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MINDSET Project

Mathematics INstruction using Decision Science and Engineering Tools
Finally, an answer to the question all mathematics teachers fear...

“How will we ever use this?”

Mathematics INstruction using Decision Science and Engineering Tools (MINDSET) is a NSF
funded collaboration between mathematics educators, industry professionals, engineers, and
mathematicians at NC State University, Wayne State University and UNC Charlotte. Partnering
with high school teachers, the MINDSET project team is working to create, implement, and
evaluate a new curriculum. The intent is to reinforce standard mathematics concepts using math-
based decision-making tools from Operations Research (OR) and Industrial Engineering (IE) for
a non-calculus fourth-year mathematics course. The curriculum is presented to high school
students as a series of real-world problems with the purpose of making the underlying
mathematics more relevant to them. One goal of MINDSET is to improve students’
mathematical abilities and attitudes by building on skills learned in Algebra II in relatable
problem contexts. A second goal is to improve their problem solving skills and, especially, to
interpret the results of that problem solving activity.

The course is comprised of two sections, one section of deterministic content and the other
probabilistic. Problem contexts covered in the deterministic curriculum include linear
programming, the critical path method, facility location problems, transportation problems, and
multi-criterion decision making. In the probabilistic curriculum, topics include probability
distributions, decision trees, quality control, Program Evaluation Review Technique (PERT),
Markov chains, and queuing theory. But...MINDSET is different. These techniques and tools are
woven into real-world problem contexts, where the student starts with the contexts and proceeds
to math skill development.
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Introduction

WHAT IS OPERATIONS RESEARCH?

Operations research (OR) is a scientific way to analyze problems, make decisions, and
improve processes. OR professionals try to provide a sound basis for decision-making.
These decisions may focus on day-to-day operations that arise in a manufacturing plant.
Or, they may involve long-range issues such as designing new environmental regulations
or establishing minimum prison sentence guidelines.

Operations researchers attempt to understand and structure complex situations. They
develop mathematical and computer models of a system of people, machines, and
procedures. If you have ever played the game Sim City, you have manipulated a
computer model.

Operations researchers often use numerical, algebraic, and statistical techniques. Then
they manipulate their models to study the behavior of the system. They use this
understanding to predict how the system will behave under different rules and policies.
Then they work to improve system performance.

Unlike most disciplines, we can point to specific events that mark the birth of operations
research. OR was born in the years just prior to World War II. The British anticipated an
air war with Germany. In 1937, they began to test radar. By 1938, they were studying

how to use the information radar provides to direct the operations of their fighter planes.

Until this time, the word experiment usually meant a scientist carrying out a controlled
experiment in a laboratory. In contrast, this radar-fighter plane project used a multi-
disciplinary team of scientists. They studied actual operating conditions in the field
instead of in the laboratory. Then they designed experiments in the field of operations,
and the new term “operations research” was born. Their goal was to understand the
operation of the complete system of equipment, people, and environmental conditions
(e.g. weather, nighttime). Then they tried to improve it. Their work was an important
factor in winning the Battle of Britain. OR eventually spread to all of the military
services. Several of the leaders of this effort eventually won Nobel Prizes in their original
fields of study.

All branches of the US Armed Forces later formed similar groups of interdisciplinary
scientists. These groups worked to protect naval convoys, search for enemy convoys,
enhance anti-submarine warfare and improve the effectiveness of bombers. To do so,
they collected data by directly observing operations. Then they built a mathematical
model of the system. Next, they used the model to recommend improvements. Finally,
they obtained feedback on the impact of the changes.

Today, every branch of the military has its own operations research group. These OR
groups include both military and civilian personnel. They play a key role in long-term
strategy and weapons development. They also direct the operation of actions such as
Operation Desert Storm. In addition, the National Security Agency has its own Center for
Operations Research.

