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Trivia: how many networks do you 
see?



  

What's a Network ?

Dictionary.com:
any netlike combination of filaments, lines, 
veins, passages, or the like

Wikipedia:
disambiguation page with 30 entries in 4 
categories

Let's try images !



  

A few images after: artistic ones



  

A few images after: artistic ones



  

… and very different domains



  

… only rank 26!



  

To remember:

1.1 - Networks are pervasive !

2.2 - by « network » we mean far more than 
computers connected by cables;

3.3 - network problems moved from 
technologies to applications, and now to 
services;

4 - networks are in general too complex 4 - networks are in general too complex 
to be managed by humans without to be managed by humans without 
decision support systems. decision support systems. 



  

Modeling, Analysis and Optimization 
of Networks

A « transverse » course offered by D.I.

(Far) More on modeling and structural 
properties than on specific techniques and 
technologies

Different editions cover different sub-topics

This year: network flows



  

Course objectives

finding network (flow) structures in 
applications

modeling as flow problems on networks

main theoretical results on flows and flow 
algorithms

overview of tools for solving network flow 
problems



  

PART I: Modeling with 
network flows



  

Notation

A directed graph G(V,A)



  

Notation

A directed graph G(V,A)

A function c: A → ℝ (arc capacities) 
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Notation

A directed graph G(V,A)

A function c: A → ℝ (arc capacities)

Special nodes s (source) and t (sink)

A flow is a function f: A→ ℝ+
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Notation
Let ∂-(i) be the set of incoming arcs in i

Let ∂+(i) be the set of outgoing arcs from i

A flow is feasible iff

f(i,j) ≤ c(i,j)
for each (i,j) in A (capacity constr.)

f(i,j) ≥ 0
for each (i,j) in A  (non-negativity constr.)

j∂-(i) f(j,i) = j∂+(i)f(i,j)
for each i in V \ {s,t} (flow conservation constr.)

A flow is maximum if 

j∂+(s)f(s,j) = j∂-(t) f(j,t)
is maximum



  

How to model with flows ?

Given an application

Design V, s and t

Design A

Design c()

Find f()

Give to f() an interpretation in the original 
application



  

How to learn modeling with flows ?

As for math modeling in general, no 
specific recipe

A bit of theory

A few modeling tricks and gadgets

Training on a few examples

+ Intuition :)
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Example 1: routing in 
communication networks

Given a communication network composed by 
nodes and links, and a special pair of nodes 
(source and destination) that need to transfer data

A Path Problem

Find a path from source to destination in the network 

A Backup Path Problem

Find two paths from source to destination in the 
network  having no common arc

A network robustness Problem

find how many paths are there from source to 
destination, having no common arc



  

From X-Accs-33 to X-Accs-41

From X-Core-01 to X-Dist-21



  

Example 2: Tango Dancers problem

Taken from J. Kleinberg, E. Tardos, « Algorithm Design»

Given :

a set G of gentlemen and a set L of ladies

a set of compatibilities

find how many couples can be on the dance floor at 
the same time, at most

i.e. a max matching problem on a bipartite graph

Observation: the number of couples equals the 
flow, that in turn equals the number of arcs 
whose capacity constraints are active!



  

A few extensions (1)

Capacity on nodes

Multiple sources and multiple sinks

Integral flows

(blackboard discussion)



  

A few extensions (2)

Flows and Circulations

Circulations with demands

Lower bound on flow on each arc

(blackboard discussion)
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Example 3: consistent rounding 
problem

Did you ever compile tax forms?

Given a pxq matrix D containing real 
values dij with row sums ai and column 
sums bj.

You want to round both matrix coefficients 
and row/col sums in a consistent way

The decision to round up or down is up to 
you



  

Example 3: consistent rounding 
problem

From N.F., Application 6.3

3.1 6.8 7.3 17.2

9.6 2.4 0.7 12.7

3.6 1.2 6.5 11.3

16.3 10.4 14.5
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Roadmap

Outline:

▶ To review a few modeling frameworks (e.g. graphs and
mathematical programming)

▶ To learn how to model with flows and cuts complex decision
problems

▶ To understand theory and algorithms underlying network flows

MAON - Flows A. Ceselli
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3.  GRAPHS

‣ basic definitions and applications 

‣ graph connectivity and graph traversal 

‣ testing bipartiteness 

‣ connectivity in directed graphs 

‣ DAGs and topological ordering
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Undirected graphs

3

Notation.  G = (V, E) 

・V = nodes (or vertices). 

・E = edges (or arcs) between pairs of nodes. 

・Captures pairwise relationship between objects. 

・Graph size parameters:  n = | V |, m = | E |.

V = { 1, 2, 3, 4, 5, 6, 7, 8 }

E = { 1–2, 1–3, 2–3, 2–4, 2–5, 3–5, 3–7, 3–8, 4–5, 5–6, 7–8 } 

m = 11, n = 8
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One week of Enron emails
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The evolution of FCC lobbying coalitions

“The Evolution of FCC Lobbying Coalitions” by Pierre de Vries in JoSS Visualization Symposium 2010
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Framingham heart study

“The Spread of Obesity in a Large Social Network over 32 Years” by Christakis and Fowler in New England Journal of Medicine, 2007

The Spread of Obesity in a Large Social Network Over 32 Years

n engl j med 357;4 www.nejm.org july 26, 2007 373

educational level; the ego’s obesity status at the 
previous time point (t); and most pertinent, the 
alter’s obesity status at times t and t + 1.25 We 
used generalized estimating equations to account 
for multiple observations of the same ego across 
examinations and across ego–alter pairs.26 We 
assumed an independent working correlation 
structure for the clusters.26,27

The use of a time-lagged dependent variable 
(lagged to the previous examination) eliminated 
serial correlation in the errors (evaluated with a 
Lagrange multiplier test28) and also substantial-
ly controlled for the ego’s genetic endowment and 
any intrinsic, stable predisposition to obesity. The 
use of a lagged independent variable for an alter’s 
weight status controlled for homophily.25 The 
key variable of interest was an alter’s obesity at 
time t + 1. A significant coefficient for this vari-
able would suggest either that an alter’s weight 
affected an ego’s weight or that an ego and an 
alter experienced contemporaneous events affect-

ing both their weights. We estimated these mod-
els in varied ego–alter pair types.

To evaluate the possibility that omitted vari-
ables or unobserved events might explain the as-
sociations, we examined how the type or direc-
tion of the social relationship between the ego 
and the alter affected the association between the 
ego’s obesity and the alter’s obesity. For example, 
if unobserved factors drove the association be-
tween the ego’s obesity and the alter’s obesity, 
then the directionality of friendship should not 
have been relevant.

We evaluated the role of a possible spread in 
smoking-cessation behavior as a contributor to 
the spread of obesity by adding variables for the 
smoking status of egos and alters at times t and 
t + 1 to the foregoing models. We also analyzed 
the role of geographic distance between egos 
and alters by adding such a variable.

We calculated 95% confidence intervals by sim-
ulating the first difference in the alter’s contem-

Figure 1. Largest Connected Subcomponent of the Social Network in the Framingham Heart Study in the Year 2000.

Each circle (node) represents one person in the data set. There are 2200 persons in this subcomponent of the social 
network. Circles with red borders denote women, and circles with blue borders denote men. The size of each circle 
is proportional to the person’s body-mass index. The interior color of the circles indicates the person’s obesity status: 
yellow denotes an obese person (body-mass index, ≥30) and green denotes a nonobese person. The colors of the 
ties between the nodes indicate the relationship between them: purple denotes a friendship or marital tie and orange 
denotes a familial tie.
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Some graph applications

graph node edge

communication telephone, computer fiber optic cable

circuit gate, register, processor wire

mechanical joint rod, beam, spring

financial stock, currency transactions

transportation street intersection, airport highway, airway route

internet class C network connection

game board position legal move

social relationship person, actor friendship, movie cast

neural network neuron synapse

protein network protein protein-protein interaction

molecule atom bond
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Paths and connectivity

Def.  A path in an undirected graph G = (V, E) is a sequence of nodes  
v1, v2, …, vk with the property that each consecutive pair vi–1, vi is joined  
by an edge in E. 

Def.  A path is simple if all nodes are distinct. 

Def.  An undirected graph is connected if for every pair of nodes u and v, 

there is a path between u and v.
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Cycles

Def.  A cycle is a path v1, v2, …, vk in which v1 = vk, k > 2, and the first k – 1 

nodes are all distinct.

cycle C = 1-2-4-5-3-1
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Trees

Def.  An undirected graph is a tree if it is connected and does not contain 
a cycle. 

Theorem.  Let G be an undirected graph on n nodes. Any two of the 

following statements imply the third: 

・G is connected. 

・G does not contain a cycle. 

・G has n – 1 edges.
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Rooted trees

Given a tree T, choose a root node r and orient each edge away from r. 

Importance.  Models hierarchical structure.

a tree the same tree, rooted at 1

v

the parent of v

a child of v

root r
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Phylogeny trees

Describe evolutionary history of species. 



Describe organization of GUI widgets.

15

GUI containment hierarchy

http://java.sun.com/docs/books/tutorial/uiswing/overview/anatomy.html



3.  GRAPHS

‣ basic definitions and applications 

‣ graph connectivity and graph traversal 

‣ testing bipartiteness 

‣ connectivity in directed graphs 

‣ DAGs and topological ordering
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Connectivity

s-t connectivity problem.  Given two nodes s and t, is there a path between  
s and t ? 

s-t shortest path problem.  Given two nodes s and t, what is the length of  
a shortest path between s and t ? 

Applications. 

・Friendster. 

・Maze traversal. 

・Kevin Bacon number. 

・Fewest hops in a communication network.
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Breadth-first search

BFS intuition.  Explore outward from s in all possible directions, adding 

nodes one “layer” at a time. 

BFS algorithm. 

・L0 = { s }. 

・L1 = all neighbors of L0. 

・L2 = all nodes that do not belong to L0 or L1, and that have an edge to a 

node in L1. 

・Li+1 = all nodes that do not belong to an earlier layer, and that have an 

edge to a node in Li. 

Theorem.  For each i, Li consists of all nodes at distance exactly i 
from s.  There is a path from s to t iff t appears in some layer.

s L1 L2 Ln–1
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Breadth-first search

Property.  Let T be a BFS tree of G = (V, E), and let (x, y) be an edge of G. 
Then, the levels of x and y differ by at most 1.

L0

L1

L2

L3
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Breadth-first search:  analysis

Theorem.  The above implementation of BFS runs in O(m + n) time if the 

graph is given by its adjacency representation. 

Pf. 

・Easy to prove O(n2) running time: 
- at most n lists L[i] 
- each node occurs on at most one list; for loop runs ≤ n times 
- when we consider node u, there are ≤ n incident edges (u, v),  

and we spend O(1) processing each edge 

・Actually runs in O(m + n) time: 
- when we consider node u, there are degree(u) incident edges (u, v) 
- total time processing edges is Σu∈V  degree(u)  =  2m.    ▪

each edge (u, v) is counted exactly twice 
in sum: once in degree(u) and once in degree(v)



21

Connected component

Connected component.  Find all nodes reachable from s. 

Connected component containing node 1 = { 1, 2, 3, 4, 5, 6, 7, 8 }.
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Flood fill

Flood fill.  Given lime green pixel in an image, change color of entire blob of 

neighboring lime pixels to blue. 

・Node:  pixel. 

・Edge:  two neighboring lime pixels. 

・Blob:  connected component of lime pixels.
recolor lime green blob to blue
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Flood fill

Flood fill.  Given lime green pixel in an image, change color of entire blob of 

neighboring lime pixels to blue. 

・Node:  pixel. 

・Edge:  two neighboring lime pixels. 

・Blob:  connected component of lime pixels.
recolor lime green blob to blue
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Connected component

Connected component.  Find all nodes reachable from s. 

Theorem.  Upon termination, R is the connected component containing s. 

・BFS = explore in order of distance from s. 

・DFS = explore in a different way.

s

u v

R

it’s safe to add v
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‣ max-flow min-cut theorem 
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‣ shortest augmenting paths 

‣ Dinitz’ algorithm 

‣ simple unit-capacity networks
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Flow network

A flow network is a tuple G = (V, E, s, t, c).

・Digraph (V, E) with source s ∈ V  and sink t ∈ V. 

・Capacity c(e) > 0 for each e ∈ E. 

 
Intuition.  Material flowing through a transportation network; 
material originates at source and is sent to sink.
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Flows and Cuts

Intuitively (s-t) Cut: a set of arcs whose removal makes 
sink unreachable from source
(no more path exists going from s to t)

Formally, a cut is a partition [S,V \ S] of the nodes of 
the graph (s-t cut if s is in S and t in V \ S)

Arcs of the cut are those having one endpoint in S and 
the other in V \ S;

forward arc: (i,j) with i in S and j in V \ S

backward arc: (i,j) with i in V \ S and j in S

The capacity of a cut is the sum of capacities of its 
forward arcs

A cut is minimum if its capacity is minimum



  

Flows and cuts



Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the nodes with s ∈ A  and t ∈ B. 

 
Def.  Its capacity is the sum of the capacities of the edges from A to B. 
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Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the nodes with s ∈ A  and t ∈ B. 

Def.  Its capacity is the sum of the capacities of the edges from A to B.  
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Minimum-cut problem 

Def.  An st-cut (cut) is a partition (A, B) of the nodes with s ∈ A  and t ∈ B. 

 
Def.  Its capacity is the sum of the capacities of the edges from A to B.  

 
 
 
Min-cut problem.  Find a cut of minimum capacity. 

10
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Network flow:  quiz 1

 Which is the capacity of the given st-cut? 

A. 11  (20 + 25 − 8 − 11 − 9 − 6)

B. 34  (8 + 11 + 9 + 6) 

C. 45  (20 + 25)

D. 79  (20 + 25 + 8 + 11 + 9 + 6) 

 7

812 9

8

161

capacity

s

86

25 t

1020

6 11



Maximum-flow problem

Def.  An st-flow (flow)  f is a function that satisfies: 

・For each e ∈ E :            [capacity] 

・For each v ∈ V – {s, t} :          [flow conservation]
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Maximum-flow problem

Def.  An st-flow (flow)  f is a function that satisfies: 

・For each e ∈ E :            [capacity] 

・For each v ∈ V – {s, t} :          [flow conservation] 

Def.  The value of a flow f  is:
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Maximum-flow problem

Def.  An st-flow (flow)  f is a function that satisfies: 

・For each e ∈ E :            [capacity] 

・For each v ∈ V – {s, t} :          [flow conservation] 

Def.  The value of a flow f  is:

Max-flow problem.  Find a flow of maximum value. 
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Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.
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Greedy algorithm. 
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Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.
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+ 2 = 10

Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.
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Toward a max-flow algorithm

Greedy algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P where each edge has f (e) < c(e). 

