Lifting

Operational Research Complements

Giovanni Righini

Universita degli Studi di Milano

Based on: H. Marchand, A. Martin, R. Weismantel, L. Wolsey, Cutting planes in integer and mixed-integer programming, Discrete Applied
Mathematics 123 (2002) 397-446.



Extended valid inequalities

Valid inequalities can be made stronger by extension and lifting.

Valid inequalities are extended by inserting additional variables in
their left-hand-side.

Example (Knapsack problem)
maximize z = _ ¢,
jeN
s.t. Zanj <b
jeN
x € BINI

All cover inequalities are valid:

> x<[Cl[—1 VCCN:> a>h.
jec jec



Example

For instance:
K = {x € B" : 11Xq + 6Xp + 6X3 + 5X4 + 5X5 + 4% + X7 < 19}

Some minimal covers are:

{1,2,3} X1 + X2 + X3 <2
{1725 6} X1+ X2 Xg < 2
{1,5,6} X1 X5 4+ Xg < 2

{3,4,5,6} X3+ X4+ X5 +Xg < 3



Example

For each cover C we have an extended cover inequality:

> x<ICl-1 VCCN:> a>b

jcE(C) jec

where
E(C)=CuU{jeN:a >a VieC}

For instance:
C= {3,4,5,6} — X3 + X4 + X5 + Xg < 3.

E(C):{1,2,3,4,5,6}—>X1+X2+X3+X4+X5+X6§3.

We insert two more variables x; and X, because their weights (11 and
6) are not smaller than those of the variables in C (6,5, 5, 4).



Lifting: example

Lifting consists of inserting variables in the left-hand-side of a valid
inequality, giving them the best possible coefficient.

Example (cover inequality):
C= {3,4,5,6} — m1X1 + X3+ Xg4 + X5 + Xg < 3.

What is the maximum value of 71 for which this inequality still valid?
The inequality
T 1+ X3+ X4+ X5+ X6 <3

must be valid for all integer points such that
11 1 + 6X3 4 5X4 + 5X5 + 4% < 19.

To find the maximum value of 71, we must solve an auxiliary (smaller)
discrete optimization problem:
maximize o =Xz + X4 + X5 + Xg
S.t. 6X3 + 5X4 + 5x5 + 4% < 8
X €B



Lifting: example

We find 0 = 1 and therefore m <3 — 0 = 2.
The lifted cover inequality is

2X1 + X3+ X4+ X5+ X < 3

The procedure can now be repeated to lift another variable into the
inequality.

2X1 + moX2 + X3+ Xa + X5+ X6 < 3
It must be m, < 3 — o, where

maximize o =2X; + X3 + X4 + X5 + Xg
S.t. 11Xy 4+ 6X3 + 5X4 + 5X5 + 4xg < 13
XeB

We find ¢ = 2 and hence we can set m» = 1 and obtain
2X1 + X2+ X3+ Xa+ X5+ X6 < 3

(that dominates the extended cover inequalities obtained from the
same cover).



Lifting: formal definition

Consider a 0-1 Knapsack polyhedron
K ={xe{0,1}N:} ax < b}
jeN
and a subset M C N. Assume we know a valid inequality
ZTFJ'XJ' < 7o
jem
valid for Ky = K n{x :x; =0Vj € N\M}.
We want to compute coefficients 7; Vj € N\M such that
ZTFJ'XJ' < 7o
jeN

be valid for K and we want such coefficients to be as large as
possible, in order to make the resulting inequality as strong as
possibile.



Sequential lifting

We select a variable to be lifted: xi : k € N\M. We want
Tk Xk + ZT(jX] < o
jem
be valid for Kyyk; -

We define the following lifting function:
Oy (u) = min{mo — Y _mx; : > _ax <b—u,x e {0,1}M}.
jeEM jeEM
Assume Ky # 0.
Then mXk + > iem X < 7o is valid for Ky if
mk < Ov(ak).

Furthermore, if we select 7y = ®y(ax) and ZjeM mjXj < mo defines a
face of dimension t of conv(Ky ), then the lifted inequality defines a
face of dimension at least t + 1 of conv (Kyy«3)-



Sequential lifting

After lifting xi into the inequality, the lifting function

Oy (u) = min{mo — Y _mX;: > _ax <b—u,x e {0,1}M}

jeEM jeEM
must be replaced by

Ouuga(U) =min{mo— D> mxi: Y ax <b-uxe{0,13MH,
jeMu{k} jeMu{k}

Therefore the function decreases every time a variable is lifted.

The values of the coefficients obtained in this way depend on the
order in which the variables are lifted.

The earlier a variable is lifted, the larger its coefficient can be.

From the same valid inequality, many lifted inequalities are obtained
using different sequences.



Sequential lifting: example

K = {x € {0,1}% : 5x; + 5x 4 5X3 + 5X4 + 3%5 + 8% < 17}
A coveris M = {1,2,3,4}. A cover inequality for Ky is
X1+ X2 + X3+ Xq4 < 3.
Lifting Xs:
min z =3 — (X1 + X2 + X3 + X4)
S.1.5X1 + 5X2 + 5X3 + 5x4 < 14
X binary

which yields 75 = 1.
Lifting Xg:
min Z =3 — (X3 + X2 + X3 + X4 + Xs5)
S.t.5X1 +5X2 +5X3 +5X4 +3X5 < 9
x binary

which yields 7 = 1.