©2008 North Carolina State University: MINDSET 1



Introduction

In the 1950s, national professional organizations were formed. These organizations
published research journals. Universities added OR departments. All of this raised
operations research to the level of a profession. The use of OR expanded beyond the
military to include other government organizations and private companies. The petroleum
and chemical industries were early users of OR. They improved the performance of
plants, developed natural resources and planned strategy. Today, OR plays important
roles in industry and government such as in:

e airline industry — scheduling planes and crews, pricing tickets, taking
reservations, and planning the size of the fleet;

e pharmaceutical industry — managing research and development and designing

sales territories;

delivery services — planning routes and developing pricing strategies;

financial services — credit scoring, marketing, and internal operations;

lumber industry — managing forests and cutting timber;

local government — deploying emergency services; and

policy studies and regulation — environmental pollution, air traffic safety,

AIDS, and criminal justice policy.

As the field of OR grew, there was less stress on interdisciplinary teams. Today, the focus
is on using mathematical models. These models can be deterministic or probabilistic.
Mathematical programming, routing and network flow are examples of deterministic
models. Examples of probabilistic models include queuing, simulation and decision trees.
Mathematical modeling is the core of the OR curriculum. OR programs are found in
either engineering or business schools. Most mathematics departments also offer
introductory OR courses at the junior or senior undergraduate level.

©2008 North Carolina State University: MINDSET 2
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Version 5/10/2011 Making Hard Decisions—Multi-Criteria Decision Making

Section 1.0: Introduction to Making Hard Decisions

We all face decisions in our jobs, in our communities, and in our personal lives.
e  Where should a new airport, manufacturing plant, power plant, or health care clinic be
located?
e  Which college should I attend, or which job should I accept?
Which car, house, computer, stereo, or even health insurance plan should I buy?
e  Which supplier or building contractor should I hire?

Decisions such as these involve comparing alternatives that have strengths or weaknesses with regard to
multiple objectives of interest to the decision maker. For example, your objectives in buying health
insurance might be to minimize cost and maximize protection. Sometimes multiple objectives like these
get in each other’s way.

Multi-attribute utility theory (MAUT) is one form of multi criteria decision making. MAUT is a
structured methodology designed to handle the tradeoffs among multiple objectives. One of the first
applications of MAUT involved a study of alternative locations for a new airport in Mexico City in the
early 1970s. The factors that were considered included cost, capacity, access time to the airport, safety,
social disruption, and noise pollution.

Utility theory is a systematic approach to quantifying an individual’s preferences. It is used to rescale a
numerical value of some measure of interest onto a 0—1 scale, with 0 representing the worst value of the
measure and 1 representing the best. This allows the direct comparison of many diverse measures. In
other words, with the right tool, it really is possible to compare apples to oranges! The end result of this
process is an evaluation of the alternatives in a rank order that reflects the decision makers’ preferences.
An analogous situation arises when individuals, college sports teams, Master’s in Business
Administration degree programs, or even hospitals are ranked in terms of their performance on many
diverse measures. Another example is the Bowl Championship Series (BCS) in college football that
attempts to identify the two best college football teams in the United States to play in a national
championship bowl game. This process has reduced, but not eliminated, the annual end-of-year arguments
as to which college should be crowned national champion.

©2011 North Carolina State University Chapter 1 — Page 1



Version 5/10/2011 Making Hard Decisions—Multi-Criteria Decision Making

Section 1.1: Choosing a Cell Phone Plan

Isabelle Nueva is trying to help her mother and father decide on the best cell phone plan for her family.
She and her friend, Angelo Franco, think that some of the things they have learned in their math class
about making decisions will be helpful to them. They studied a process for making decisions that have
multiple criteria.

1.1.1 Identify Criteria and Measures

They know that the first thing they must do is identify the criteria of a cell phone plan that are important
to Isabelle’s family. From discussions she has had with her mother and father, Isabelle knows that the
criteria that are important to them are the cost and other important factors. Isabelle and Angelo know that
they need to find at least one way to measure each of the criteria. For the cost criterion, they decide to
use the monthly service charge, number of minutes per month and the minimum length of the contract as
the measures. For the important factors criterion, they decide to use whether there is free unlimited texting
and the quality of service as the measures.

The monthly service charge and the total minutes allowed per month could be any amount within a
reasonable range. These are examples of continuous measures. Isabelle and Angelo decide that the data
they collect for the other three measures can be grouped into a finite number of categories. For example,
the measure “Free unlimited text messaging” has only two categories, “yes” and “no.” Thus, “Free
unlimited text messaging” is an example of a categorical measure.