・Augment flow along path P. 

・Repeat until you get stuck.

 18

3 / 4

7 / 8

19

0 / 2
10 / 

10

10 / 10

6 / 6

9 / 10

9 / 10

9 / 9

but max-flow value = 19

flow network G and flow f

s t



Q.  Why does the greedy algorithm fail? 

A.  Once greedy algorithm increases flow on an edge, it never decreases it. 

 
Ex.  Consider flow network G . 

・The unique max flow has f *(v, w) = 0. 

・Greedy algorithm could choose s→v→w→t  as first augmenting path. 

 
 
 
 
 
 
 
 
 
 
Bottom line.  Need some mechanism to “undo” a bad decision.

Why the greedy algorithm fails
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Residual network

Original edge.  e = (u, v)  ∈  E. 

・Flow f (e). 

・Capacity c(e). 
 
Reverse edge.  ereverse = (v, u). 

・“Undo” flow sent. 

 
Residual capacity. 

 
 
 
 
 
Residual network.  Gf = (V, Ef , s, t, cf ). 

・Ef  = {e : f (e) <  c(e)}  ∪  {ereverse : f (e)  >  0}. 

・Key property:  f ʹ is a flow in Gf iff  f + f ʹ is a flow in G.

 20
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Augmenting path

Def. An augmenting path is a simple s↝t path in the residual network Gf . 
 
Def. The bottleneck capacity of an augmenting path P is the minimum  
residual capacity of any edge in P. 

 
Key property.  Let f  be a flow and let P be an augmenting path in Gf .  
Then, after calling f ʹ ← AUGMENT( f, c, P), the resulting f ʹ is a flow and  
val( f ʹ) = val( f ) + bottleneck(Gf, P).

 21

AUGMENT( f, c, P)                          
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

δ  ← bottleneck capacity of augmenting path P.

FOREACH edge e ∈ P :

IF (e ∈ E)  f (e)  ←  f (e)  +  δ.

ELSE         f (ereverse) ← f (ereverse)  –  δ.

RETURN  f.
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________



Network flow:  quiz 2

Which is the augmenting path of highest bottleneck capacity?

A.  A → F → G → H 

B.  A → B → C → D → H  

C.  A → F → B → G → H

D.  A → F → B → G → C → D → H
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Ford–Fulkerson algorithm

Ford–Fulkerson augmenting path algorithm. 

・Start with f (e) = 0 for each edge e ∈ E. 

・Find an s↝t path P in the residual network Gf . 

・Augment flow along path P. 

・Repeat until you get stuck.
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FORD–FULKERSON(G)                          
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
_

FOREACH edge e ∈ E :  f (e) ← 0.

Gf  ← residual network of G with respect to flow f.

WHILE (there exists an s↝t path P in Gf )

f ← AUGMENT( f, c, P).

Update Gf.

RETURN  f.

augmenting path



Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo

 7

residual network Gf

s t

2 / 2
10 / 

10
6 / 6

10 / 10

0 / 4

8 / 8

8 / 9

network G and flow f

6 / 10 16

6 / 10

8 

8

10

 10 

1

6

6

 6  

4

4s

 4  

t

2

8
—

0 —

2
—

8
—

+ 2 = 18

fixes mistake from 
second augmenting path



Ford–Fulkerson algorithm demo
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Summary of Lecture 1

Given :

a graph G(V,A), with two special nodes s and t

capacity on each arc

Find: an optimal flow from s to t
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Summary of Lecture 1

Multiple «production» and «demand» points
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7.  NETWORK FLOW I

‣ max-flow and min-cut problems 

‣ Ford–Fulkerson algorithm 

‣ max-flow min-cut theorem 

‣ capacity-scaling algorithm 

‣ shortest augmenting paths 

‣ Dinitz' algorithm 

‣ simple unit-capacity networks
SECTION 7.2



Relationship between flows and cuts

Flow value lemma.  Let f  be any flow and let (A, B) be any cut. Then,  
the value of the flow f equals the net flow across the cut (A, B).  

 25
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Relationship between flows and cuts

Flow value lemma.  Let f  be any flow and let (A, B) be any cut. Then,  
the value of the flow f equals the net flow across the cut (A, B).  
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Relationship between flows and cuts

Flow value lemma.  Let f  be any flow and let (A, B) be any cut. Then,  
the value of the flow f equals the net flow across the cut (A, B).  
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Network flow:  quiz 3

Which is the net flow across the given cut? 

A.  11  (20 + 25 − 8 − 11 − 9 − 6) 

B.  26  (20 + 22 − 8 − 4 − 4) 

C.  42  (20 + 22) 

D.  45  (20 + 25)
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Relationship between flows and cuts

Flow value lemma.  Let f  be any flow and let (A, B) be any cut. Then,  
the value of the flow f equals the net flow across the cut (A, B).  
 
 
 
 
Pf.
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Weak duality.  Let f  be any flow and (A, B) be any cut. Then, val( f ) ≤ cap(A, B). 
Pf.

Relationship between flows and cuts
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Certificate of optimality

Corollary.  Let f  be a flow and let (A, B) be any cut. 
If val( f )  = cap(A, B), then f  is a max flow and (A, B) is a min cut. 

 
Pf. 

・For any flow f ʹ:  val( f ʹ)  ≤  cap(A, B)  = val( f ).   

・For any cut (Aʹ, Bʹ):  cap(Aʹ, Bʹ)  ≥  val( f )  =  cap(A, B).  ▪
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Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut.
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1956 IRE TRANXACTIONX ON INFORiMATION THEORY 117 

A Note on the Maximum Flow Through a Network* 
P. ELIASt, A. FEINSTEINI, AND C. E. SHANNON! 

Summary--This note discusses the problem of maximizing the 
rate of flow from one terminal to another, through a network which 
consists of a number of branches, each of which has a !imited capa- 
city. The main result is a theorem: The maximum possible flow from 
left to right through a network is equal to the minimum value among 
all simple cut-sets. This theorem is applied to solve a more general 
problem, in which a number of input nodes and a number of output 
nodes are used. 

c 

ONSIDER a two-terminal network such as that 
of Fig. 1. The branches of the network might 
represent communication channels, or, more 

generally, any conveying system of limited capacity as, 
for example, a railroad system, a power feeding system, 
or a network of pipes, provided in each case it is possible 
to assign a definite maximum allowed rate of flow over a 
given branch. The links may be of two types, either one 
directional (indicated by arrows) or two directional, in 
which case flow is allowed in either direction at anything 
up to maximum capacity. At the nodes or junction points 
of the network, any redistribution of incoming flow into 
the outgoing flow is allowed, subject only to the re- 
striction of not exceeding in any branch the capacity, and 
of obeying the Kiichhoff law that the total (algebraic) 
flow into a node be zero. Note that in the case of infor- 
mation flow, this may require arbitrarily large delays at 
each node to permit recoding of the output signals from 
that node. The problem is to evaluate the maximum 
possible flow through the network as a whole, entering at 
the left terminal and emerging at the right terminal. 

0 

7 

-< 

3 

b 

5 cl 

I f 
Fig. 1 

The answer can be given in terms of cut-sets of the 
network. A cut-set of a two-terminal network is a set of 
branches such that when deleted from the network, the 
network falls into two or more unconnected parts with 
the two terminals in different parts. Thus, every path 

* Manuscript received by the PGIT, July 11, 1956. 
t Elec. Ena. Deot. and Res. Lab. of Electronics. Mass. Inst. 

Tech., CambrTdge, -Mass. 
1 Lincoln Lab., M.I.T., Lexington! Mass. 
5 Bell Telephone Labs., Murray Hill, N. J., and M.I.T., Cam- 

bridge, Mass. 

from one terminal to the other in the original network 
passes through at least one branch in the cut-set. In the 
network above, some examples of cut-sets are (d, e, f), 
and (b, c, e, g, h), (d, g, h, i) . By a simple cut-set we will 
mean a cut-set such that if any branch is omitted it is no 
longer a cut-set. Thus (d, e, f) and (b, c, e, g, h) are simple 
cut-sets while (d, g, h, ;) is not. When a simple cut-set is 
deleted from a connected two-terminal network, the net- 
work falls into exactly two parts, a left part containing the 
left terminal and a right part containing the right terminal. 
We assign a value to a simple cut-set by taking the sum of 
capacities of branches in the cut-set, only counting 
capacities, however, from the left part to the right part 
for branches that are unidirectional. Note that the 
direction of an unidirectional branch cannot be deduced 
from its appearance in the graph of the network. A branch 
is directed from left to right in a minimal cut-set if, and 
only if, the arrow on the branch points from a node in the 
left part of the network to a node in the right part. Thus, 
in the example, the cut-set (d, e, f) has the value 5 + 1 = 6, 
the cut-set (b, c, e, g, h) has value 3 + 2 + 3 + 2 = 10. 

Theorem: The maximum possible flow from left to right 
through a net,work is equal to the minimum value among 
all simple cut-sets. 

This theorem may appear almost obvious on physical 
grounds and appears to have been accepted without proof 
for some time by workers in communication theory. 
However, while the fact that this flow cannot be exceeded 
is indeed almost trivial, the fact that it can actually be 
achieved is by no means obvious. We understand that 
proofs of the theorem have been given by Ford and 
Fulkerson’ and Fulkerson and Dantzig.2 The following 
proof is relatively simple, and we believe different in 
principle. 

To prove first that the minimum cut-set flow cannot be 
exceeded, consider any given flow pattern and a minimum- 
valued cut-set C. Take the algebraic sum X of flows from 
left to right across this cut-set. This is clearly less than or 
equal to the value V of the cut-set, since the latter would 
result if all paths from left to right in C were carrying 
full capacity, and those in the reverse direction were 
carrying zero. Now add to S the sum of the algebraic 
flows into all nodes in the right-hand group for the cut- 
set C. This sum is zero because of the Kirchhoff law 
constraint at each node. Viewed another way, however, 
we see that it cancels out each flow contributing to S, 
and also that each flow on a branch with both ends in the 

1 L. Ford, Jr. and D. R. Fulkerson, Can. J. Math.; to be published. 
* G. B. Dantsig and D. R. Fulkerson, “On the Max-Flow Min- 

Cut Theorem of Networks,” in “Linear Inequalities,” Ann. Math. 
Studies, no. 38, Princeton, New Jersey, 1956. 

strong duality



Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut. 

Augmenting path theorem. A flow f  is a max flow iff no augmenting paths. 

 
Pf. The following three conditions are equivalent for any flow f : 
  i. There exists a cut (A, B) such that cap(A, B)  =  val( f ). 
 ii.  f  is a max flow. 

iii. There is no augmenting path with respect to f. 
 
[ i ⇒ ii ] 

・This is the weak duality corollary.  ▪
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Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut. 

Augmenting path theorem. A flow f  is a max flow iff no augmenting paths. 

Pf. The following three conditions are equivalent for any flow f : 
  i. There exists a cut (A, B) such that cap(A, B)  =  val( f ). 
 ii.  f  is a max flow. 

iii. There is no augmenting path with respect to f. 

[ ii ⇒ iii ]   We prove contrapositive:  ¬ iii ⇒ ¬ ii. 

・Suppose that there is an augmenting path with respect to f. 

・Can improve flow f  by sending flow along this path. 

・Thus,  f  is not a max flow.   ▪
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[ iii ⇒ i ]  

・Let f  be a flow with no augmenting paths. 

・Let A be set of nodes reachable from s in residual network Gf. 

・By definition of A:  s ∈ A. 

・By definition of flow f:  t ∉ A.

=
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Max-flow min-cut theorem
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Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Airline Rostering

Recap example: consider the following set of flights

▶ Boston (6 AM) Washington DC (7AM)

▶ Urbana (7 AM) Champaign (8 AM)

▶ Washington (8 AM) Los Angeles (11 AM)

▶ Urbana (11 AM) San Francisco (2 PM)

▶ San Francisco (2:15 PM) Seattle (3:15 PM)

▶ Las Vegas (5 PM) Seattle (6 PM)

How many crews do you need to operate all of them?

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Preemptive Scheduling

Recap example: consider the following combinatorial problem.
Given

▶ a set of jobs J, each having a release date rj , a processing
time pj and a due date dj

▶ a set of M identical machines

decide if a scheduling exists, such that

▶ each job is completed within C

▶ no jobs overlap on the same machine

▶ no job j is started before (resp. completed after) its release
date rj (resp. due date dj)

Preemption is allowed.

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Preemptive Scheduling

Recap example: instance
Job 1 2 3 4

Proc. time 1.50 1.25 2.10 3.60
Release date 3 1 3 5
Due date 5 4 7 9

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Max Flow - Min Cut duality

Recap: max flow and min cut form a pair of strongly dual problems

MAON - Flows A. Ceselli



Max-flow min-cut theorem

Max-flow min-cut theorem. Value of a max flow = capacity of a min cut. 

Augmenting path theorem. A flow f  is a max flow iff no augmenting paths. 

Pf. The following three conditions are equivalent for any flow f : 
  i. There exists a cut (A, B) such that cap(A, B)  =  val( f ). 
 ii.  f  is a max flow. 

iii. There is no augmenting path with respect to f. 

[ ii ⇒ iii ]   We prove contrapositive:  ¬ iii ⇒ ¬ ii. 

・Suppose that there is an augmenting path with respect to f. 

・Can improve flow f  by sending flow along this path. 

・Thus,  f  is not a max flow.   ▪

 34



[ iii ⇒ i ]  

・Let f  be a flow with no augmenting paths. 

・Let A be set of nodes reachable from s in residual network Gf. 

・By definition of A:  s ∈ A. 

・By definition of flow f:  t ∉ A.
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Max-flow min-cut theorem
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Minimum cut application (RAND 1950s)

“Free world” goal.  Cut supplies (if Cold War turns into real war).

