1/2 0 172
92 |1 0 12 0 1/2
6 |00 0 1 1

B*={1,2,4} 2*=[32060] z* =

o

Optimality conditions are satisfied. The solution is febs#énd optimal.

Solution with the simplex algorithm: Balinsky-Gomory method.
After rewriting the LP model in standard form, we observé tha starting solution (poind) is infeasible.

0[-1 0 0 00
31 1 1 00
6|-1 -1 0 1 0
21 1 0 0 1

B={3,45} 2=[00-3-612] w=0

Two basic variables have a negative value. We define an anxjroblem, by temporary using one of the violated
constraints as an objective. We select the second cortstratause it is violated by the largest amount.

6|-1 -1 0 1 O
-3/1 -1 1 0 O
1211 1 0 0 1
0|-1 0 0 0 O

Iteration 1.

We run the simplex algorithm on this auxiliary problem. Wa salect either column 1 or column 2 to enter the basis.
Assume we select column 1 (you can try to solve the exercistdsiing the other way).

We avoid pivoting on the objective function row (we woulddothe canonical form), on violated constraints like
constraint 1 (we will consider them at later iterations)efiégfore we must pivot on the third constraint.

6]-1 -1 0 1 0 6|0 0 0 1 1
31 1 1 0 0 5[0 -2 1 0 -1
12/1 1 0 0 1 12/1 1 0 0 1
0/-1 0 0 0 O 12[/0 1 0 0 1
B ={3,4,5} B={1,3,4}
x=1[00-3-612] x=[120-156 0]

w=20 w=—12

23



Now the constraint is satisfied (the value in the top-lefieorof the tableau is now positive). So, we can restore the
original tableau.

12 | 0O 1 0 0 1
-15|0 -2 1 0 -1
6 |0 0 0 1 1
1211 1 0 0 1

B={1,3,4} 2 =[120-1560] w=—12

The current solution (poinB) is still infeasible, because there is another violatedstraint. We use it as a temporary
objective function and we define a new auxiliary problem.

-:1510 -2 1 0 -1
6 |0 0 0 1 1
121 1 0 0 1
12|10 1 0 0 1

B={1,3,4} 2 =1[120-1560] w=—12

Iteration 2.

Column 2 must enter the basis.

1510 -2 1 0 -1 912 0 1 01
6 |0 0 0 1 1 6| 0 0 0 1 1
12|11 1 0 0 1 1211 1 0 0 1
12|10 1 0 0 1 0|1 0 0 0O

B=1{1,3,4} B=1{2,3,4}

x=1[120-156 0] x=1012960]

w=—12 w=20

The constraint is no longer violated and we can restore tileda of the original problem.

0[-1 0000
92 0 1 0 1
6|0 0 0 1 1
2|1 10 01

B=1{2,3,4} 2=[012960] w=0

The search for feasibility has succeeded (p6ipt From now on, the simplex algorithm proceeds with the deéoc
optimality.
Iteration 3.

Column 1 must enter the basis.

0|-1 0000 92 |0 0 12 0 12
912 0 1 01 92 |1 0 12 0 1/2
6| 0 0 0 11 6 |0 0 0 1 1
1211 1 0 0 1 15210 1 -1/2 0 1/2
B ={2,3,4} B ={1,2,4}
x=[012960] z=1[21060]
The optimal value ig* = —w* = % (point D).
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Exercise 1.11: infeasible starting basis, degenerate diitiial problem.  Exercise taken from Caramia et al, Ricerca
operativa, Ed. isedi.

Initialize the following LP with the artificial variables rteod.

minimizez =6z + 2x5 — 8x3 + 614
St.221 — Two — 3x3 +4x4 =6
5x1 + 3x2 + 623 + 8x4 = 12
x>0

The artificial problem is the following.

minimizew =18 — 7z + 4xo — 3x3 — 1224
St.2x1 — Txg — 3x3 +4x4 +u5 =6
5x1 + 3x2 4+ 623 + 8x4 + ug = 12
x>0

-18|-7 4 -3 -12 0 0
6 |2 7 3 4 1 0
2|5 3 6 8 0 1

B={5,6 2=[0000] u=1[612] w=18

After pivoting on columnt, row 2, the following tableau is obtained.

0|12 172 6 0 0 3/
0 |12 172 -6 0 1 -112
32| 5/8 38 341 0 18

B={4,5} 2=[0003] u=[00] w=0

The infeasibility has been repaired (= 0) but the optimal basis of the artificial problem still comiione of the
artificial variables {5). To forceus to leave the basis another pivot step is needed. It can be @oray column
corresponding to an original non-basic variabje x5 or z3 and on rowl, whereus is basic. After pivoting on columh,
row 1, the following tableau is obtained.

0 | 0 0 0 0 1 1
o1 17 12 0 -2 1
3/2| 0 -41/4 -27/4 1 5/4 -1/2

B={1,4} 2=[0002] u=[00] w=0

Now a strong canonical form of the original problem is obéain

minimizez =6z + 2z — 8x3 + 614
stz + 1729 + 1223 =0

41 27
—I$2—1$3+JJ4=§
x>0
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Since
{ xr1 = —17.1’2 — 12$3

xy=wy+ Fag+ 3
the objective function can be rewritten as
27 3 7 79

41
=6(—17z9 — 12 229 — 8 6(— — DN=9_ 4, — 2
z ( T2 x3) + 2x9 T3 + (4172-1-4303-1-2) 2302 2173

The corresponding tableau is

-9 | 0 -77/2 -79/2 0O
o1 17 12 0
3/2| 0 -41/4 -27/4 1

B={1,4} 2=[0003] z=9

The initialization is over. The second phase of the simplgarithm can start.
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