Isabelle and Angelo similarly define categories for each of the remaining measures. For quality of service,
they decide to use ratings from a consumer magazine. They are only considering plans rated good or
better. To rate the quality of service, the magazine asked about common cell-phone problems. They used
dropped or disconnected calls, static and interference, and voice distortion to rate quality.

Isabelle’s parents were also concerned about being locked into paying for a plan for a long period of time.
Therefore, Isabelle and Angelo decided to use minimum contract length as one of the measures of cost.
Minimum contract length is the shortest time a customer must remain with a particular plan to avoid
paying a fee to cancel the service. The plans under consideration had only three different minimum
contract lengths, 6 months, 1 year, and 2 years. The categorical variables and their possible values are
provided in Table 1.1.1. For each of the categorical measures, Isabelle and Angelo also assigned a number
to each category. Those numbers also appear in Table 1.1.1.

Variable Category | Numeric Value

Yes 1
No

Excellent
Very Good
Good

6 months
1 year
2 years

Free Unlimited Texting

Quality of Service

Minimum Contract

S —= N | O =N |O

Table 1.1.1: Categorical variables with categories and numeric values

©2011 North Carolina State University Chapter 1 — Page 2
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1.1.2 Collect Data

Isabelle’s parents are considering three telephone plans, Trot, ust&t, and Horizon. Isabelle and Angelo

collect the data they will need to make their decision. Their data appears in Table 1.1.2.

Minimum Free
Plan Monthly Minutes per Contract Unlimited Quality of
Charge Month Length Texting Service
Trot $35 400 6 months no Good
ust&et $50 500 2 years yes Excellent
Horizon $60 600 1 year yes Very Good

Table 1.1.2: Isabelle and Angelo’s cell phone data

1.1.3 Range of Each Measure

Next, Isabelle and Angelo recall that in their mathematics class they learned that it was important to
specify the range for each measure. That range will be used to scale the values within the range. There are
two continuous measures, monthly service charge and number of minutes allowed per month. For each
measure, they decide to use the range of the data they collected. For the categorical variables, they decide
to define the range as the specific possible values, because there are only two or three of them.

1.1.4 Rescale Measures to a Common Unit

For a number of reasons, it would be difficult to compare the three plans using this raw data. The first
reason is that comparing a $10 difference in the monthly service charge to a minimum contract length of 2
years or 1 year is like comparing apples to oranges. In order to avoid that problem, operations researchers
scale the range of each measure creating a common unit that varies from 0 to 1. Zero always represents
the worst value and 1 the best value.

For both of the continuous measures, Isabelle and Angelo decide to use a proportional scale. For example,
the range they have decided to use for the monthly service charge measure is from $35 to $60. This is a
range of $25. The smallest possible value here is the best option, so $35 is converted to a common unit
value of 1. Similarly, the largest possible value of the monthly service charge is the worst option, so $60
is converted to 0.

Now, what should be done with the $50 monthly service charge?

Isabelle and Angelo must assign an appropriate common unit score to the $50 monthly service charge.
They realize that they need to decide where $50 lies when it is compared to the best and worst options for
monthly service charge.

Ql. Is $50 closer to the best or the worst option?

Q2. How far from the best option is $50? How far from the worst?

Q3. How far apart are the best and worst options?

Using the answers to these three questions, Isabelle and Angelo solve a proportion to arrive at the
common unit value for the monthly service charge of $50.

©2011 North Carolina State University Chapter 1 — Page 3



Version 5/10/2011 Making Hard Decisions—Multi-Criteria Decision Making
10 _x If Isabelle and Angelo were considering a
25 1 plan with a $45 monthly service charge, what
=04 is the common unit value for $45?

Isabelle and Angelo computed the common unit values for the number of minutes allowed each month in
the same way.

For the three categorical measures, Isabelle and Angelo again assigned a common unit value of O to the
worst and 1 to the best. There were only two possibilities for the free unlimited texting measure, so there
was nothing else to do. However, for the other two categorical measures, there was something between
the best and worst values. For each of these measures, the value in the middle was assigned a common
unit value of 0.5.