Figure 2
From Harris and Ross [1955]: Schematic diagram of the railway network of the Western So-
viet Union and Eastern European countries, with a maximum flow of value 163,000 tons from
Russia to Eastern Europe, and a cut of capacity 163,000 tons indicated as ‘The bottleneck’.

 2

rail network connecting Soviet Union with Eastern European countries
(map declassified by Pentagon in 1999)



Maximum flow application (Tolstoǐ 1930s)

Soviet Union goal.  Maximize flow of supplies to Eastern Europe.

Figure 2
From Harris and Ross [1955]: Schematic diagram of the railway network of the Western So-
viet Union and Eastern European countries, with a maximum flow of value 163,000 tons from
Russia to Eastern Europe, and a cut of capacity 163,000 tons indicated as ‘The bottleneck’.
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flow

capacity

rail network connecting Soviet Union with Eastern European countries
(map declassified by Pentagon in 1999)



7.  NETWORK FLOW II

‣ bipartite matching 

‣ disjoint paths 

‣ extensions to max flow 

‣ survey design 

‣ airline scheduling 

‣ image segmentation 

‣ project selection 

‣ baseball elimination
SECTION 7.10



Image segmentation

Image segmentation. 

独Divide image into coherent regions. 

独Central problem in image processing. 

 
Ex.  Separate human and robot from background scene.

 57



Image segmentation

Foreground / background segmentation. 

独Label each pixel in picture as belonging to 
foreground or background. 

独V = set of pixels, E = pairs of neighboring pixels. 

独ai  ≥  0 is likelihood pixel i in foreground. 

独bi  ≥  0 is likelihood pixel i in background. 

独pij ≥  0 is separation penalty for labeling one of i 
and j as foreground, and the other as background. 

 
Goals. 

独Accuracy:  if ai  > bi in isolation, prefer to label i in foreground. 

独Smoothness: if many neighbors of i are labeled foreground,  
we should be inclined to label i as foreground. 

独Find partition (A, B) that maximizes:  

 58
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Formulate as min-cut problem. 

独Maximization. 

独No source or sink. 

独Undirected graph. 

 
Turn into minimization problem. 

独Maximizing 
 

独is equivalent to minimizing 
 
 
 

独or alternatively

Image segmentation
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Image segmentation

Formulate as min-cut problem G ʹ = (V ʹ, E ʹ). 

独Include node for each pixel. 

独Use two antiparallel edges instead of 
undirected edge.  

独Add source s to correspond to foreground. 

独Add sink t to correspond to background.
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Image segmentation

Consider min cut (A, B) in G ʹ. 

独 A = foreground. 
 
 

独Precisely the quantity we want to minimize.
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Grabcut.  [ Rother–Kolmogorov–Blake 2004 ]

Grabcut image segmentation
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“GrabCut” — Interactive Foreground Extraction using Iterated Graph Cuts

Carsten Rother∗ Vladimir Kolmogorov†
Microsoft Research Cambridge, UK

Andrew Blake‡

Figure 1: Three examples of GrabCut . The user drags a rectangle loosely around an object. The object is then extracted automatically.

Abstract

The problem of efficient, interactive foreground/background seg-
mentation in still images is of great practical importance in im-
age editing. Classical image segmentation tools use either texture
(colour) information, e.g. Magic Wand, or edge (contrast) infor-
mation, e.g. Intelligent Scissors. Recently, an approach based on
optimization by graph-cut has been developed which successfully
combines both types of information. In this paper we extend the
graph-cut approach in three respects. First, we have developed a
more powerful, iterative version of the optimisation. Secondly, the
power of the iterative algorithm is used to simplify substantially the
user interaction needed for a given quality of result. Thirdly, a ro-
bust algorithm for “border matting” has been developed to estimate
simultaneously the alpha-matte around an object boundary and the
colours of foreground pixels. We show that for moderately difficult
examples the proposed method outperforms competitive tools.

CR Categories: I.3.3 [Computer Graphics]: Picture/Image
Generation—Display algorithms; I.3.6 [Computer Graphics]:
Methodology and Techniques—Interaction techniques; I.4.6 [Im-
age Processing and Computer Vision]: Segmentation—Pixel clas-
sification; partitioning

Keywords: Interactive Image Segmentation, Graph Cuts, Image
Editing, Foreground extraction, Alpha Matting

1 Introduction

This paper addresses the problem of efficient, interactive extrac-
tion of a foreground object in a complex environment whose back-
ground cannot be trivially subtracted. The resulting foreground ob-
ject is an alpha-matte which reflects the proportion of foreground
and background. The aim is to achieve high performance at the
cost of only modest interactive effort on the part of the user. High
performance in this task includes: accurate segmentation of object
from background; subjectively convincing alpha values, in response
to blur, mixed pixels and transparency; clean foreground colour,

∗e-mail: carrot@microsoft.com
†e-mail: vnk@microsoft.com
‡e-mail: ablake@microsoft.com

free of colour bleeding from the source background. In general,
degrees of interactive effort range from editing individual pixels, at
the labour-intensive extreme, to merely touching foreground and/or
background in a few locations.

1.1 Previous approaches to interactive matting

In the following we describe briefly and compare several state of
the art interactive tools for segmentation: Magic Wand, Intelligent
Scissors, Graph Cut and Level Sets and for matting: Bayes Matting
and Knockout. Fig. 2 shows their results on a matting task, together
with degree of user interaction required to achieve those results.

Magic Wand starts with a user-specified point or region to com-
pute a region of connected pixels such that all the selected pixels
fall within some adjustable tolerance of the colour statistics of the
specified region. While the user interface is straightforward, finding
the correct tolerance level is often cumbersome and sometimes im-
possible. Fig. 2a shows the result using Magic Wand from Adobe
Photoshop 7 [Adobe Systems Incorp. 2002]. Because the distri-
bution in colour space of foreground and background pixels have a
considerable overlap, a satisfactory segmentation is not achieved.

Intelligent Scissors (a.k.a. Live Wire or Magnetic Lasso)
[Mortensen and Barrett 1995] allows a user to choose a “minimum
cost contour” by roughly tracing the object’s boundary with the
mouse. As the mouse moves, the minimum cost path from the cur-
sor position back to the last “seed” point is shown. If the computed
path deviates from the desired one, additional user-specified “seed”
points are necessary. In fig. 2b the Magnetic Lasso of Photoshop 7
was used. The main limitation of this tool is apparent: for highly
texture (or un-textured) regions many alternative “minimal” paths
exist. Therefore many user interactions (here 19) were necessary to
obtain a satisfactory result. Snakes or Active Contours are a related
approach for automatic refinement of a lasso [Kass et al. 1987].

Bayes matting models colour distributions probabilistically to
achieve full alpha mattes [Chuang et al. 2001] which is based on
[Ruzon and Tomasi 2000]. The user specifies a “trimap” T =
{TB,TU ,TF} in which background and foreground regions TB and
TF are marked, and alpha values are computed over the remain-
ing region TU . High quality mattes can often be obtained (fig.
2c), but only when the TU region is not too large and the back-
ground/foreground colour distributions are sufficiently well sepa-
rated. A considerable degree of user interaction is required to con-
struct an internal and an external path.

Knockout 2 [Corel Corporation 2002] is a proprietary plug-in for
Photoshop which is driven from a user-defined trimap, like Bayes
matting, and its results are sometimes similar (fig. 2d), sometimes
of less quality according to [Chuang et al. 2001].
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Project selection (maximum weight closure problem)

Projects with prerequisites. 

独Set of possible projects P : project v has associated revenue pv. 

独Set of prerequisites E : (v, w) ∈ E means w is a prerequisite for v. 

独A subset of projects A ⊆ P is feasible if the prerequisite of every project 

in A also belongs to A. 

 
 
Project selection problem.  Given a set of projects P and prerequisites E, 

choose a feasible subset of projects to maximize revenue.
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can be positive 
or negative

MANAGEMENT SCIENCE 
Vol. 22, No. 1 1, July, 1976 

Printed in U.SA. 

MAXIMAL CLOSURE OF A GRAPH AND 
APPLICATIONS TO COMBINATORIAL 

PROBLEMS*t 

JEAN-CLAUDE PICARD 

Ecole Polytechnique, Montreal 

This paper generalizes the selection problem discussed by J. M. Rhys [12], J. D. Murchland 
[9], M. L. Balinski [1] and P. Hansen [4]. Given a directed graph G, a closure of G is defined 
as a subset of nodes such that if a node belongs to the closure all its successors also belong to 
the set. If a real number is associated to each node of G a maximal closure is defined as a 
closure of maximal value. 

1. Introduction 

The selection problem discussed by J. M. Rhys [12] and M. L. Balinksi [1] can be 
defined as follows: A finite set of points S ("stations") together with the "cost" c, > 0 
of choosing ("constructing") any point s of S is given. At the same time, a finite 
collection I of subsets a of points from S is specified together with the "profit" pa of 
choosing any one of the subsets a. Define a selection to be a collection of subsets 
from E together with all points of S which belong to this collection. Let the value of 
the selection be the sum of the profits of the subsets from E minus the sum of the 
costs of the points of S in the selection. The problem is to find a selection of 
maximum value. J. M. Rhys [12] and M. L. Balinski [1] have shown that this problem 
can be solved as a maximal flow problem in a bipartite graph. 

This selection problem can easily be generalized as follows: Given a directed graph 
G = (V, A) where V is the set of nodes and A the set of arcs, a closure of G is defined 
as a subset of vertices Y such that if a vertex belongs to Y then all its successors 
belong also to Y. If to each vertex vi is associated a real number, mi, then a maximal 
closure Y* of G is defined as a closure of maximal value (i.e. Ev E y.mi is maximal). 

In this paper, it is shown that the problem of finding a maximal closure of a graph 
is equivalent to solving the maximal flow problem in a network formed by the graph 
G with infinite capacities on its arcs, a source linked to each node vi of positive value 
by an arc of capacity (+ mi) and a sink linked from each node vi of negative value by 
an arc of capacity (- mi). 

The selection problem is then the maximal closure problem in a bipartite graph 
G = (E, S, A) with arcs A = {(u, s) a E E, s E S, and s E a), and where the value 
associated with each node a EE is pa and the value associated with each node s E S is 
- Cs. 

Applications 
J. M. Rhys [12] and J. D. Murchland [9] give several applications of the selection 

problem. The maximal closure of a graph finds its main application in mining 
engineering for determining optimum pit mine contours [5]-[8]. Given an ore body 
decomposed into blocks, there is a net value (the profit of the block minus the 
operating, capital and fixed costs) associated with each block. Determining optimum 

* Processed by Professor Morton Klein, Departmental Editor for Network Flows and Location Analysis 
and Associate Editor Michael Held; received June 11, 1975, revised August 28, 1975. This paper has been 
with the author 2 months for revision. 

t This research was supported by a grant from the Iron Ore Company of Canada. 
1268 

Copyright ?) 1976, The Institute of Management Sciences 
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Project selection:  prerequisite graph

Prerequisite graph.  Add edge (v, w) if w is a prerequisite for v.
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Project selection:  min-cut formulation

Min-cut formulation. 

独Assign a capacity of ∞ to each prerequisite edge. 

独Add edge (s, v) with capacity  pv if pv > 0. 

独Add edge (v, t) with capacity −pv if pv < 0. 

独For notational convenience, define ps  =  pt  =  0.

−pw
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Claim.  (A, B) is min cut iff A − { s } is an optimal set of projects. 

独Infinite capacity edges ensure A − { s } is feasible. 

独Max revenue because:

Project selection:  min-cut formulation
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Open-pit mining

Open-pit mining.  [studied since early 1960s] 

独Blocks of earth are extracted from surface to retrieve ore. 

独Each block v has net value pv  = value of ore  –  processing cost. 

独Can’t remove block v until both blocks w and x are removed.
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Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Integrality Theorem

Claim: if all arc capacities are integer, an integral maximum flow
always exists.
Proof: consider Ford Fulkerson and proceed by induction
(blackboard).

MAON - Flows A. Ceselli
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Bipartite matching:  max-flow formulation

独Create digraph Gʹ = (L ∪ R ∪ {s, t},  E ʹ ). 

独Direct all edges from L to R, and assign infinite (or unit) capacity. 

独Add unit-capacity edges from s to each node in L. 

独Add unit-capacity edges from each node in R to t.
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Max-flow formulation:  proof of correctness

Theorem.  Max cardinality of a matching in G = value of max flow in G ʹ. 

Pf.  ≤ 

独Given a max matching M of cardinality k. 

独Consider flow f  that sends 1 unit on each of the k corresponding paths. 

独f is a flow of value k.   ▪
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Max-flow formulation:  proof of correctness

Theorem.  Max cardinality of a matching in G = value of max flow in G ʹ. 

Pf.  ≥ 

独Let f be a max flow in G ʹ and let k denote its value. 

独Integrality theorem  ⇒  k is integral and can assume f is 0–1. 

独Consider M = set of edges from L to R with f (e) = 1. 
- each node in L and R participates in at most one edge in M 
- ⎢M ⎢ = k : apply flow-value lemma to cut (L ∪ {s}, R ∪ {t})   ▪
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Edge-disjoint paths

Def.  Two paths are edge-disjoint if they have no edge in common. 

 
Edge-disjoint paths problem.  Given a digraph G = (V, E) and two nodes  
s and t, find the max number of edge-disjoint s↝t paths. 

 
Ex.  Communication networks.

 24
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Def.  Two paths are edge-disjoint if they have no edge in common. 

 
Edge-disjoint paths problem.  Given a digraph G = (V, E) and two nodes  
s and t, find the max number of edge-disjoint s↝t paths. 

 
Ex.  Communication networks.

digraph G
2 edge-disjoint paths

s

2

3

4

5

6

7

t

Edge-disjoint paths
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 
Theorem.  Max number of edge-disjoint s↝t paths = value of max flow. 

Pf.   ≤  

独Suppose there are k edge-disjoint s↝t paths P1, …, Pk. 

独Set f (e) = 1 if e participates in some path Pj ;  else set f (e) = 0. 

独Since paths are edge-disjoint, f is a flow of value k.   ▪
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 
Theorem.  Max number of edge-disjoint s↝t paths = value of max flow. 

Pf.   ≥  

独Suppose max flow value is k. 

独Integrality theorem  ⇒  there exists 0–1 flow f of value k. 

