Graph Theory
Random graphs and the probabilistic method

Instructor: Nicolo Cesa-Bianchi version of March 27, 2024

The material in this handout is taken from: Noga Alon and Joel H. Spencer, The Probabilistic
Method (3rd edition), John Wiley & Sons, 2008. Reinhard Diestel, Graph Theory (5th edition),
Springer, 2017.

A generative model for graphs is a probability distribution over all graphs of a certain order. One
of the simplest such models is the one proposed by Paul Erdés and Alfred Rényi around 1960. The
Erd6s-Rényi random graph G,, = (V,, E),) of parameters n € N and p € [0,1] is such that the
events (i,j) € E, for every 1 <1i < j < n are independent and have probability p. We use G(n, p)
to denote the resulting probability distribution over graphs of order n. If 0 < p < 1, then G(n,p)
assigns a nonzero probability to every graph of order n. In particular, for any given G = (V, E) of
order n we have that

P(G) = pPl(1—p) ()P

where the probability is computed with respect to the distribution G(n,p). Note that g(n, %) is
the uniform distribution over all graphs of order n. The distribution of the number of edges of G,
follows a binomial distribution of parameters (g) and p,
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We write G,, ~ G(n,p) to denote the random graph G,, = (V,,, E,,) distributed according to G(n, p).
Note that E[|E,|] =p(}) = p@ which is ©(n?) when p = O(1).

We use the Erdés-Rényi model to prove properties about graphs via the so-called probabilistic
method. In order to prove that there exist graphs with certain properties, we show that the Erdos-
Rényi model generates the desired graphs with probability strictly bigger than zero.

In the following, we repeatedly use two simple facts from probability theory. The first one is known
as the union bound: for any finite collection F1,..., Ey of events,

N
P(EyU---UEN) <Y P(E;)

The second one is Markov’s inequality: for all nonnegative random variables X and all a > 0,

E[X]

a

P(X >a) <

We start with a simple application of the probabilistic method to show that there exist graphs of
any order n > 4 that have neither a large clique nor a large independent set, where large means at
least 2logy n.



Fact 1 For alln >4 and all k > [2logy n], there exists a graph G of order n such that a(G) < k
and w(G) < k.

PROOF. Let G ~ g(n, %) The probability that an arbitrary U C V of size k is an independent
set is 27(126). Therefore,

P(a(G) > k) = ]P(EIU CV : |U| =k, U is independent in G)

< Z 9-(3) (using the union bound)
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Likewise, the probability that an arbitrary U C V of size k is a clique is also 2_(5). Therefore, with
an identical proof, we can prove that P(w(G) > k) < %. This implies

P(a(G) < kand w(G) < k) =1-P(a(G) > korw(G) > k) > 1-P(a(G) > k) —P(w(G) > k) >0
where we used the union bound. Since P(a(G) < k and w(G) < k) > 0, we conclude there exists
G of order n such that o(G) < k and w(G) < k. O

We now use the probabilistic method to prove a harder result. Namely, that we can find graphs that
lack short cycles and simultaneously have a large chromatic number. Recall that a high chromatic
number requires a small independence number, which in turn is favored by a high density. On the
other hand, a high density also favors the presence of short cycles. As we see next, the trick to
obtain the right density is to choose p slightly larger than %

Theorem 2 (Erdds, 1959) For every integer k > 3 there exists a graph G such that g(G) > k
and x(G) > k.

We start by proving an auxiliary lemma on the expected number of cycles of a given length.

Lemma 3 The expected number of cycles of length k in G ~ G(n,p) is

n(n—l)-'élin—k—kl)pk

PrOOF. Let Ci be the set of all cycles of length k£ on n vertices. Since each cycle is specified
by a sequence of k distinct vertices, and there are n(n — 1)---(n — k + 1) ways of choosing this
sequence, |Cx| = n(n —1)---(n —k + 1)/(2k), where we divide by 2k because there are exactly



2k sequences that correspond to the same cycle. Since a cycle is also specified by a sequence of k
edges, P(G contains C) = p¥ for any given C € C;. Finally, let Ni(G) be the number of cycles of
length k in G.

E[N,(G)] = Z PP(G contains C') = Z p* = [Clp”
CeCy CeCy,

concluding the proof. O
We are now ready to prove Erdos theorem.