Q4. Verify that 0.5 is the appropriate common unit value for a quality measure of very good and a
minimum contract length of 1 year if the common unit is assigned proportionally in each case.

Table 1.1.3 contains all of the common unit values for each of the five measures for each of the three
plans.

Monthly . Free . Minimum
PLAN service Minutes per unlimited Quah?y of length of
month . service
charge texting contract
Trot 1 0 0 0 1
ust&t 0.4 0.5 1 1 0
Horizon 0 1 1 0.5 0.5

Table 1.1.3: Cell phone data converted to a common unit

When Isabelle and Angelo looked at these results, they noticed that each plan received the top common
unit value of 1 on two of the measures. They also noticed that each plan received at least one bottom
common unit value of 0. Since the Trot plan got 3 zeros, they thought they could eliminate that plan.
However, they weren’t sure how to choose between the other two plans.

Angelo thought about using the total of all of the common units to get a total score for each plan. Using
his system, Angelo got the following scores:

Trot: 2
ust&t: 2.9
Horizon: 3

Anna thought it would be more meaningful to compute the average common unit score for each plan.
When she did so, she obtained the following averages:

Trot: 0.40
ust&t: 0.58
Horizon: 0.60

Q5. Would it make any difference whether Anna and Angelo used the sum or the average? Explain.

©2011 North Carolina State University Chapter 1 — Page 4
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In either case, on the basis of their work, Horizon would be slightly preferred over ust&t, with Trot a
distant third. But then they worried about whether some measure was more important than another. For
example, Anna remembered that her parents were really worried about the monthly service charge, and
not as worried about the length of the contract. They decide that they need a system that does not treat all
of the measures equally, as the sum and average do. They need a system that weights the measure
according to how important they are to Anna’s parents.

1.1.5 Conduct an Interview to Calculate Weights

In order to learn how important each measure is to Anna’s parents, Anna and Angelo decide to interview
them. First, they need to know which measure is the most important to them. To find out, they ask Anna’s
parents to rank the five measures in their order of importance. Table 1.1.4 shows their rank ordering of
the measures.

Monthly . . . Contract
MEASURE charge Minutes Free texting Quality length
RANK 1 4 2 3 5

Table 1.1.4: Rank-order of the measures according to Anna’s parents

Then Anna and Angelo needed to assign weights to each measure that capture more than the order of
importance. They also need a sense of how important the measures are with respect to one another. For
example, if one measure is twice as another, then the assigned weights should reflect the strength of that
difference. In their math class, they learned a technique of assigning points that can be used to determine
the proper weights. The technique continues the interview.

Isabelle and Angelo ask Mr. and Mrs. Nueva to assign 100 points to the measure they ranked number 1.
Then they asked them to assign a number of points less than 100 to the second-ranked measure, free
unlimited texting. In doing so, they asked Isabelle’s parents to pick a number that reflected how important
it was compared to the number one ranked measure. Mr. and Mrs. Nueva chose to assign 80 points to free
unlimited texting. The interview continued until a number of points had been assigned to each of the five
measures. Table 1.1.5 shows the points assigned to each measure.

Monthly . . . Contract
MEASURE charge Minutes Free texting Quality length
RANK 1 4 2 3 5
POINTS 100 60 80 70 40

Table 1.1.5: Points assigned to each of the measures

Now, Isabelle and Angelo totaled all of the assigned points and divided the point assignment for each
measure by the total. This number is the weight of that measure. Table 1.1.6 shows how the weight of the
monthly service charge was calculated, as well as the calculated weight for each of the other measures.

Monthl . Free . Contract
MEASURE chargey Minutes | o | Quality length Total
RANK 1 4 2 3 5
POINTS 100 60 80 70 40 350
WEIGHT | 100/350=0.29 | 0.17 0.23 0.20 0.11 1.00

Qe. Verify that all of the weights in Table 1.1.6 are correct.

Table 1.1.6: A weight is calculated for each measure.

©2011 North Carolina State University

Chapter 1 — Page 5




Version 5/10/2011

Making Hard Decisions—Multi-Criteria Decision Making

Q7. What is the largest weight? Which is the smallest?