独Consider edge (s, u) with f(s, u) = 1. 
- by flow conservation, there exists an edge (u, v) with f(u, v) = 1 
- continue until reach t, always choosing a new edge 

独Produces k (not necessarily simple) edge-disjoint paths.   ▪
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Network connectivity

Def.  A set of edges F ⊆ E disconnects t from s if every s↝t path uses  
at least one edge in F.  

 
Network connectivity.  Given a digraph G = (V, E) and two nodes s and t,  
find min number of edges whose removal disconnects t from s.
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Menger’s theorem

Theorem.  [Menger 1927]  The max number of edge-disjoint s↝t paths 
equals the min number of edges whose removal disconnects t from s. 
 
Pf.  ≤  

独Suppose the removal of F ⊆ E disconnects t from s, and ⎟ F⎟ = k. 
独Every s↝t path uses at least one edge in F. 

独Hence, the number of edge-disjoint paths is ≤  k.  ▪
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7
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Menger’s theorem

Theorem.  [Menger 1927]  The max number of edge-disjoint s↝t paths 
equals the min number of edges whose removal disconnects t from s. 
 
Pf.  ≥ 

独Suppose max number of edge-disjoint paths is k. 

独Then value of max flow =  k. 

独Max-flow min-cut theorem  ⇒  there exists a cut (A, B) of capacity k. 

独Let F be set of edges going from A to B. 

独⎟ F⎟ = k and disconnects t from s.   ▪
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More Menger theorems

Theorem.  Given an undirected graph and two nodes s and t, 
the max number of edge-disjoint s–t paths equals the min number of edges 

whose removal disconnects s and t.  
 
Theorem.  Given an undirected graph and two nonadjacent nodes s and t, 
the max number of internally node-disjoint s–t paths equals the min number 

of internal nodes whose removal disconnects s and t.  
 
Theorem.  Given a directed graph with two nonadjacent nodes s and t,  
the max number of internally node-disjoint s↝t paths equals the min number 

of internal nodes whose removal disconnects t from s.
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm demo
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 
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Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size. 

 18

10
0

10
0

1

200th augmenting path

99

99

1

100

100

0

100

100

10
0

10
0

t

s

v w



Ford–Fulkerson algorithm:  exponential-time example

Bad news.  Number of augmenting paths can be exponential in input size.
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7.  NETWORK FLOW I

‣ Ford–Fulkerson demo 

‣ exponential-time example 

‣ pathological example

SECTION 7.1



Ford–Fulkerson algorithm:  pathological example

Intuition.  Let r > 0 satisfy r2 = 1 – r. 

・Initially, some residual capacities are 1 and r. 

・After two augmenting paths, some residual capacities are r and r2. 

・After two more augmenting paths, some residual capacities are r2 and r3. 

・After two more, some residual capacities are r3 and r4. 

・By carefully choreographing the augmenting paths, 
infinitely many residual capacities arise!
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example

 23

v

u

w

xs

0 
/ r

augmenting path 1:  s→w→v→t  (bottleneck capacity = 1)

0 
/ 1

t

w

x

v

us

t

0 / 1—

1

r =

�
5 � 1

2
=� r2 = 1 � r



Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example
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Ford–Fulkerson algorithm:  pathological example

Theorem.  The Ford–Fulkerson algorithm may not terminate; moreover, it 

may converge to a value not equal to the value of the maximum flow. 

 
Pf. 

・After (1 + 4k) augmenting paths of the form just described, 
the value of the flow  
 
 
 
 
 
 
 

・Value of maximum flow =  2C + 1.  ▪
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Abstract 

It is widely known that the Ford-Fulkerson procedure for finding the maximum flow in a 
network need not terminate if some of the capacities of the network are irrational. Ford and 
Fulkerson gave as an example a network with 10 vertices and 48 edges on which their procedure 
may fail to halt. We construct much smaller and simpler networks on which the same may 
happen. Our smallest network has only 6 vertices and 8 edges. We show that it is the smallest 
example possible. 

1. Introduction 

The maximal flow problem is one of the most fundamental combinatorial optimiza- 
tion problems. The Ford-Fulkerson augmenting paths procedure is perhaps the most 
basic method devised for solving it and many more advanced algorithms are based on it. 

Ford and Fulkerson themselves point out that their procedure need not terminate 
if the network it is applied on has some irrational capacities. In their book [3], they 
describe a network with 10 vertices and 48 edges on which this may happen. Their 
network is quite complicated and most textbooks (see, e.g., [ 1,2,4-6,8]) that describe 
their procedure do not present it. A variant of their example appears in [7], it has 14 
vertices and 28 edges. We are not aware of any simpler example that had appeared in 
the literature. 

In this note we describe three much smaller and simpler networks, on which the 
Ford-Fulkerson procedure may fail to terminate. The first two networks contain only 6 
vertices and 9 edges each. The third network is yet smaller containing only 6 vertices 
and 8 edges. All three networks are acyclic and planar. The first two are planar and 

* Email: zwick@math.tau.ac.il. 

0304-3975/95/$09.50 @ 1995 -EElsevier Science B V. All rights reserved 
SSDI 0304-3975(95)00022-4 
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Review of the Ford-Fulkerson Algorithm

Begin
x := 0;
create the residual network G(x);
while there is some directed path from s to t in 

G(x) do
begin

let P be a path from s to t in G(x);
δ* := δ(P);
send δ* units of flow along P; 
update the r's;

end
end {the flow x is now maximum}.
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Improved Algorithms

The largest augmenting path algorithm:
Let P be a path from s to t in G(x) such that 
δ*` is maximum.

The shortest augmenting path algorithm:
Let P be a path from s to t in G(x) with the 
fewest number of arcs.
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The Capacity Scaling Algorithm

For any fixed value ∆, let G(x,∆) be the arcs in G(x) with 
capacity at least ∆.
A flow x is called ∆-maximum if there is no augmenting path 
of size ∆ or more.
Subroutine ImproveApprox(x,∆).  It takes a flow that is ∆-
maximum and outputs a flow that is ∆/2-maximum.

ImproveApprox(x,∆)
begin

∆ := ∆/2;
while there is a path from s to t in G(x,∆) do
begin

find a path P from s to t in G(x,∆);
augment flow along P;
update data structures;

end
end
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When is there a feasible flow?

-1
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4

Suppose all arcs have a capacity of 2, and that 
node numbers are supplies/demands.  Then 
there is no feasible flow.
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Infeasibility Theorem
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Supply of S is 7  

Infeasibility Theorem. Either there is a feasible 
flow, or there is a cut (S, T) such that:

the capacity of (S, T) < supply of S    
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Infeasibility Theorem
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Supply of S is 7.

The capacity of (S, N\S) = 6.   
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More on Capacity Scaling 

This is the residual network at the end of the scaling phase 
when ∆ = 10.
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How many augmentations can there be from s 
to t when ∆ is reduced from 10 to 5?
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Analysis of Capacity Scaling

There are O(log U) scaling phases.
Initially ∆ is at most 2U.
∆ is halved at each scaling phase
We can stop when ∆ is 1.

The running time per scaling phase is O(m2).
Each scaling phase has O(m) augmentations.
The time per augmentation is O(m).

The total running time is O(m2 log U)
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The Shortest Augmenting Path Algorithm

Overview:
• We will establish the following:

• We can determine each augmentation in O(n) 
time if we maintain "distance labels" and can 
carry out the augmentation in O(n) time.

• The total time to maintain and update all 
distance labels is O(nm).

• The total number of augmentations is O(nm).

Conclusion.  The total running time is O(n2m).
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Distance Labels

A distance label is a function  d: N → Z+.  A 
distance label is said to be valid if it satisfies the 
following:

d(t) = 0.
d(i) ≤ d(j) + 1  for each (i,j) ∈ G(x).

An arc (i,j) ∈ G(x) is admissible if d(i) =d(j) + 1.
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An example of valid distance labels
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The distance 
labels are on 
the nodes.

The 
admissible 
arcs are thick 
and red.

The labels would 
not be valid if 
there were an arc 
from “2” to “0”.

All arcs are in 
the residual 
network.

t
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More on valid distance labels

Lemma. Let d( ) be a valid distance label.  Then d(i) is 
a lower bound on the distance from i to t in the 
residual network.  (The distance is measured in terms 
of the number of arcs.)

Proof. Let P be any path from i to t in G(x) with k arcs.  
We claim to show that d(i) ≤ k.  Assume the claim is 
true for paths of k-1 or fewer arcs.

P has k 
arcs

tji
0≤ k-1≤ k

P’ has k-1 arcs
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On Finding Paths shortest s-t paths

Lemma. If there is an admissible path P from s to t, 
then it is a shortest path.

Proof.  The length of the path is d(s) which is at 
most the length of the shortest path. 

t
0123

s
4
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The shortest augmenting path algorithm 

begin
while d(s) < n do
begin 

if there is a node  with d(i) ≤ d(s) and no admissible 
arcs from j then Relabel(i)

else find an admissible path from s to t and augment 
flow along the path

end
end 

Procedure Relabel(i)
begin

if there are no admissible arcs coming out of node i, then
d(i) := 1 + min ( d(j) : rij > 0};

if d(s) > n-1, then quit;
end Shortest augmenting 

path animation
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Algorithm for the Maximum Flow 
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Shortest Augmenting Path 
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This is the original network, 
plus reversals of the arcs. 
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Shortest Augmenting Path 
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This is the original network, 
and the original residual 
network. 



4 

Initialize Distances 
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Representation of admissible arcs 
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Look for a shortest s-t path 
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Update residual capacities 
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Look for a shortest s-t path 
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We will update distance labels later, as needed. 
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Search for a shortest s-t path 
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admissible arcs. 

2

1

If there are no admissible arcs from i, then relabel(i) 
and reverse along the path leading to i. 
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Update distances and path 
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Update distances and path 
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Look for a shortest s-t path 
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Update residual capacities 
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Search for a shortest s-t path 
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Search for a shortest s-t path 
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Search for a shortest s-t path 
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Search for a shortest s-t path 
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Comments on the run time analysis

Bound the relabels, and the time for relabels
O(n2) relabels, O(nm) time.

Bound the number of augmentations, and the 
time to carry out the augmentations

O(nm) augmentations
O(n2m) arcs in augmentations
O(n2m) time.

Bound the time spent looking for augmentations.
O(n2m) time spent identifying the arcs in 
augmentations.
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Bounding the number of relabels.

Claim: after a relabel of node i, the distances are 
still valid, and the distance label of node i strictly 
increased.

Claim: Once d(i) > n-1, there is no path from node i 
to the sink node t, and so one can ignore node i 
subsequently.

Conclusion: There can be at most n relabels of 
node i, and at most n2 relabels in total.
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Bounding the time for relabels
Tail Head Res. 

Cap 
Admissible

? 
4 1 0 No 

4 2 1 No 

4 3 4 No 

4 5 0 No 

4 6 0 No 
 

 

3

Maintain a 
current arc for 
each adjacency 
list. 

4

1 2

3

56

1 3

2

4

2

Scan through A(4).

Each arc in A(4) is 
scanned once per 
relabel, at most n times 
over all relabels.

Total time for relabels:

O(nm).

d(3) := 4
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Bounding the Number of Augmentations

If an augmentation uses up the residual capacity 
of an arc, then the arc is said to be saturated.
At least one arc is saturated at each 
augmentation.
If arc (i,j) is saturated, then it is not admissible 
until flow is sent from j to i, and this cannot 
happen until d(j) increases.  (see next slide)
Conclusion: each arc is saturated at most n 
times.
Corollary. There are O(nm) augmentations.

The number of arcs in these augmentations is 
O(n2m).
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(2,1) is saturated in the augmentation 

22

2
422

3

11

1

2

1

1

s

2

4

5

3

t02

2

1

1

1

2

12

3

1

1

3
2

3

123

01

2

After the saturation, arc (2,1) is deleted from G(x).
It doesn’t get added until there is flow in (1,2)
But for that, the distance label must increase from 1 to 3.
And to send flow back, the distance label must increase 
from 2 to 4.
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Time spent looking for augmentations

We need to 
find 
admissible 
arcs, and 
know when 
they do not 
exist.

22

2
422

11

1

3

1

1

s

2

4

5

3

t02

2

1

1

1

2

1

Start with s and do a depth first search using 
admissible arcs.

If there are no admissible arcs from i, then relabel(i) 
and reverse along the path leading to i.
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Bounding number of arcs in paths

Each arc added to a path either ends up being 
reversed or ends up in an augmentation.

O(n2m) arcs in augmentation

O(n2) arcs in reversals, since a reversal immediately 
follows a relabel.

O(n2m) arcs added to paths in total.



30

Last step:  finding admissible arcs
Tail Head Res. 

Cap 
Admissible

? 
4 1 0 No 

4 2 1 No 

4 3 4 No 

4 5 2 Yes 

4 6 0 No 
 

 

3 4

1 2

3

56

1 3

2

4

2

Scan arcs in A(4) 
looking for an 
admissible arc.

key observation:  
if (4, j) is not 
admissible, it 
cannot be 
admissible again 
until after node 4 
is relabeled.

So, current arc is moved at 
most |A(4)| times between 
relabels of node 4.
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Summary

Applications of Maximum Flow, including 
implications of the max flow min cut theorem.

The shortest augmenting path algorithm has O(nm) 
augmentations, and takes O(n2m) time.

Use of distance labels to identify how to send flow.

Next lecture:  an algorithm that does not rely on 
augmenting paths.
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Review of Augmenting Paths

At each iteration: maintain a flow x
Let G(x) be the residual network

At each iteration, find a path from s to t in G(x).

In the shortest augmenting path algorithm, we kept 
distance labels d( ), and we sent flow along the 
shortest path in G(x).
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Preflows

At each intermediate stages we permit more flow 
arriving at nodes than leaving (except for s)

A preflow is a function  x: A → R  s.t.  0 ≤ x ≤ u  and 
such that 

e(i) =   ∑j∈N xji - ∑j∈N xij ≥ 0,  
for all i ∈ N – {s, t}.

i.e.,  e(i) =  excess at i = net excess flow into node i.
The excess is required to be nonnegative.  
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A Feasible Preflow

s

3

4

2 5

t

3

3

3

2

2

2

2

1

2

0

0

1
The excess e(j) at each node j ≠ s, t is the flow in minus 
the flow out.
Note:  total excess = flow out of s minus flow into t.
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Active nodes

02

s

3

4

2 5

t

3

3

3

2

2

1

0

2

3

2

2

1
Nodes with positive excess are called active.

The preflow push algorithm will try to push flow from 
active nodes towards the sink, relying on d( ).