Sequential lifting: example

Following a different order, different coefficients are obtained.
Lifting Xg:

min z =3 — (X1 + X2 + X3 + Xa)
S.t.5X3 +5X2 +5x3 +5x4 <9
X binary
which yields 7 = 2.
Lifting Xs:
min Z =3 — (X1 + X2 + X3 + X4 + 2Xg)
S.t.5X1 + 5X» 4+ 5x3 + 5x4 + 8xg < 14
X binary

which yields 75 = 0.



Simultaneous lifting

To simultaneously lift all coefficients of the missing variables into a
valid inequality, we need a lifting function ¥ : ® — R such that

> V(@) + Y mx < m
JEN\M jem
is valid for K.
Definition. A function F : R — R is superadditive on % if
F(d1) + F(d2) < F(d1 +dz) Vdy,dz € R.

Sufficient condition (Wolsey, 1977; Gu, Nemhauser, Salvesbergh,
2000) for 37 cnym V(@)X + 22 em %) < mo to be valid for K is

1 Y(u) < dy(u)Vu e R.

2. W(u) is superadditive on .
If ax > 0 vk € N then it is enough that W(u) is superadditive on R .



Lifted cover inequalities with a superadditive function

Given a Knapsack polyhedron K with a; > 0 Vj € N, and given a

minimal cover C C N,
Y x<icl-1
jec

is valid for Kc = K n{x : x; =0Vj € N\C}.

The sequential lifting function is

dc(u) =min{[C|—1-) x: > ax <b-—u,x e {0,1}°}.

jecC jec

AssumeC ={1,...,rlanda > a1 Vj=1,...,r — 1.

LetAj=>" jaVj=1,....r,Ag =0, A=A —b.
A superadditive function for simultaneous lifting is

j ifA <U<AL-AYj=0,....r—1
V(u) =

S8 A -A<U<AY=1,...r-1

r+%A fA —A<u




Example

K = {x € {0,1}® : 5X; + 5Xp + 5X3 + 5%X4 + 3Xs5 + 8% < 17}.
Cover {1, 2, 3,4} yields the cover inequality

X1+ X2 + X3+ X4 < 3.
withA:BandA:[05101520]forj:0,...,4.

By simultaeous lifting one obtains

1 4
X1+X2+X3+X4+§X5+§X6S3-



The lifting function for sequential lifting is
®c(Uu) = min{3 — (X1 + X2 + X3 + X4) :5X1 + 5x2 + 5x3 + 5x4 <17 —u

x € {0,1}%}
The superadditive function for simultaneous lifting is
0 fo<u<5-3
1+4%2 f5-3<u<h5
1 f5<u<10-3
) 2+4%12 if10-3<u<10
v =9 5 f10 <u < 15-3
3+4 if15-3<u<15
3 if15<u<20-3
44920 jf20-3<u
3 Pc(u) W(u)
2
0 >

10 12 15



Feasible set inequalities
Consider a knapsack set K, as before, with a; > 0 Vj € N.
Assign an arbitrary weight w; > 0 with each variable j € N.
Definition. A subset T C N is a feasible set if and only if
Za,— < b.
jeT
We indicate the non-negative slack as rr =b — 31 &.
We also define w(T) = 3.1 wj.
The inequality
> wpxg < w(T)
jeT

isvalid for Kr =K N {x:x;=0Vj € N\T}.



Feasible set inequalities

Consider a permutation 1, jz, . . ., pun|—|7| Of the variables notin T.
We carry out sequential lifting with the lifting function
Or(u) = min{w(T) = > wyx; - Y _ax; <b—u,xe{0,1}}
JeT jeT
and we obtain
T = ¢TU{N1,~~~,N|71}(alti)'
Then the feasible set inequality
ZWJ'XJ' + Z mXj < W(T)

JET JENAT

is valid for K (Weismantel, 1997).



Feasible set inequalities

A special case occurs when we select w; = 1Vj € N and hence
w(T) = |T|. In this case the lifting function can be restated as follows:

Or(u) =min{|S|:SCT,> a>u—rr}
jes

Intuitively, it represents the minimum number of elements that must
be deleted from T to satisfy the capacity constraint when an
additional element of weight u is inserted.

In this special case the following property holds
Or(ay) —1<m < Or(y)

and this makes the computation of m; values more efficient.



Example

Consider the knapsack constraint
3Xq + 4Xo + 6X3 + 7X4 + 9X5 + 18%Xg < 21

and the feasible subset T = {1,2,3,4}.
Wehaverr =landw(T)=|T| =4.
Consider the permutation u = (5, 6).

Lifting 5, we obtain
ms =1 43(9) =min{|S|: S C{1,...,4},> g >9-1} =2

jes
Lifting 6, we obtain
w6 = ®(1,..5)(18) = min{|S|: S C{1,...,5},> a >18-1}=3.
jes
The resulting feasible set inequality is

X1+ X2 4+ X3 4+ X4 + 2X5 + 3Xg < 4



(1, k)-configuration inequalities

Feasible set inequalities with unit weights w; = 1 Vj € N generalize
lifted cover inequalities and (1, k)-configuration inequalities.

Definition. A pair (T,z)withTuU{z} CNand ) ;a <bisa
(1, k)-configuration if S U {z} is a minimal cover for all
SCT:|S|=k.

Then
S+ (TI—k+1)x < [T|

JET

is valid for K.



