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Outline of the talk:

1. Problem formulations.

2. A branch-and-price algorithm.

3. Implementation details.

4. Computational results.



The multilevel generalized 

assignment problem

Formulation:
MGAP)
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Approximation algorithms:

Tabu Search
(Laguna M., Kelly J.P., Gonzàles-Velarde J.L., Glover F.,
EJOR 82 - 1995)

Heuristics (French A.P., Wilson J.M., Journal of Heuristics 8 - 2002)

Exact Methods:

(General purpose MIP solver)

Logic Cuts (Osorio M.A., Laguna M., to appear on EJOR - 2003)

We propose:

Branch-and-price algorithm

State of the art



Reformulation
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Master Problem - Relaxation
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Pricing problem
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Pisinger D (1995) A minimal algorithm for the Multiple Choice Knapsack Problem,

European Journal of Operational Research 83: 758-767



Primal Bound 1

L-(R)MP solution Step 1: Coefficient definition

Step 2: Task-Agent allocation

Step 3: Task-Level selection

Step 4: Local Search

FAIL

Feasible Solution



Primal Bound 1

Step 1: coefficient definition
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ijkij zxf “Desirability” of assigning task j to agent i

Step 2: task-agent allocation

◼ Assign each task j to the agent i* for which fij is 

maximum:

 
ij

Ii

fij


=⎯→⎯ maxarg*



Primal Bound 1

Step 3: task-level selection

◼ For each agent, solve a MCKP considering only its 

assigned tasks

◼ If no feasible solution exists, then FAIL

))(( 


+
Ii

ibMNLO

Step 4: Local search

◼ Improving shifts: (selected in a greedy way)

)(NMLO



Primal Bound 2

L-MP solution Step 1: Coefficient definition

Step 2: Task-Agent-Level allocation

Step 3: Local Search

FAIL

Feasible Solution

Improving Shifts

Improving Swaps



Primal Bound 2

Step 1: Coefficient definition
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ijkijk zxg “Desirability” of assigning task j to agent i at level k

Step 2: Task-agent-level allocation

(French and Wilson MGAPH2)

◼ Repeat

For each unassigned task j, compute a regret value:

Select the task j* with highest regret value

Make the most “desirable” agent-level assignment for j*

◼ Until all tasks are assigned or infeasibility is met

◼ O(N ML log ML)

2211
jjjj jkijkij ggr −=



Primal Bound 2
Step 3a: Local Search – Improving shifts

◼ Perform all improving shifts in a greedy way

◼ If any change is made, go to step 3b

else STOP (a local optimum is reached)

◼ O(NML)

Step 3b: Local search – Improving swaps

◼ Evaluate all improving swaps

◼ Perform only the best swap, then repeat evaluation

O(LN2)

◼ When no more improving swaps can be made, go to 

step 3a



Branching Scheme

L-MP solution

Step 1: Rebuild a fractional solution

Step 2: Select a branching constraint

Step 3: Partition the set of agents

Step 4: Branch

Search tree 

subproblem S0

Search tree 

subproblem Sl

Search tree 

subproblem Sr



Branching Scheme
Step 1: Rebuild a fractional solution for the original formulation:

Step 2: Let 

◼ Hj be the set of agents to which task j is assigned in a fractional solution:
Hj = {i| fij > 0}

◼ Select the task j* with the highest |Hj| value

Step 3: 

◼ Partition Hj* in two subsets Hj*
l and Hj*

r, with | Hj*
l | ≈ | Hj*

r | 
(… and use an heuristic method to obtain a balanced partition)

◼ Let Rj be the set of agents to which task j is not assigned in a fractional solution:
Rj = {i| fij = 0}

◼ Partition Rj* in two subsets Rj*
l and Rj*

r, with | Rj*
l | ≈ | Rj*

r |
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Branching Scheme (2)
Step 4: Binary branch on the partitioning constraint j*, imposing

0S

lS rS

0

**

* = 
 l

j
l
j RHi Kk

kijx


Best first search strategy: first on the dual bound, then on the number of fixed variables

0

**

* = 
 r

j
r
j RHi Kk

kijx




Implementation details

Preprocessing

Fathoming - tailing off control

Column pools management

RMP initialisation



Preprocessing

For each agent i, for each task j, check if there are 

two efficiency levels k’ and k’’ such that

Assignment (i, j, k’’) dominates (i, j, k’):  variable 

xijk’ can be fixed to 0

'''''' ijkijkijkijk aacc 



Fathoming – tailing off (1)
Relaxation 

◼ Task-agent semi-assignment constraints

 

























−+=





 



 

    

1,0

1

s.t.

1min

ijk

Kk

ijk

i

Jj Kk

ijkijk

Jj Ii Kk

ijkj

Ii Jj Kk

ijkijk

x

x

bxa

xxcv 

Redundant in the original formulation
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Fathoming – tailing off (2)

Dual Bound evaluation

L-RMP

LD

LR

Lagrangean relaxation: LR(i)

Pricing Problem: PP(i)
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Column management
“All Negative” pricing strategy

RMP remotion (limit of 3000 columns reached): at each step l

◼ Red remotion

◼ Yellow remotion

◼ Green remotion

M different pools

RMP reinsertion

Pool deletion (6 consecutive inspections)

)( l

LD

l

RMP

t  −

*)*(  − vt

)(
M

l

LD

l

RMPt 


−


“Local”: LD value

“Local”: L-RMP value

“Global”: dual bound

“Global”: primal bound

R.C. of column t



RMP-Initialisation

1 Dummy column (worst solution)

Root Node:

Random Columns (10 random sets)

Search tree nodes:

◼ Feasible columns from the most recent 

optimisation

◼ Columns from the pool

(using optimal dual variables of the ancestor)

T

MN

)0,0,1,,1( 



Computational results

C++

ILOG CPLEX 6.5.3

Intel Pentium IV 1.6 GHz, 512MB RAM

Linux RedHat 7.3

gcc/g++ 2.96 , -O3 optimisations

215 randomly generated instances (from 3000 to 30000 binary variables)

Correlation type: C, D, E (p = 1.0, p = 0.8)

N = 100; M = 10, 20, 30; L = 3, 4, 5

N = 200; M = 15, 30; L = 4, 5

Time limit: 2 hours

Memory overflow



Comparison of methods

% problems solved
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Comparison of methods N = 100



Comparison of methods N = 200



Quality of the relaxation

N = 100, Correlation C D E (p 1.0), 5 random instances each combination

N = 200, Correlation C D E (p 1.0 and p 0.8), 5 random instances each combination



(Avg.) Number of fractional 

assignments
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Integrality gap (%) – sort by agent
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Integrality gap (%) – sort by level
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Performances on the root node
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Multiple Pricing
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Branch and Price N = 100



Branch and price N = 200
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