6

 Review of Distance Labels

Distance labels d( ) are valid for G(x) if
i.  d(t) = 0
ii.  d(i) ≤ d(j) + 1 for each (i,j) ∈ G(x)

Defn. An arc (i,j) is admissible if rij > 0  
and d(i) = d(j) + 1. 

Lemma. Let d( ) be a valid distance label.  Then 
d(i) is a lower bound on the distance from i to t in 
the residual network.
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Push/Relabel, the fundamental subroutine

Suppose we have selected an active node i.

Procedure Push/Relabel(i)
begin

if the network contains an admissible arc (i,j) then
push  δ : = min{ e(i), rij }  units of flow from i  to  j;

else replace d(i) by min{d(j) + 1 : (i,j) ∈ A(i) and rij > 0}
end;
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Pushing using current arcs
Tail Head Res. 

Cap 
Admissible

? 
4 1 0 No 

4 2 1 No 

4 3 4 Yes 

4 5 0 No 

4 6 2 Yes 
 

 

Suppose that 
node 4 is 
active, and has 
excess.

3 4

1 2

3

56

1 3

2

22

e(4) = 2

Scan arcs in A(4) one at a 
time using “Current Arc” 
till an admissible arc is 
found.

Push on (4,3)
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Pushing on (4,3)
Tail Head Res. 

Cap 
Admissible

? 
4 1 0 No 

4 2 1 No 

4 3 4 Yes 

4 5 0 No 

4 6 2 Yes 
 

 

3 4

1 2

3

56

1 3

2

e(4) = 2

Push on (4,3)

2

2

e(3) = 1

Send min (e(4), r43) = 2
units of flow.

2

e(4) = 0 e(3) = 3

For the next push from 
node 4, start with arc (4,3).

Update the residual 
capacities and excesses.
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Goldberg-Tarjan Preflow Push Algorithm

Procedure Preprocess
begin

x :=0;
compute the exact distance labels d(i) for each node;
xsj := usj for each arc (s,j) ∈ A(s);   d(s) := n;

end

Algorithm PREFLOW-PUSH;
begin

preprocess;
while there is an active node  i  do 
begin

select an active node i;
push/relabel(i);

end;
end;

Preflow Push 
Animation
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The Goldberg-Tarjan Preflow Push 
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Preflow Push 
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This is the original network, 
plus reversals of the arcs. 



Preflow Push 
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This is the original network, 
and the original residual 
network. 



Initialize Distances 
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The node label henceforth will be the distance label. 
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d(j) is at most the distance of j to t in G(x) 
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Saturate Arcs out of node s 
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Saturate arcs out of node s. 
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Move excess to the adjacent arcs 
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Relabel node s after all incident arcs have been saturated. 

2
3 4
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Select, then relabel/push 

4 

11 

4 

2
1 

2 

3 

3 

1 

s 

2 

4 

5 

3 

t 

Select an active node, that is, one with excess 
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Push/Relabel 
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Update excess after a push 
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No arc incident to the selected node is admissible. So 
relabel. 
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Select, then relabel/push 
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Select, then relabel/push 
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Select an active node. 
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There is no incident admissible arc. So Relabel. 
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Select, then relabel/push 
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One can keep pushing flow between nodes 2 and 5 until 
eventually all flow returns to node s. 
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There are no paths from nodes 2 and 5 to t, and there are 
ways to speed up the last iterations. 
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Preview of Results on Preflow Push

The preflow push algorithm is superb both in theory 
and in practice.

To prove:

1.  d(j) < 2n throughout the algorithm
2.  The algorithm terminates with a maximum flow
3.  The number of steps excluding non-saturating 

pushes is O(nm)
4.  The number of non-saturating pushes is O(n2m).

Further improvements are possible.
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A lemma needed for the time bounds

Lemma 7.11. At each stage of the algorithm, there is a 
path in G(x) from each node i with e(i) > 0 to node s.

s
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2 5

t
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1

3

2
-2

-1

0

0

-69

Here is the 
same preflow 
as before

As a flow, the 
“excesses” 
are negative 
supplies.

Proof. Apply flow decomposition to the flow x.



2 units in s-2-5-t;        2 units in s-4-t       2 units in s-3-t
1 unit in s-2                 1 unit in s-4-2        
1 unit in s-3
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2 5

t

3

3
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2

2

2

2

1

3

2

For each node j with 
“excess” there is an 
s-j path P in the flow 
decomposition.

The reversal of 
P is in G(x).

-2

-1

0

0

-69

This completes 
the proof.



14

Bounding d(j)

Lemma 7.12. For each node j with excess, 
d(j) ≤ 2n - 1.

Proof. Let f(j) be the length of the shortest path in 
G(x) from node j to node s.  then 

d(j) ≤ d(s) + f(j) ≤ n + (n-1) = 2n - 1.

Lemma 7.13. Each node is relabeled fewer than 2n 
times, and so the total number of relabels is 
fewer than 2n2.
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Theorem. The preflow push algorithm is finite and 
terminates with the maximum s-t flow.

Proof. The algorithm is finite because the distance 
labels can increase at most 2n times each.

The algorithm ends with a flow (as opposed to 
preflow) because if there were any active node, 
the algorithm would not end.

At the end, d(s) = n.  Since d(s) is a lower bound 
on the shortest s-t path in G(x), there is no s-t 
path in G(x), and the flow is maximum.  
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Bounding the time for relabels

Time to relabel.
• To relabel node j, one needs to scan each arc 

of A(j)  
• So, each arc gets scanned at most 2n times

• Total relabel time is O(nm)   
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Bounding the remaining steps
Tail Head Res. 

Cap 
Admissible

? 
4 1 0 No 

4 2 1 No 

4 3 4 Yes 

4 5 0 No 

4 6 9 Yes 
 

 

3 4

1 2

3

56

1 3

2

e(4) = 7

Push Flow 
from node 4.

2

2

e(3) = 1

Send min (e(4), r43) = 4 
units of flow.

0

e(4) = 3 e(3) = 5 Update the residual 
capacities and excesses.

In a saturating push in 
(i,j) the flow is rij.  
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Computation time

Moving “current arc” for i.  |A(i)| steps between 
relabels.  This run time is no more than the time 
for a relabel of node i.

Saturating pushes for i.  At most |A(i)| between 
relabels of i.  Once an arc is saturated, the 
current arc will increase by 1. 

But the bottleneck are the non-saturating pushes.



19

Bounding the remaining steps
Tail Head Res. 

Cap 
Admissible

? 
4 1 0 No 

4 2 1 No 

4 3 0 No 

4 5 0 No 

4 6 9 Yes 
 

 

3 4

1 2

3

5

1 3

2

e(4) = 7

Push Flow 
from node 4.

2

2

Send min (e(4), r46) = 3 
units of flow.

6

e(4) = 3

e(6) = 0

Update the residual 
capacities and excesses.

Note:  CurrentArc will 
stay on node (4,6)  

e(4) = 0

e(6) = 3 6
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Review of run time analysis

Time to select active nodes is O(1) per push 
since we can maintain a set of active nodes.

We bounded relabels and relabel time
We bounded all time in pushing, except for non-
saturating pushes

Time to advance “currentArc” is bounded by 
the time to relabel
Time for saturating pushes is bounded by the 
time to advance “currentArc”

Non-saturating pushes really are the bottleneck.
We will use a different analysis technique to 
bound them
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‣ Dijkstra′s algorithm 

‣ minimum spanning trees 

‣ Prim, Kruskal, Boruvka 

‣ single-link clustering 

‣ min-cost arborescences

SECTION 4.4



Single-pair shortest path problem

Problem.  Given a digraph G = (V, E), edge lengths �e  ≥  0, source s ∈ V, 
and destination t ∈ V, find a shortest directed path from s to t.

3

7

1 3

source s
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312
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destination t

length of path = 9 + 4 + 1 + 11 = 25
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1 11



Single-source shortest paths problem

Problem.  Given a digraph G = (V, E), edge lengths �e  ≥  0, source s ∈ V, 
find a shortest directed path from s to every node. 

 
Assumption.  There exists a path from s to every node.
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shortest-paths tree
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9
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Suppose that you change the length of every edge of G as follows.  
For which is every shortest path in G a shortest path in G′?  

A. Add 17.

B. Multiply by 17.

C. Either A or B.

D. Neither A nor B.

5

Shortest paths:  quiz 1

s t1 2 3

7

24

—

19

—

18

—

20

—



Shortest paths:  quiz 2

Which variant in car GPS?

A. Single source:  from one node s to every other node.

B. Single sink:  from every node to one node t. 

C. Source–sink:  from one node s to another node t.  

D. All pairs:  between all pairs of nodes.

6



Shortest path applications

独PERT/CPM. 

独Map routing. 

独Seam carving. 

独Robot navigation.  

独Texture mapping. 

独Typesetting in LaTeX. 

独Urban traffic planning. 

独Telemarketer operator scheduling. 

独Routing of telecommunications messages. 

独Network routing protocols (OSPF, BGP, RIP). 

独Optimal truck routing through given traffic congestion pattern.

7

Network Flows:  Theory, Algorithms, and Applications,
by Ahuja, Magnanti, and Orlin, Prentice Hall, 1993.



Dijkstra′s algorithm (for single-source shortest paths problem)

Greedy approach. Maintain a set of explored nodes S for which  
algorithm has determined d[u] = length of a shortest s↝u path. 

独Initialize S ← { s },  d[s] ← 0. 

独Repeatedly choose unexplored node v ∉ S which minimizes  

8

s

v

u
S

d[u]

the length of a shortest path from s  
to some node u in explored part S, 
followed by a single edge e = (u, v)

�(v) = min
e = (u,v) : u�S

d[u] + �e

�e



Greedy approach. Maintain a set of explored nodes S for which  
algorithm has determined d[u] = length of a shortest s↝u path. 

独Initialize S ← { s },  d[s] ← 0. 

独Repeatedly choose unexplored node v ∉ S which minimizes  
 
 
add v to S, and set d[v] ← π(v). 

独To recover path, set pred[v] ← e that achieves min.

Dijkstra′s algorithm (for single-source shortest paths problem)

9

s

v

u
S

d[u]

d[v]

�(v) = min
e = (u,v) : u�S

d[u] + �e
the length of a shortest path from s  
to some node u in explored part S, 
followed by a single edge e = (u, v)

�e
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Invariant.  For each node u ∈ S :  d[u] = length of a shortest s↝u path. 

Pf.  [ by induction on ⎜S⎟ ] 
Base case:  ⎜S⎟ = 1 is easy since S = { s } and d[s] = 0. 

Inductive hypothesis:  Assume true for ⎜S⎟  ≥  1. 

独Let v be next node added to S, and let (u, v) be the final edge. 

独A shortest s↝u path plus (u, v) is an s↝v path of length π(v). 
独Consider any other s↝v path P. We show that it is no shorter than π(v). 

独Let e = (x, y) be the first edge in P that leaves S, 
and let P ʹ be the subpath from s to x. 

独The length of P is already ≥  π (v) as soon 
as it reaches y:

S

s

Dijkstra′s algorithm:  proof of correctness

10

 �(P)   ≥   �(Pʹ) + �e

non-negative 
lengths

v

u

y

P

x

Dijkstra chose v 
instead of y

 ≥   π (v)

definition 
of π(y)

≥   π (y)

inductive 
hypothesis

 ≥   d[x] + �e ▪

P ʹ e



Dijkstra′s algorithm:  efficient implementation

Critical optimization 1.  For each unexplored node v ∉ S : 
explicitly maintain π[v] instead of computing directly from definition  
 

独For each v ∉ S :  π(v) can only decrease (because set S increases). 

独More specifically, suppose u is added to S and there is an edge e = (u, v) 
leaving u. Then, it suffices to update: 
 
 
 

Critical optimization 2.  Use a min-oriented priority queue (PQ) 
to choose an unexplored node that minimizes π[v].

11

π[v] ← min { π[v],  π[u] + �e) }

�(v) = min
e = (u,v) : u�S

d[u] + �e

recall: for each u ∈ S,  
π[u] = d [u] = length of shortest s↝u path



Dijkstra’s algorithm:  efficient implementation

Implementation. 

独Algorithm maintains π[v] for each node v. 

独Priority queue stores unexplored nodes, using π[⋅] as priorities. 

独Once u is deleted from the PQ, π[u] = length of a shortest s↝u path.

12

DIJKSTRA (V, E, �, s)                          
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

FOREACH v ≠ s :  π[v]  ←  ∞, pred[v]  ←  null;  π[s]  ←  0. 
Create an empty priority queue pq.
FOREACH v ∈ V : INSERT(pq, v, π[v]).
WHILE  (IS-NOT-EMPTY(pq))

u ← DEL-MIN(pq).
FOREACH edge e = (u, v) ∈  E leaving u:

IF (π[v]  >  π[u]  + �e)
DECREASE-KEY(pq,  v,  π[u] + �e).
π[v] ← π[u]  + �e ;  pred[v]  ← e.



Dijkstra′s algorithm:  which priority queue?

Performance.  Depends on PQ: n INSERT, n DELETE-MIN, ≤ m DECREASE-KEY. 

独Array implementation optimal for dense graphs. 

独Binary heap much faster for sparse graphs. 

独4-way heap worth the trouble in performance-critical situations.

13

priority queue INSERT DELETE-MIN DECREASE-KEY total

unordered array O(1) O(n) O(1) O(n2)

binary heap O(log n) O(log n) O(log n) O(m log n)

d-way heap 
(Johnson 1975) O(d logd n) O(d logd n) O(logd n) O(m logm/n n)

Fibonacci heap 
(Fredman–Tarjan 1984) O(1) O(log n) † O(1) † O(m + n log n)

integer priority queue 
(Thorup 2004) O(1) O(log log n) O(1) O(m + n log log n)

† amortized

Θ(n2) edges

Θ(n) edges



How to solve the the single-source shortest paths problem in 
undirected graphs with positive edge lengths?  

A. Replace each undirected edge with two antiparallel edges of same 

length. Run Dijkstra’s algorithm in the resulting digraph.

B. Modify Dijkstra’s algorithms so that when it processes node u,  
it consider all edges incident to u (instead of edges leaving u).

C. Either A or B.

D. Neither A nor B.

14

Shortest paths:  quiz 3



Theorem.  [Thorup 1999]  Can solve single-source shortest paths problem 

in undirected graphs with positive integer edge lengths in O(m) time. 

