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The ATSP

Given a digraph D = (N, A) and a cost function ¢ : A+— R, the
Asymmetrtic Traveling Salesman Problem (ATSP) is the problem of

finding a minimum cost Hamiltonian circuit in D:
minimize z = ) ¢;x;
(ih)eA

t Y x=1 VieN
(i,))eA

> ox=1 vjeN
(i,))eA

S.EE.C (1)
xj€{0,1} V(i,j) € A

Constraints (1) are called subtour elimination constraints.

W.l.0.g: node 1 is the first and last node in the circuit (depot).

Define N' = N\{1}.



DFJ and circuit S.E.C.

Dantig-Fulkerson-Johnson subtour elimination constraints:

DFJ) Y  x;<|S|-1 VSCN,[S|>2 2)
(L))EA(S)

where A(S) is the arc set of the subgraph induced by S C N'.
Circuit subtour elimination constraints:

> x;<ICl-1  YCCAN) 3)
(i,j)eC

where C is a circuit in A(N').
“Natural” formulations: x variables, exponential size, tight bounds.

“Extended” formulations: more vars, polynomial size, loose bounds.



Miller-Tucker-Zemlin S.E.C. (1960)

u—u+n—-1)x;<n-2 Vi£jeN (4)

u eR Vie N (5)
Constraints (4) imply that

Xj = U > Ui+ 1.
W.lo.g.:
o<u<n-2

Meaning of u;: n. of nodes between 1 and /.
Projecting (4)-(5) on the x subspace, one gets the polyhedron defined

by
> x<|Cl -
(ij)eC

which are weaker than the Circuit s.e.c.

|C| VC c AN



Improved MTZ SECs (Desrochers, Laporte, 1991)

Lift x; in (4):
upi— Ui+ (n—=1)x+ax; <n—-2 Vi#jeN.
- Xj =0
Xi =1 :>{ up=u+1.
ui— Ui+ (n—1)xj+ax; <n—2

1+04+a<n-2
o =n-3.

Lifted inequality:
DL(i,j) : u,-—uj+(n—1)x,-j+(n—3)xj,-§n—2 Vi£jeN.



Improved MTZ SECs (Desrochers, Laporte, 1991)

DL(i,j) : u,-—uj+(n—1)x,-j+(n—3)x,-,-§n—2 Vi£jeN.

Remark 1.

u,~—u,-—|—n—1 <n-2

x,-j—1:>x,-,-—0:>{ Uy-u+n-3<n-2

= U — U =1



Improved MTZ SECs (Desrochers, Laporte, 1991)

Remark 2. Summing the two inequalities

DL(i,j): ui—uj+(n—1)x;+(n—-3)x; <n—-2
DL(j,i): u—u+(n—1)x+(n-3)x;<n-2

one obtains

(2n—4)x; + (2n—4)x; <2n—4
X,'/'—|—Xj,‘§1

i.e. the DFJ s.e.c. for |S§| = 2.



Cuts on three nodes (Bektas, Gouveia, 2014)

Summing up

DL(i,j): ui—u+(n—1)x;+(n—-3)x; <n-—-2
DL(j, k) : ux—uj+(n—1)xg+ (n—3)x <n—2

one obtains

Up — Uk + (n = 1)(xj + Xix) + (0 = 3)(Xji + xi) < 2n— 4.



Cuts on three nodes
L|ft|ng Xik -
Ui — Uk + (n— 1) (x5 + X)) + (1 — 3)(Xji + Xij)+ax < 2n— 4.
Xjj = 0
Xk =1 = Ue =ui+ 1
Xji + X < 1

14+ (n=3)(Xi+xg4)+a<2n—4
@ <2n—3—(n—3)(Xi + Xg)
a<2n-3-(n-23)

a*=n

Lifted inequality:

Ui — Uk + (n — 1) (X5 + X)) + (n — 3)(Xji + X)) +nxix < 2n— 4.



Cuts on three nodes

L|ft|ng Xki-
Ui — Uk + (n— 1) (X5 + xix) + (n — 3)(Xji + X)) + NXix+5x; < 2n— 4.

Ui = ux + 1
Xij+ X <1
Xi =1 = X/‘,‘:O

ijZO

X,'k:O
T+(n=1)(X+xk) +5<2n—4
f<2n—5—(n—1)(x; + Xi)
f<2n—-5-(n—-1)
S =n—4

Lifted inequality BG(i, j, k):
Ui — Uk +(n—1)(xj+ X ) + (0= 3)(Xji + Xx) + nxix + (N — 4)xi; < 2n—4.



Cuts on three nodes

The lifted inequalities
ui— uk+(n— 1)(x,-,~+x,-k)+(n—3)()(,~,-+x,q)+nx/k+(n — 4)Xk,' <2n-4

are facet-defining for the polyhedron defined by the constraints that
forbid cycles of order 3.