PROOF OF THEOREM 2. Fix e > 0 with 0 <& < £, and let p = n°~!. Let N<j(G) be the number
of cycles of length at most k in G. By Lemma 3 we have

k k
n(n —1) n—z—i—l ] 2
E[N pl< = k 1
<k ; 2; (np) ()

where we used (np)’ < (np)*¥ because np = n° > 1. Now,

P(N<x(G) > n/2) < E[]\:f/];(G)] (by Markov’s inequality)
< (k= 2)n*1ph (by (1))
— (k — 2)nf1p Dk
— (k — 2)nk=1
< % (for n large since ke — 1 < 0 due to € < 1/k)

Now, using the argument in the proof of Fact 1,

P(a(6) = n/(20) < (, oy )1 =25

= (Z) (1- p)(g) (letting r = n/(2k))
< one(3) (using () < 2" and 1 —p <eP)
< one—pr?/4 (using (2) > T for r > 2)

— 2nefpn2/(16k2)

< 2% (as pn = n® > 16k? for n large enough)
1
<3 (for n large enough)

Combining these two results, we conclude that for n large enough with respect to k,
P(N<x(G) < n/2 and a(G) < n/(2k)) >0

Then, there exists a graph G of order n with fewer than n/2 cycles of length at most k£ and a(G) <
n/(2k). From each of those cycles delete a vertex and let H = (Vi, Er) be the graph obtained.



Then |Vg| > n/2 and g(H) > k. By definition of G, and using the fact that x(H)a(H) > |Vy|

which holds for any graph,
‘VH| > n/ 2

H) > >k
=4 = a@)
where we used the fact that a(H) < «(G) since H is obtained by deleting vertices from G (see
Exercise 1). This concludes the proof. O

Asymptotic properties. Given G, ~ g(n, %), a function p : G, — wu(Gy), and a function
f:N =R, we say that u(G,) 2 f(n) if

n—oo

lim P(M(Gn) =(1+ 0(1))f(n)> =1 where o(1) — 0 for n — oo

To understand this definition, recall that g = (1+o0(1)) f means that for all & > 0 there exists n(e) €
N such that for all n > n(e) we have (1 —¢)f(n) < g(n) < (1 +¢€)f(n). Therefore, we can define
g(n) =min{e >0 : (Vo' >n) (1 —¢)f(n') < g(n') < (1+¢)f(n')} such that lim, . e(n) = 0. So
g(n) 5 f(n) means that the probability of (In’ > n) |f(n') — g(n)| > e(n) goes to zero as n — co.
In Fact 1 we proved that if & > [2logyn|, then one can find graphs Gy, such that «(G,) < k and

w(Gy) < k. Tt turns out that w(G,) = 2logyn and a(G,,) & 2logy n. More precisely, there exists
a sequence ki, ko, ... such that

kp = (14 o(1))2logyn and lim P(w(Gp) € {kn,kn +1}) =1

n—0o0

and the exactly same result also holds for the independence number. To get some intuition on why
k
this is true, note that the expected number of cliques of size k in G,, is f(n,k) = (2)2_(2). Using

the standard bounds ok n enn k
(@) = ()=(7)

we obtain f(n,k) = ok(logy n—F —logy k+6(1)) Hence, it is easy to see that

lim f(n,k) =

n,k— o0

0 if k> 2logyn
oo it k< 2logyn

In other words, the expected number of cliques of size k goes to zero for k > 2log, n and to infinity
for k < 2logyn

We now study x(G,). We already know that x(G,) > n/a(G,) for every G,,. Let
kn =max{k € N : f(n,k) > 1} (2)

Note that k, = (1 + o(1))2logyn. To prove x(G,) < (1 + 0(1))% with probability one for
n — oo, we use the following lemma (without proof).

Lemma 4 P(W(Gn) <k — 4) < g-n2tom)
Clearly, the same result holds with a(G,,) in place of w(Gy,).

Theorem 5 x(G,) >

—_n_
2logon”



PrOOF. For G = (V, E) recall that G[S] is the graph induced by S C V. For any fixed such S
of size m, if G ~ G(n, %), then G[S] ~ G(m, %) We now show that for n — oo any S C V of size
m = n/(logyn)? contains an independent set of size at least ky, defined in (2).

P(3SCV : |S]=m, a(G[S]) < kn)

< <n>2_m2+0(1> (using Lemma 4 for each G[S])
m
< gn-m*te® (because (') < 2m)
" 2+40(1)
= 2n_((logn)2) (for m = n/(logy n)?)

2<1)++0<1> ((log N)4+°(1>—n1+o<1>>
= ogn

—0 (for n — o0)

This implies that for n large, almost all graphs are such that any subset of m vertices contains an
independent set of size at least k,,. For any such graph, we can repeat the following procedure
until less than m vertices remain: find an independent set of size k,,, assign the same color to its
vertices, and remove it from the graph. Once the procedure is over, we are left with less than m
vertices, which we can color with less than m additional colors. Therefore,

n
X(G) < T +m=(1 +0(1))210g2n

because m = n/(logyn)? and kyp, = (14 o(1))2logyn — 2logy logyn = (1 + o(1))21log, n. O
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Exercises

1. For any G = (V, E) and for any S C V, let H = G[S]. Prove that o(H) < a(G).