 
Remark.  Does not explore nodes in increasing order of distance from s.

15

Shortest paths:  quiz 3



Extensions of Dijkstra’s algorithm

Dijkstra’s algorithm and proof extend to several related problems: 

独Shortest paths in undirected graphs:  π[v]  ≤  π[u] + �(u, v). 

独Maximum capacity paths:  π[v]  ≥  min { π[u],  c(u, v) }. 

独Maximum reliability paths:  π[v]  ≥  π[u] ! γ(u, v) . 

独… 

Key algebraic structure.  Closed semiring (min-plus, bottleneck, Viterbi, …).

16
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Fun with Semirings
A functional pearl on the abuse of linear algebra

Stephen Dolan
Computer Laboratory, University of Cambridge

stephen.dolan@cl.cam.ac.uk

Abstract
Describing a problem using classical linear algebra is a very well-
known problem-solving technique. If your question can be formu-
lated as a question about real or complex matrices, then the answer
can often be found by standard techniques.

It’s less well-known that very similar techniques still apply
where instead of real or complex numbers we have a closed semir-
ing, which is a structure with some analogue of addition and multi-
plication that need not support subtraction or division.

We define a typeclass in Haskell for describing closed semir-
ings, and implement a few functions for manipulating matrices and
polynomials over them. We then show how these functions can
be used to calculate transitive closures, find shortest or longest
or widest paths in a graph, analyse the data flow of imperative
programs, optimally pack knapsacks, and perform discrete event
simulations, all by just providing an appropriate underlying closed
semiring.

Categories and Subject Descriptors D.1.1 [Programming Tech-
niques]: Applicative (Functional) Programming; G.2.2 [Discrete
Mathematics]: Graph Theory—graph algorithms

Keywords closed semirings; transitive closure; linear systems;
shortest paths

1. Introduction
Linear algebra provides an incredibly powerful problem-solving
toolbox. A great many problems in computer graphics and vision,
machine learning, signal processing and many other areas can be
solved by simply expressing the problem as a system of linear
equations and solving using standard techniques.

Linear algebra is defined abstractly in terms of fields, of which
the real and complex numbers are the most familiar examples.
Fields are sets equipped with some notion of addition and multi-
plication as well as negation and reciprocals.

Many discrete mathematical structures commonly encountered
in computer science do not have sensible notions of negation.
Booleans, sets, graphs, regular expressions, imperative programs,
datatypes and various other structures can all be given natural no-
tions of product (interpreted variously as intersection, sequencing

[Copyright notice will appear here once ’preprint’ option is removed.]

or conjunction) and sum (union, choice or disjunction), but gener-
ally lack negation or reciprocals.

Such structures, having addition and multiplication (which dis-
tribute in the usual way) but not in general negation or reciprocals,
are called semirings. Many structures specifying sequential actions
can be thought of as semirings, with multiplication as sequencing
and addition as choice. The distributive law then states, intuitively,
a followed by a choice between b and c is the same as a choice
between a followed by b and a followed by c.

Plain semirings are a very weak structure. We can find many
examples of them in the wild, but unlike fields which provide
the toolbox of linear algebra, there isn’t much we can do with
something knowing only that it is a semiring.

However, we can build some useful tools by introducing the
closed semiring, which is a semiring equipped with an extra opera-
tion called closure. With the intuition of multiplication as sequenc-
ing and addition as choice, closure can be interpreted as iteration.
As we see in the following sections, it is possible to use something
akin to Gaussian elimination on an arbitrary closed semiring, giv-
ing us a means of solving certain “linear” equations over any struc-
ture with suitable notions of sequencing, choice and iteration. First,
though, we need to define the notion of semiring more precisely.

2. Semirings
We define a semiring formally as consisting of a set R, two distin-
guished elements of R named 0 and 1, and two binary operations
+ and ·, satisfying the following relations for any a, b, c 2 R:

a + b = b + a

a + (b + c) = (a + b) + c

a + 0 = a

a · (b · c) = (a · b) · c

a · 0 = 0 · a = 0

a · 1 = 1 · a = a

a · (b + c) = a · b + a · c

(a + b) · c = a · c + b · c

We often write a · b as ab, and a · a · a as a3.
Our focus will be on closed semirings [12], which are semir-

ings with an additional operation called closure (denoted ⇤) which
satisfies the axiom:

a⇤ = 1 + a · a⇤ = 1 + a⇤ · a

If we have an affine map x 7! ax + b in some closed semiring,
then x = a⇤b is a fixpoint, since a⇤b = (aa⇤ + 1)b = a(a⇤b) + b.
So, a closed semiring can also be thought of as a semiring where
affine maps have fixpoints.

The definition of a semiring translates neatly to Haskell:
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GOOGLE’S FOO.BAR CHALLENGE

You have maps of parts of the space station, each starting at a prison exit 

and ending at the door to an escape pod. The map is represented as a 

matrix of 0s and 1s, where 0s are passable space and 1s are impassable 

walls. The door out of the prison is at the top left (0, 0) and the door into 

an escape pod is at the bottom right (w−1, h−1).  

Write a function that generates the length of a shortest path from the 

prison door to the escape pod, where you are allowed to remove one wall 

as part of your remodeling plans.

s

t



Edsger Dijkstra

19

“ What’s the shortest way to travel from Rotterdam to Groningen?  
   It is the algorithm for the shortest path, which I designed in  
   about 20 minutes. One morning I was shopping in Amsterdam  
   with my young fiancée, and tired, we sat down on the café  
   terrace to drink a cup of coffee and I was just thinking about  
   whether I could do this, and I then designed the algorithm for  
   the shortest path. ”    — Edsger Dijsktra



4. GREEDY ALGORITHMS II

‣ Dijkstra’s algorithm demo 

‣ Dijkstra’s algorithm demo 
(efficient implementation)



Initialization. 

・For all v ≠ s :  π [v] ← ∞. 

・For all v ≠ s :  pred [v] ← null. 

・S ← ∅ and π [s] ← 0.

s

Dijkstra’s algorithm demo (efficient implementation)
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Basic step.  Choose unexplored node u ∉ S with minimum π [u]. 

・Add u to S.

・For each edge e = (u, v) leaving u, if π [v]  >  π [u] + ℓe  then:

- π [v] ← π [u] + ℓe

- pred[v] ← e

s

Dijkstra’s algorithm demo (efficient implementation)
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Dijkstra’s algorithm demo (efficient implementation)

Termination. 

・π [v] = length of a shortest s↝v path. 

・ pred[v] = last edge on a shortest s↝v path.

24
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7.  NETWORK FLOW II

‣ bipartite matching 

‣ disjoint paths 

‣ extensions to max flow 

‣ survey design 

‣ airline scheduling 

‣ image segmentation 

‣ project selection 

‣ baseball elimination
SECTION 7.12



Baseball elimination

 70



Baseball elimination problem

Q.  Which teams have a chance of finishing the season with the most wins? 

 
 
 
 
 
 
 
 
 
Montreal is mathematically eliminated. 

独Montreal finishes with ≤ 80 wins. 

独Atlanta already has 83 wins. 

 
Remark.  This is the only reason sports writers appear to be aware of —

conditions are sufficient but not necessary!

 71

i team wins losses to play ATL PHI NYM MON

0 Atlanta 83 71 8 – 1 6 1

1 Philly 80 79 3 1 – 0 2

2 New York 78 78 6 6 0 – 0

3 Montreal 77 82 3 1 2 0 –



Baseball elimination problem

Q.  Which teams have a chance of finishing the season with the most wins? 

 
 
 
 
 
 
 
 
 
Philadelphia is mathematically eliminated. 

独Philadelphia finishes with ≤ 83 wins. 

独Either New York or Atlanta will finish with ≥ 84 wins. 

 
Observation. Answer depends not only on how many games already won 

and left to play, but on whom they’re against.
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i team wins losses to play ATL PHI NYM MON

0 Atlanta 83 71 8 – 1 6 1

1 Philly 80 79 3 1 – 0 2

2 New York 78 78 6 6 0 – 0

3 Montreal 77 82 3 1 2 0 –



Baseball elimination problem

Current standings. 

独Set of teams S. 

独Distinguished team z ∈ S. 

独Team x has won wx games already. 

独Teams x and y play each other rxy additional times. 

 
Baseball elimination problem.  Given the current standings, is there any 

outcome of the remaining games in which team z finishes with the most  
(or tied for the most) wins?
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SIAM REVIEW
Vol. 8, No. 3, July, 1966

POSSIBLE WINNERS IN PARTIALLY COMPLETED TOURNAMENTS*

BENJAMIN L. SCHWARTZ

1. Introduction. In this paper, we shall investigate certain questions in tourna-
ment scheduling. For definiteness, we shall use the terminology of baseball. We
shall be concerned with the categorization of teams into three classes during
the closing days of the season. A team may be definitely eliminated from pen-
nant possibility; it may be in contention, or it may have clinched the champion-
ship. It will be our convention that a team that can possibly tie for the pennant
is considered still in contention. In this paper necessary and sufficient conditions
are developed to classify any team properly into the appropriate category.

2. First example. We consider first an extremely simple example, but one
that will prove instructive. Suppose one team, say the New York Mets, finds
itself at one point in the season 37 games behind another, perhaps the Dodgers,
with 36 to play for each team. Then we can surely declare that the Mets are
eliminated.
At the risk of belaboring the obvious, we propose to examine in detail why

this is so. A natural unit for accounting for team changes in position is half-
games behind (henceforth HGB).
The Mets are trailing the Dodgers by 74 HGB (= 37 games). What hope do

they have to overcome this deficit? Each game they have still to play offers
them potentially the prospect of one HGB gain, since they may wb it. There
are 36 such games. Likewise, each game the Dodgers still have to play gives the
Mets the prospect of one HGB gain, since the Dodgers may lose. There are
also 36 of these. The total maximum potential gain is only 36 + 36 72 HGB,
not enough to overcome the existing debit balance. Hence the Mets are indeed
eliminated by the Dodgers.
The generalized rule that has been illustrated here can easily be formalized.

Let team x be N HGB behind team y. Let the number of games still to play for
x and y be P(x) and P(y), respectively. Then, if

(1) N- P(x) P(y) > O,
we can assert that x is eliminated by y.

In fact, this criterion merely gives a condition for the possible interchange of
x and y in the standings before season’s end. A team has the pennant clinched
when it is leading the league, and no other team can interchange with it.

3. Example of general situation. Let us now look at a more interesting situa-
tion. Table 1 gives standings in a fictitious league, part way through the season.

* Received by the editors June 1, 1965, and in final revised form December 1, 1965.
United States Navy Postgraduate School, Monterey, California. Now at Weapons

Systems Evaluation Division, Institute for Defense Analyses, Arlington, Virginia.
This table is adaped from the actual standings in the National League in mid-Sep-

tember 1963.
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Baseball elimination problem:  max-flow formulation

Can team 4 finish with most wins? 

独Assume team 4 wins all remaining games  ⇒  w4 + r4 wins.  

独Divvy remaining games so that all teams have ≤ w4 + r4 wins.

 74

s g12 t

game nodes
(each pair of teams other than 4)

team nodes
(each team other than 4)

w4 + r4 – w2

1

0

3

2

0–2

0–3

1–3

0–1

2–3

∞

∞

1–2

games left 
between 1 and 2

team 2 can still win 
this many more games



Baseball elimination problem:  max-flow formulation

Theorem.  Team 4 not eliminated iff max flow saturates all edges leaving s. 
Pf. 

独Integrality theorem  ⇒ each remaining game between x and y added to 

number of wins for team x or team y. 

独Capacity on (x, t) edges ensure no team wins too many games.  ▪
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s t

game nodes
(each pair of teams other than 4)

team nodes
(each team other than 4)

1

0

3

2

0–2

0–3

1–3

0–1

2–3

∞

∞

1–2

games left 
between 1 and 2

g12 w4 + r4 – w2

team 2 can still win 
this many more games



Baseball elimination:  explanation for sports writers

Q.  Which teams have a chance of finishing the season with the most wins? 

 
 
 
 
 
 
 
 
 
 
Detroit is mathematically eliminated. 

独Detroit finishes with ≤ 76 wins. 

独Wins for R  = { NYY, BAL, BOS, TOR } = 278. 

独Remaining games among { NYY, BAL, BOS, TOR } = 3 + 8 + 7 + 2 + 7 = 27. 

独Average team in R wins 305/4 = 76.25 games.
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i team wins losses to play NYY BAL BOS TOR DET

0 New York 75 59 28 – 3 8 7 3

1 Baltimore 71 63 28 3 – 2 7 4

2 Boston 69 66 27 8 2 – 0 0

3 Toronto 63 72 27 7 7 0 – 0

4 Detroit 49 86 27 3 4 0 0 –

AL East (August 30, 1996)



Baseball elimination:  explanation for sports writers

Certificate of elimination. 

 
 
 
 
 
Theorem.  [Hoffman–Rivlin 1967]  Team z is eliminated iff there exists a 

subset T* such that 

 
Pf.  ⇐ 

独Suppose there exists T* ⊆  S such that                                     . 

独Then, the teams in T* win at least (w(T*) + g(T*)) / | T* | games on average. 

独This exceeds the maximum number that team z can win.  ▪
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€ 

T ⊆ S, w(T ) := wi
i∈T
∑
# wins! " # 

, g(T ) := gx y
{x,y} ⊆  T

∑

# remaining games! " $ $ # $ $ 
,

€ 

wz + gz <
w(T*)+ g(T*)

|T* |

€ 

wz + gz <
w(T*)+ g(T*)

|T* |



Baseball elimination:  explanation for sports writers

Pf.  ⇒  

独Use max-flow formulation, and consider min cut (A, B). 

独Let T* = team nodes on source side A of min cut. 

独Observe that game node x–y ∈ A iff both x ∈ T* and y ∈ T*. 
- infinite capacity edges ensure if x–y ∈ A, then both x ∈ A and y ∈ A 
- if x ∈ A and y ∈ A but x–y ∉ A, then adding x–y to A decreases the 

capacity of the cut by gxy

s

y

x t

 78

x–ygxy

∞

∞ wz + rz  – wx

y

x



Baseball elimination:  explanation for sports writers

Pf.  ⇒  

独Use max-flow formulation, and consider min cut (A, B). 