Summing up BG(i, j, k) and BG(k,j, i),

Ui — Ux + (n—1)(x5 + xix) + (n = 3)(Xji + X)) + nxix + (N — 4)x < 2n — 4
Uk — Ui + (n— 1) (x5 + X;i) + (1 — 3)(Xix + Xj) + nxxi + (1 — 4)xic < 2n— 4

one obtains

(2n— 4)(X,‘j + X/k) +(2n— 4)(in + ij) + (2n— 4)(xk + Xxi) <4n—8
Xijj + Xjk + Xji + Xyj + Xix + Xpg < 2

that is the DFJ s.e.c. for |S| = 3.



More cuts for three nodes

Summing up BG(i, j, k) and BG(i, k, j),

Ui — Uk + (n— 1) (x5 + xix) + (n = 3)(Xji + Xxj) + nxix + (N — 4)x < 2n— 4
u,»—u,~+(n—1)(X,-k+ij)+(n—3)(xk,-+x,-k)—|—nx,»,-+(nf4)xj,- <2n-4

one obtains

2u;— Uj— Uk +(2n—2)(Xj+Xik)+(2n—4) (Xjk+Xi)+(2n—=7)(Xji+XK) < 4n—8
but this inequality is dominated by

2u;— Uj— Uk +(2n—2)(Xj+Xix )+(2n—5) (Xjk+Xk;)+(2n—8) (Xji+Xki) < 4n—10
which is valid.

Symmetrically, a valid inequality is

—2u,-+u,-+uk+(2n—8)(x,-,-+x,-k)+(2n—5)(xjk+xk,-)+(2n—2)(x,-,-+xk,-) < 4n-10.



Proof of validity

2u;—Uj— Uk +(2n—2) (Xj+Xik)+(2n—5) (X +Xkj)+(2n—8) (Xji+Xk) < 4n—10
When x; = xx =1 0r X = Xy = 1,
2Uui—Uj—Ux+2n—-2+2n-5<4n-10
Ui + Ug > 2u; + 3.
When x; = xix =1 0r x5 = x; = 1,
2Uui— Ui —Ux+2n—-2+2n—-8<4n-10
(U — uj) + (Ui — uk) <0.
When Xj = x4 =1 0r i3 = X =1,
2ui—Ui—Ux+2n—-5+2n-8<4n-10
Ui + ug > 2u; — 3.
When one variable x; = 1 or xx; = 1 and the other five variables are 0,
2ui—Uj— Uk +2n—-8 <4n-10
(Ui — 1) + (Ui — ux) <2(n—1).



2-path constraints (1/2)

Summing up MTZ(i, ) and MTZ(j, k),
u—u+n-1)x;<n-2
U—ux+(n—1)xx<n-2

one obtains u; — ux + (n— 1)(x; + X)) < 2n— 4.

Lift xp: Ui — Uk + (n — 1)(X,] + )(jk)+()zX/k < 2n-4.

e =1 = Ug = Ui +1

—1+0+a<2n-4 = o =2n-3.
Lift X2 uj — uk + (0 — 1)(Xj + Xix) + (2n — 3) Xk +Lxk < 2n— 4.
Ui = Uy +1
Xi =1 = X,‘j—l—X/‘kS'l
Xk =10
1+4(n—-1)+04+5<2n-4 = [*=n-4.
A) u,-—uk+(n—1)(X,-/+X,-k)+(2n—3)x,-k+(n—4)xk,-§2n—4



2-path constraints (2/2)

Similarly one can obtain
B) ux—ui+ (n—4)(X; + xx) + (2n—7)xik +(n—1)xs < 2n—4
(No proof provided).
Lifting xj in the circuit inequality x; + xj + X, < 2, one obtains
2Xik + Xj + Xjk + X < 2
Summing up A and B inequalities, one obtains
(4n+10)xi + (2n + 5)(Xj + Xjx + Xxi) < 4n—10
that are the same.

No method is known to obtain inequalities for the polyhedron defined
by the constraints forbidding cycles or order 4 (or more).



Inequalities from bounds

From lower bounds v; > 0 Vi e N':
Lift (1 — x1;): uj > (1 — x1)).
Xii=0 = u=1.

1>a(1-0) = o' =1.

Lift xj1: uj + x4, > 1+ Bx51.

Xt — 1 u,~:n—2
i1 = = X1j:O

n-24+0>1+p3 = p*=n-3.
Lifted inequality:

ui + xq; > 1 +(n—3)x,-1 vieN.



Inequalities from bounds

From upper bounds u; < n—-2Vie N':
Lift (1 — x;1): uj < (1 = Xj1).

Xi1=0 = u<n-38.
n—-3+a<n-2 = o =1.

Lift xi1: ui + (1 — xi1) + Bxqyi < n—2.

xy=1 =4 4=0
1 — X/1:O

O+1+5<n-2 = ["=n-3.
Lifted inequality:

U+ —=x1)+(n—=38)x;<n—-2 vieN.



Inequalities from bounds (Sawik, 2016)

From lower bounds u; > 0 Vi e N':
Lift xj1: uj > vXj4.

Xji=1 = u=n-2.
n—-2>~v = ~*=n-2.

Lifted inequality:
u>(n—-2)xy Vie N
From upper bounds u; < n—-2Vie N':

Lift x4;: U+ 0xq; < n—2.
xii=1 = u=0.
0O+6<n-2 = f=n-2.

Lifted inequality:
Uu+(n—-2)x;<n-2 VieN.