Q8. What is the range of the weights, from largest to smallest?
Qo. What is the ratio of the largest weight to the smallest weight?

Q10.

1.1.6 Calculate Total Scores

What should this ratio mean in the context of the decision?

Now, a total score for each plan can be calculated. The total score is an example of a weighted average.
Each common unit value from Table 1.1.3 is multiplied by the corresponding weight from Table 1.1.6.
Then for each plan, those products are added together to get the total score. Table 1.1.7 shows the results
of these computations. Notice that this weighted average captures how important the various measures are
to Isabelle’s parents. Notice also that on the basis of this weighted average approach, ust&t is preferred
over Horizon by Isabelle’s parents.

Mont.hly Minutes per lfre.e Quality of Minimum

service unlimited .
charge month texting service contract Total
PLAN (0.29) 0.17) 0.23) 0.20) (0.11) Score
Trot 1(.29)=0.29 0(.17)=0 0 0 0.11 0.40
ust&t 0.4(.29)=0.12 | 0.5(.17)=0.09 0.23 0.20 0 0.64
Horizon 0 0.17 0.23 0.5(.20)=0.10 | 0.5(.11)=0.06 0.56

Table 1.1.7: A weighted total score is computed for each plan.
Q11. Would everyone’s score results lead to the same preferred choice? Explain.

1.1.7 Determine Strengths/Weaknesses and Make Final Decision

Isabelle and Angelo decide to examine their results, because the total scores of ust&t and Horizon were so
close. They are also concerned, because their weighting system produced a different result.

Ql2.

Horizon outscore ust&t?

Q13.

For which measures did ust&t have a higher weighted score than Horizon? For which did

What were the ranks of the measures where ust&t scored higher than Horizon? What were the
ranks for the measures where Horizon was higher?

When Isabelle and Angelo compare ust&t with Horizon, they see that ust&t had higher weighted scores
for the first and third ranked measures. Horizon scored higher on the fourth and fifth ranked measures.
ust&t and Horizon were tied on the second ranked measure. ust&t scored better on two of the three most

important measures. In contrast, Horizon scored better only on the two least important measures.

Therefore, Isabelle and Angelo believe that their weighting system did what it was supposed to do. They
decide to recommend the ust&t plan to Isabelle’s parents.

©2011 North Carolina State University
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Section 1.2: Enrique Ramirez Chooses a College

Sooner or later, everyone faces an important decision in life. In this problem, we are going to follow
Enrique Ramirez in his search for the right college to attend. Enrique has been accepted at four of the
seven colleges that he applied to: Canisius College in Buffalo, NY; Clark University in Worcester, MA;
Drexel University in Philadelphia, PA; and Suffolk University in Boston, MA. Now he must decide
which one of the four to attend.

1.2.1 Applying a Process

Enrique has asked his friend Anna for help. Enrique and Anna have realized that there are many different
issues to be considered when making this decision. They have also realized that the issues of interest to
Enrique and their relative importance are not the same as those for Anna.

In this activity, you will read about a systematic process called multiple-criteria decision making that will
help Enrique and Anna make an informed choice about which college he should choose to attend. The
specific process they will use is multi-attribute utility theory (MAUT). Recall that the steps in this process
are:

e Generate a list containing general criteria that are important to you in choosing a college.
These criteria will be broad in nature and will be based on objective and subjective goals.

e Specify at least one measure for each criterion, and specify a reasonable scale for each
measure.

e For each college, collect the data for each measure.

Rescale each measure to common units from 0 to 1, with 0 being the worst
alternative and 1 being the best alternative.

e Ask someone else to interview you in order to determine the
relative importance of each measure. With that person’s help,
rank-order the measures, assign points from 0 to 100 to each
measure, and calculate a proportional weight between 0 and 1 for
each measure.

e (alculate a total weighted score for each college. These weights will yield a ranking of the
colleges, allowing you to identify the best option based on your preferences.

e Last, review the results to understand the strengths and weaknesses of your top alternatives
before finalizing your decision.