独Let T* = team nodes on source side A of min cut. 

独Observe that game node x–y ∈ A iff both x ∈ T* and y ∈ T*. 

独Since team z is eliminated, by max-flow min-cut theorem, 
 
 
 
 
 

独Rearranging terms:                                          ▪
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€ 

g(S − {z}) > cap(A, B)

= g(S − {z})− g(T*)
capacity of game edges leaving s! " # # # $ # # # 

+ (wz + gz −wx )
x∈T*
∑

capacity of team edges leaving s! " # # # $ # # # 

= g(S − {z})− g(T*) − w(T*) + |T* | (wz + gz )

€ 
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€ 

g(S − {z}) > cap(A, B)

= g(S − {z})− g(T*)
capacity of game edges leaving s! " # # # $ # # # 

+ (wz + gz −wx )
x∈T*
∑

capacity of team edges leaving s! " # # # $ # # # 

= g(S − {z})− g(T*) − w(T*) + |T* | (wz + gz )  

€ 

g(S − {z}) > cap(A, B)

= g(S − {z})− g(T*)
capacity of game edges leaving s! " # # # $ # # # 

+ (wz + gz −wx )
x∈T*
∑

capacity of team edges leaving s! " # # # $ # # # 

= g(S − {z})− g(T*) − w(T*) + |T* | (wz + gz )

capacity of team edges entering tcapacity of game edges leaving s



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

The problem

We are now able to cope with costs and capacities at the same
time. Given

▶ a set of nodes,

▶ a set of links connecting them,

▶ a connection request between two nodes of the network,

(that is, an existing network).
I want to

▶ decide which links to use in the connection (route)

▶ maximizing the quality of service (e.g. minimizing delay time)

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Assumptions

Some assumptions:

1 no costs involved: packets can also follow non-shortest paths,

2 → cost matters!

3 the capacity of each link is enough for the whole connection
request.

4 → the capacity of links may not be enough for the whole
connection request.

MAON - Flows A. Ceselli
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Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Assumptions

Some assumptions:

1 no costs involved: packets can also follow non-shortest paths,

2 → cost matters!

3 the capacity of each link is enough for the whole connection
request.

4 → the capacity of links may not be enough for the whole
connection request.

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Recognizing a known problem ...

We observe

▶ when capacities are always large enough: Shortest Path
Problems,

▶ when costs are not involved: Max Flow Problems.

we are facing a Min Cost Flow (MCF) problem.
N.B. Min Cost Flows generalize both Shortest Path and Max Flow
problems.

MAON - Flows A. Ceselli
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Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Graph model

Given a network, build a directed graph G = (V ,A) having

▶ one vertex i ∈ V for each node of the network

▶ one arc a ∈ A ⊆ V × V for each link of the network

▶ capacities u(i ,j) on each arc (i , j) ∈ A

▶ costs c(i ,j) on each arc (i , j) ∈ A

▶ flow consumption bi for each node i ∈ V

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Mathematical Programming model

Let x(i ,j) be decision variables representing the amount of flow sent
on arc (i , j). Let v represent the total cost of routing packets in
the network.

minimize v =
∑

(i ,j)∈A

c(i ,j)x(i ,j)

subject to
∑

j∈V
x(i ,j) =

∑

k∈V
x(k,i) + bi ∀i ∈ V , i ̸= s, t

0 ≤ x(i ,j) ≤ u(i ,j) ∀(i , j) ∈ A

MAON - Flows A. Ceselli
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The Minimum Cost Flow Problem

uij = capacity of arc (i,j).
cij = unit cost of shipping flow from node i to 

node j on (i,j).
xij = amount shipped on arc (i,j) 

Minimize ∑(i,j)∈A cijxij

∑j xij - ∑k xki = bi for all i ∈ N.

and  0 ≤ xij ≤ uij for all (i,j) ∈ A.
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Find the shortest path from node 1 to node 6

1

2

3

4

5

6

2

4

21

3

4

2

3
2

0 0

b(6) = -1b(1) = 1

0 0

The optimal flow is to send one unit of flow along 
1-2-5-6.

This transformation works so long as there are no 
negative cost cycles in G.  
(What if there are negative cost cycles?)
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Find the Maximum Flow from s to t

b(i) = 0 for all i;

add arc (t,s) with a 
cost of -1 and 
large capacity.

The cost of every 
other arc is 0. 

s

1

2

t

10, 8 8,7

1,1

10,66, 5

13

The optimal solution in the corresponding minimum 
cost flow problem will send as much flow in (t,s) as 
possible.
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Transshipment Problems

Plants with given production capabilities for a 
product.

One can ship directly from the plants to retailers, or 
from plants to warehouses, and then from 
warehouses to retailers.

There is a given demand for each retailer.

Costs of shipment are given.

What is the minimum cost method for satisfying 
demands?
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A Network Representation

Retailers

1

2

3

4

5

6

7

190

310

100

400

180

Demands
1

2

3

4

5

6

7

400

1

2

3

4

5

6

7

400

1

2

3

4

5

6

7

Plants
Warehouses
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The Caterer Problem

Demand for di napkins on day i for i = 1 to 7 (so, j ∈ [1..7]).  
Cost of new napkins: a cents each, 
2-day laundry:   b cents per napkin
1-day laundry:   c cents per napkin.

Minimize the cost of meeting demand. 

1 2 3 4 5 6 7

2’ 3’ 4’ 5’ 6’ 7’

clean

dirty

0

demand 
arcs

a

c b

1’
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Purchase arcs

In any period of the seven periods, one can purchase 
napkins, at a cost of  a cents per napkin.

clean napkins

1 2 3 4 5 6 7

0
a
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Demand Arcs

You must use di napkins on day i

dirty napkins

1 2 3 4 5 6 7

0
a

lower 
bound on 
flows

1’

d1

2’

d2

3’

d3

4’ 5’ 6’

d4 d5 d6

7’

d7
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The rest of the arcs

You may launder napkins in 2 days at b cents each  

You may launder napkins in 1 day at c cents each 

You may store clean napkins for free

You may store dirty napkins for free

1 2 3 4 5 6 7

0
a

1’ 2’ 3’ 4’ 5’ 6’ 7’

bc

Application to 
airplane 
maintenance.
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Some Assumptions 

1.  All data is integral.  (Needed for some proofs, 
and some running time analysis).

2.  The network is directed.

3.  ∑i=1 to n b(i) = 0.  
(Otherwise, there cannot be a feasible solution)

4.   There is a feasible solution  (see next slide)
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Artificial Solutions

1

2

3

4

5

6
1

3 -4

3

-52

To create a feasible 
solution, add a 
dummy node d.

d

Add an arc from d 
to each demand 
node, each with a 
large cost M, and 
large capacity.

Add an arc to d from each supply node, each with a 
large cost M, and a large capacity.

In an optimal solution, arcs with large cost will have 
a flow of 0.



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Flow decomposition theorem

Theorem

(a) Every nonnegative (arc) flow x can be represented as a flow on
paths and cycles (though not necessarily uniquely) with the
following two properties:

▶ every directed path with positive flow connects a deficit node
to an excess node

▶ at most n +m paths and cycles have nonzero flow; out of
these, at most m cycles have nonzero flow.

(b) Conversely, every path and cycle flow has a unique
representation as nonnegative arc flows.

Proof: on the blackboard

MAON - Flows A. Ceselli
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Extendend model

Let P be the set of all s-t paths in G , cp be the cost of each
p ∈ P, x̄p(i ,j) be 1 if (i , j) ∈ p, 0 otherwise. Let xp be decision
variables representing the amount of flow sent on path p. Let v
represent the total cost of network flows.

minimize v =
∑

p∈P
cpxp

subject to
∑

p∈P

∑

j∈V
x̄p(i ,j)x

p −
∑

p∈P

∑

k∈V
x̄(k,i)x

p = bi ∀i ∈ V , i ̸= s, t

∑

p∈P
x̄p(i ,j)x

p ≤ u(i ,j) ∀(i , j) ∈ A

0 ≤ xp ∀p ∈ P

A huge LP!

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

The problem

Let us generalize it a bit. Given

▶ a set of nodes,

▶ a set of links connecting them,

▶ a set of connection requests, between pairs of nodes of the
network,

that is, an existing network, with realistic traffic.
I want to

▶ decide which links to use in the connections (route)

▶ maximizing the quality of service (e.g. minimizing delay time)

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Assumptions

Some assumptions:

1 cost matters,

2 the capacity of links may not be enough for all connection
requests,

3 different connections can be routed on the same links ...

4 ... provided the capacity of each link is enough.

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Recognizing a known problem ...

We observe

▶ when a single connection request is made on the network, the
problem is to compute a Min Cost Flow ...

we are facing a multicommodity Min Cost Flow (MCF) problem.

MAON - Flows A. Ceselli
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Application areas

Type 
of Network Nodes Arcs Flow

Communic. 
Networks

O-D pairs
for messages 

Transmission
lines

message
routing

Computer 
Networks

storage dev.
or computers 

Transmission
lines

data, 
messages

Railway 
Networks

yard and 
junction pts. Tracks Trains

Distribution 
Networks

plants
warehouses,... 

highways
railway tracks

etc.

trucks,
trains, etc



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Graph model

Given a network, build a directed graph G = (V ,A) having

▶ one vertex i ∈ V for each node of the network,

▶ one arc a ∈ A ⊆ V × V for each link of the network,

▶ capacities u(i ,j) on each arc (i , j) ∈ A.

Then, consider the set K of connection requests (commodities),
and enrich the graph with

▶ costs ck(i ,j) on each arc (i , j) ∈ A for each commodity k ∈ K ,

▶ flow excess bki for each node i ∈ V and for each commodity
k ∈ K .

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Assumptions

We assume that

▶ Homogeneous commodities: each unit of flow of uses one
unit of capacity on each arc, independently of k ,

▶ No congestion: cost is linear in the amount of flow on each
arc (until capacity limit is reached),

▶ Fractional flows: no integrality condition is imposed on flows.

WLOG we assume also that

▶ bki > 0 for a unique i ∈ V (origin of commodity k → sk),

▶ bki < 0 for a unique i ∈ V (destination of commodity k → tk).

We search for k min cost flows on the network, one for each
commodity.

MAON - Flows A. Ceselli
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Mathematical Programming model

Let xk(i ,j) be decision variables representing the amount of flow for

commodity k sent on arc (i , j). Let v represent the total cost of
routing packets in the network.

minimize v =
∑

(i ,j)∈A

∑

k∈K
ck(i ,j)x

k
(i ,j)

subject to
∑

j∈V
xk(i ,j) =

∑

j∈V
xk(j ,i) + bki ∀i ∈ V ; ∀k ∈ K

∑

k∈K
xk(i ,j) ≤ u(i ,j) ∀(i , j) ∈ A

0 ≤ xk(i ,j) ≤ u(i ,j) ∀(i , j) ∈ A; ∀k ∈ K

MAON - Flows A. Ceselli
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An example of multicommodity flow

See Orlin’s slides 22,3-4

MAON - Flows A. Ceselli



3

A Linear Multicommodity Flow Problem

5 units  
good 1

5 units  
good 1

2 units  
good 2

2 units  
good 2

$1

$1

1

2

3

4

5

6

$5

$1

$6

$1

$1
u25 = 5

Quick exercise:  determine the 
optimal multicommodity flow.
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A Linear Multicommodity Flow Problem

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

2 units  
good 2

2 units  
good 2

$1

$5

$1 $1

u25 = 5
$1

$1

$6

2 2 2
32 25 56 2x x x= = =

1 1 1
12 25 54 3x x x= = =
1
14 2x =
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Discrete and fractional flows

See Orlin’s slides 22,8-10

MAON - Flows A. Ceselli
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On Fractional Flows

In general, multicommodity flow problems have 
fractional flows, even if all data is integral.

The integer multicommodity flow problem is 
difficult to solve to optimality.
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A fractional multicommodity flow

1 unit of flow must be sent 
from si to ti for i = 1, 2, 3.

uij = 1 for all arcs

cij = 0 except as listed.

s1 t3

1t1

2

s2

3

s3

t2

$2 $2

$2
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A fractional multicommodity flow

1 unit of flow must be sent 
from si to ti for i = 1, 2, 3.

uij = 1 for all arcs

cij = 0 except as listed.

s1 t3

1t1

2

s2

3

s3

t2

$2 $2

$2

Optimal solution: 
send ½ unit of 
flow in each of 
these 15 arcs.  
Total cost = $3.
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Ways of solving MMCF

There are many ways of solving MMCF:

▶ price (cost) directed decompositions,

▶ resource (capacity) directed decompositions,

▶ simplex based approaches.

MAON - Flows A. Ceselli
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Price directed decompositions

Idea behind price directed decompositions:

▶ modify costs on arcs ...

▶ ... such that solving k MCF independently gives a full MMCF
solution ...

▶ ... that automatically satisfies capacity constraints.

We will see:

▶ Lagrangean relaxation,

▶ column generation.

MAON - Flows A. Ceselli
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Optimality conditions: partial dualization

Theorem: The multicommodity flow (xkij ) is optimal if there exist
non-negative prices (wij) on the arcs, so that the following is true:

▶ if wij > 0 then
∑

k∈K xkij = uij ,

▶ each flow k is (independently) optimal for commodity k if
each cost ckij is replaced by

cw ,k
ij = ckij + wij

.

Recall: flow k is optimal for commodity k if there is no negative
cost cycle in the residual network for commodity k .

MAON - Flows A. Ceselli
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See Orlin’s slides 22,14-16

MAON - Flows A. Ceselli
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A Linear Multicommodity Flow Problem

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

2 units  
good 2

2 units  
good 2

$5

$1

$6

$1

$1 $1

$1
u25 = 5

2 2 2
32 25 56 2x x x= = =

1 1 1
12 25 54 3x x x= = =
1
14 2x =

Create the residual 
networks

Set w2,5 = 2
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The residual network for commodity 1

1

2

3

4

5

6

$5

$3

$6

$1

$1 $1

$1

-$5
-$1 -$1

$-3

Set w2,5 = $2 There is no negative cost cycle.
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The residual network for commodity 2

1

2

3

4

5

6

$5

$1 $1
$3

$6

$1

$-3
$1-$1 -$1

Set w2,5 = $2 There is no negative cost cycle.



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Lagrangean algorithm for MMCF

Idea: update w and solve MCF until the partial dualization
conditions are satisfied.

MAON - Flows A. Ceselli
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Lagrangean algorithm for MMCF

BEGIN
x := 0;w := 0
θ := 1
while partial dualization optimality conditions are not satisfied
begin

set cw ,k
ij := ckij + wij for each k ∈ K and for each (i , j) ∈ A

for each k ∈ K
build a residual network G k(x)

solve a MCF problem on G k(x) using costs cw ,k
ij

obtain a flow xkij
update prices w : for each (i , j) ∈ A

wij := max{0,wij + θ · (∑k∈K xkij − uij)}
reduce θ

end
END

MAON - Flows A. Ceselli
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Solving MMCF by Lagrangean relaxation

See Orlin’s slides 22,21-28

MAON - Flows A. Ceselli
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Subgradient Optimization for solving the 
Lagrangian Multiplier Problem

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1

$6

$1

$1 $1

$1
u25 = 5

u32 = 2

e.g., set w0 = 0.

Choose an initial value w0 of the “tolls” w, 
and find the optimal solution for L(w). 
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Subgradient Optimization for solving the 
Lagrangian Multiplier Problem

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1 $1

$1

$1
$1

$6

next: 
determine the 
flows, and then 
determine w1

from w0

The flow on (2,5) = 8 > u25 = 5.

The flow on (3,2) = 3 > u32 = 2.
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Choosing a search direction

θ+ += + −1 [ ( )]q q
ij ij q ij ijw w y u

= flow in arc (i,j) = ∑ k
ij ij

k
y x

+ = )max (0, rr

(y-u)+ is called the search 
direction.

θ θ+= + − =1 0
25 25 0 0[ (8 5)] 3w w θq is called the step size.

θ θ+= + − =1 0
32 32 0 0[ (3 2)]w w

So, if we choose θ0 = 1, then = =1 1
25 323 and 1w w

Then solve L(w1).
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Solving L(w1)

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$4

$6

$1 $1

If θ1 = 1, then 
w2 = 0.

$1
$2

θ θ+ += + − = −2 1
25 25 1 1[ (0 5)] [3 5 ]w w

θ θ+ += + − = −2 1
32 32 1 1[ (0 2)] [1 2 ]w w
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Comments on the step size

The search direction is a good search direction.

But the step size must be chosen carefully.

Too large a step size and the solution will 
oscillate and not converge

Too small a step size and the solution will not 
converge to the optimum.
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On choosing the step size

θ
→∞

=lim 0qq
and θ

∞

=

= ∞∑
1

q
q

e.g., take θq = 1/q.

The step size θq should be chosen so that 

(1)

Theorem.  If the step size is chosen as on the 
previous slides, and if (θq) satisfies (1), then the 
wq converges to the optimum for the Lagrangian 
dual.
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The optimal multipliers and flows.

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1

$6

$1

$1 $1

$1
u25 = 5

u32 = 2

1 1 1
12 25 54 3x x x= = =
1
14 2x =
2 2 2
32 25 56 2x x x= = =
2
36 1x =

→∞
=25lim 2q

q
w

→∞
=32lim 1q

q
w
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Suppose that w32 = 1.001 and w25 = 2.001

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$3.001

$6

$2.001

$1 $1

$1

1
14 5x =
2
36 3x =

Conclusion: Near Optimal Multipliers do not always 
lead to near optimal (or even feasible) flows.



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

A path-based model

Idea: represent overall flow as sum of partial flows, each following
a single path, and combine them in a feasible way.

MAON - Flows A. Ceselli
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A path-based model

minimize v =
∑

k∈K

∑

P∈Pk

cP · xP

subject to
∑

k∈K

∑

P∈Pk

x̄Pij · xP ≤ uij ∀(i , j) ∈ A

∑

P∈Pk

xP = bk sk ∀k ∈ K

xP ≥ 0 ∀k ∈ K ,∀P ∈ Pk

where:
▶ Pk is the set of all paths from sk to tk
▶ cP is the cost of path P
▶ xP is the amount of flow sent on path P
▶ x̄Pij = 1 if path P includes arc (i , j), and = 0 otherwise

MAON - Flows A. Ceselli
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A path-based model

minimize v =
∑

k∈K

∑

P∈Pk

cP · xP

subject to
∑

k∈K

∑

P∈Pk

x̄Pij · xP ≤ uij ∀(i , j) ∈ A

∑

P∈Pk

xP = bk sk ∀k ∈ K

xP ≥ 0 ∀k ∈ K ,∀P ∈ Pk

where:
▶ Pk is the set of all paths from sk to tk
▶ cP is the cost of path P
▶ xP is the amount of flow sent on path P
▶ x̄Pij = 1 if path P includes arc (i , j), and = 0 otherwise

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

A path-based model

Orlin’s slides 23,8-10

MAON - Flows A. Ceselli
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A Linear Multicommodity Flow Problem

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1 $1

$1

$6

$1

P1 = set of 
paths from 
node 1 to 
node 4.

P2 = set of 
paths from 
node 3 to 
node 6.u25 = 5

$1
u32 = 2

P1 = {1-4, 1-2-5-4} P2 = {3-6, 3-2-5-6}
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A path based formulation

c(1-4) = 5
c(1-2-5-4) = 3
c(3-6) = 6
c(3-2-5-6) = 3

f(P) = flow in path P

c(P) = cost of path P

Minimize     5 f(1-4) + 3 f(1-2-5-4) + 6 f(3-6) + 3 f(3-2-5-6)

subject to    f(1-4) + f(1-2-5-4)            =      5       

f(3-6) + f(3-2-5-6)            =      3       

f(1-2-5-4) + f(3-2-5-6)      ≤ u25 = 5       

f(3-2-5-6)      ≤ u32 = 2       

f(P) ≥ 0 for all paths P
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Optimal solution for the path based version

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1 $1

$1

u25 = 5

f(1-4) = 2 

f(1-2-5-4) = 3
f(3-6) = 1

f(3-2-5-6) = 2

$1
$1

$6
u32 = 2

The path based LP can be solved using the 
simplex method.  
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A path-based model

minimize v =
∑

k∈K

∑

P∈Pk

cP · xP

subject to
∑

k∈K

∑

P∈Pk

x̄Pij · xP ≤ uij ∀(i , j) ∈ A

∑

P∈Pk

xP = bksk ∀k ∈ K

xP ≥ 0 ∀k ∈ K ,∀P ∈ Pk

Is it possible to straightly optimize it?
|Pk | grows combinatorially with problem dimension: we need an
iterative approach (column generation).

MAON - Flows A. Ceselli
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A path-based model

minimize v =
∑

k∈K

∑

P∈Pk

cP · xP

subject to
∑

k∈K

∑

P∈Pk

x̄Pij · xP ≤ uij ∀(i , j) ∈ A

∑

P∈Pk

xP = bksk ∀k ∈ K

xP ≥ 0 ∀k ∈ K ,∀P ∈ Pk

Is it possible to straightly optimize it?
|Pk | grows combinatorially with problem dimension: we need an
iterative approach (column generation).
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Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

A path-based model

minimize v =
∑

k∈K

∑

P∈Pk

cP · xP

subject to
∑

k∈K

∑

P∈Pk

x̄Pij · xP ≤ uij ∀(i , j) ∈ A

∑

P∈Pk

xP = bksk ∀k ∈ K

xP ≥ 0 ∀k ∈ K ,∀P ∈ Pk

Idea: in a good MMCF solution, only very few good paths are
chosen.
We replace each Pk with a “well chosen” subset Sk ⊂ Pk

If we are lucky, all useful paths are in Sk , otherwise we iteratively
enlarge it.

MAON - Flows A. Ceselli
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A path-based model

minimize v =
∑

k∈K

∑

P∈Sk

cP · xP

subject to
∑

k∈K

∑

P∈Sk

x̄Pij · xP ≤ uij ∀(i , j) ∈ A

∑

P∈Sk

xP = bksk ∀k ∈ K

xP ≥ 0 ∀k ∈ K ,∀P ∈ Sk

Idea: in a good MMCF solution, only very few good paths are
chosen.
We replace each Pk with a “well chosen” subset Sk ⊂ Pk

If we are lucky, all useful paths are in Sk , otherwise we iteratively
enlarge it.

MAON - Flows A. Ceselli
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A path-based model

mn.
∑
k∈K

∑
P∈Pk

cP · xP

st.
∑
k∈K

∑
P∈Pk

−x̄Pij · xP ≥ −uij ∀(i , j) ∈ A(λij )

∑
P∈Pk

xP = bksk ∀k ∈ K(µk )

mx.
∑

(i,j)∈A

−uijλij +
∑
k∈K

bkskµk

st.
∑

(i,j)∈P

−x̄Pij λij + µk ≤ cP ∀k ∈ K ,∀P ∈ Pk

λij ≥ 0 ∀(i , j) ∈ A

(xP ≥ 0∀k ∈ K ,∀P ∈ Pk )

This is a Linear Programming model, having a corresponding dual:

▶ the reduced cost of each variable xP is

c̄P := cP −
∑

(i ,j)∈A

(−λij · x̄Pij )−µk =
∑

(i ,j)∈A

(ckij + λij) · x̄Pij −µk

▶ searching for the variable with most negative reduced cost is
minimum cost s-t path

MAON - Flows A. Ceselli
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Column Generation Algorithm for MMCF

BEGIN
Initialize Sk

do
solve the restricted LP model, considering Sk

get the values of dual variables λij ≥ 0 and µk

for each k ∈ K
find a shortest path on G using (red.) costs

c̄ij = ckij + λij

obtain a path P of (reduced) cost c̄P

if c̄P − µk < 0, add P to Sk

while (any new path has been added to Sk)
END

MAON - Flows A. Ceselli



Motivation Revising graphs Network flows More about algorithms Min Cost Flows Modeling Solving multicommodity flow problems

Column Generation Example

Orlin’s slides 23,21-31

MAON - Flows A. Ceselli
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Restricted Master Problem 1

c(1-4) = 5
c(1-2-5-4) = 3
c(3-6) = 6
c(3-2-5-6) = 3

f(P) = flow in path P

c(P) = cost of path P

Minimize     5 f(1-4) + 3 f(1-2-5-4) + 6 f(3-6) + 3 f(3-2-5-6)

subject to    f(1-4) + f(1-2-5-4)     =      5       

f(3-6) + f(3-2-5-6)   =      3       

f(1-2-5-4) + f(3-2-5-6)      ≤ u25 = 5    

f(3-2-5-6)      ≤ u32 = 2  

f(P) ≥ 0 for all paths P
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Optimal solution for restricted master 1

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1 $1

$1

u25 = 5
$1

$1

$6
u32 = 2

f(1-4) = 5 
f(3-6) = 3

w25 = 0;     w32 = 0

The unique shortest path for commodity 1 is 1-2-5-4.

The unique shortest path for commodity 2 is 3-2-5-6.
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Restricted Master Problem 2

f(P) = flow in path P

c(P) = cost of path P

c(1-4) = 5
c(1-2-5-4) = 3
c(3-6) = 6
c(3-2-5-6) = 3

Minimize     5 f(1-4) + 3 f(1-2-5-4) + 6 f(3-6) + 3 f(3-2-5-6)

subject to    f(1-4) + f(1-2-5-4)     =      5       

f(3-6) + f(3-2-5-6)   =      3       

f(1-2-5-4) + f(3-2-5-6)      ≤ u25 = 5 

f(3-2-5-6)      ≤ u32 = 2

f(P) ≥ 0 for all paths P

Suppose we add path 3-2-5-6 
to the restricted master
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Optimal solution for restricted master 2

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$6

u25 = 5

u32 = 2

$5

$1 $1

$1

$1
$1

f(1-4) = 5 
f(3-6) = 1

f(3-2-5-6) = 2

w25 = 0;  w32 = 3

The unique shortest path for commodity 1 is 1-2-5-4.

The shortest paths for commodity 2 are 3-2-5-6 and 3-6
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Restricted Master Problem 3

f(P) = flow in path P

c(P) = cost of path P

c(1-4) = 5
c(1-2-5-4) = 3
c(3-6) = 6
c(3-2-5-6) = 3

We next add path 1-2-5-4 to 
the restricted master

Minimize     5 f(1-4) + 3 f(1-2-5-4) + 6 f(3-6) + 3 f(3-2-5-6)

subject to    f(1-4) + f(1-2-5-4)            =      5       

f(3-6) + f(3-2-5-6)            =      3       

f(1-2-5-4) + f(3-2-5-6)      ≤ u25 = 5       

f(3-2-5-6)      ≤ u32 = 2       

f(P) ≥ 0 for all paths P
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Optimal solution for the path based version

1

2

3

4

5

6

5 units  
good 1

5 units  
good 1

3 units  
good 2

3 units  
good 2

$5

$1 $1

$1

u25 = 5
$1

$1

$6
u32 = 2

f(1-4) = 2

f(1-2-5-4) = 3 

f(3-6) = 1

f(3-2-5-6) = 2

w25 = 2;  w32 = 1

The solution is optimal for the entire problem.
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Column Generation
C

on
st

ra
in

ts

> trillions of Variables

Variables that were never considered

In
iti

al
 v

ar
ia

bl
es

A
dd

ed
 v

ar
ia

bl
es

Restricted 
Master 

Problem (RMP)
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Choices in running column generation

Starting columns

How many columns to generate at a time

Which LP solver to use

and more
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Some running times

Multicommodity flow times

0
200
400
600
800

1000
1200
1400
1600

0 2 4 6 8 10 12

Problem Number

C
PU

 ti
m

e 
in

 s
ec

on
ds

Generate several 
columns per iteration

Generate one column 
per iteration

301 nodes, 497 arcs, 1320 commodities.
Times are on an IBM RS6000/590.
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The number of iterations per problem

0

2000

4000

6000

8000

10000

12000

0 2 4 6 8 10 12

Problem Number

Nu
m

be
r o

f I
te

ra
tio

ns

Generate several 
columns per iteration

Generate one column 
per iteration
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Number of iterations per second

0.0
5.0

10.0
15.0
20.0
25.0
30.0
35.0

0 5 10 15

Problem Number

Ite
ra

tio
ns

 p
er

 s
ec

on
d

Generate several 
columns per iteration

Generate one column 
per iteration
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MMCF lab session

Implementing Lagrangean Relaxation and Column Generation
MMCF algorithms in AMPL.

MAON - Flows A. Ceselli
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