Specify Criteria and Measures

With Anna’s help, Enrique has decided that academics, cost, location, and social life are the factors
(criteria) most critical in his choice of a school. Next, Enrique and Anna have taken his list of four criteria
and specified two or three measures for each criterion. His criteria and measures are given in Table 1.2.1

©2011 North Carolina State University Chapter 1 — Page 7
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Criteria | Measures

1) Average total SAT score of last year’s
Academics freshman class

2) U.S. News & World Report ranking
Cost | 3) Room and board—annual

4) Tuition

Location | 5) Average daily high temperature

6) Proximity to home

7) Athletics

Social Life | 8) Reputation
9) Size

Table 1.2.1: Enrique’s criteria and measures

Scale Each Measure
The next task that Enrique and Anna face is choosing an appropriate scale for each of the nine measures
Enrique has identified above. They also realize that some of the measures, such as average SAT score,
have a natural scale (the combined score), while other measures, such as athletics, require the construction
of a scale. Furthermore, some of the measures will be continuous (SAT score), while others are
categorical. For example, Enrique and Anna have developed a three-category scale for athletics:

1. Division 1.

2. Division 2.

3. Division 3.

Still others will be converted from continuous into categorical. For example, distance from home has a
natural continuous measure: miles. However, Enrique feels that exact mileage is not important, but rather
broad ranges of mileage better represent his concerns.

Anna and Enrique also realize that the range of each scale is important. For example, the theoretical range
of the average combined SAT score is 600-2400, but in actuality, the range of the average combined SAT
score at the colleges Enrique is considering is much narrower. Enrique and Anna decide that it is much
more realistic to use that that is close to the actual range, which is 1480—1750. The scale range and type of
each measure are given in Table 1.2.2.

©2011 North Carolina State University Chapter 1 — Page 8
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Measure Scale range Type
Average combined 1400-1800 (realistic) Continuous-natural
SAT score

U.S. News & World Report
rank

1. Nationally ranked
2. Regionally ranked
3. Regionally tier 3
4. Regionally tier 4

Categorical-
constructed

Room and board—annual

$8,000-$14,000 (realistic)

Continuous-natural

Tuition and fees—annual

$25,000-$35,000 (realistic)

Continuous-natural

Average daily high 50°=70°F Continuous-natural
temperature
1. Within 1 hr. drive (50-100 mi.) Categorical-
Proximity to home 2. Within 4 hr. drive (101-200 mi.) constgruc ted
3. Within a day’s drive (201-300 mi.)
1. Division 1 Catecorical-
Athletics 2. Division 2 £
o constructed
3. Division 3
1. Seriously academic Categorical-
Reputation 2. Balanced academics and social life g
constructed
3. Party school
1. Under 3,000
Size 2. 3,001-6,000 Categorical-
3. 6,001-12,000 constructed
4. Over 12,000
Table 1.2.2: Types and ranges of measures
Collect Data

After scaling each measure, Enrique and Anna collect the data in Table 1.2.3. They also place the specific
values for mileage and size into the appropriate categories.

Measure Canisius Clark Drexel Suffolk
SAT score 1590 1750 1700 1480
U.S. News 22—rgnl. 91—mnatl. | 109—natl. Tier 3—rgnl.
Room & board $10,150 $8,850 $12,135 $11,960
Tuition $28,157 $33,900 $30,470 $25,850
Avg. daily high temp. 56° 56° 64° 59°
Nearness to home 297 mi. 157 mi. 81 mi. 191 mi.
Athletics Division 1 | Division 3 | Division 1 Division 3
Reputation Balanced Serlousl‘y Serlousl.y Balanced
academic academic
Size 3,300 2,175 12,348 4,985

Table 1.2.3: Raw data for Enrique’s four schools

Rescale to Common Units
Once Enrique and Anna collect the data, Anna reminds Enrique that if they compare the data in its current
form, it would be like comparing apples to oranges. They decide to convert the data to common units.
This means they first need to convert their raw numbers for categorical measures into the categorical
values. The converted data is in Table 1.2.4.

©2011 North Carolina State University
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Measure Canisius Clark Drexel Suffolk
SAT score 1590 1750 1700 1480
U.S. News 2 1 1 3
Room & board 10,150 $8.,850 12,135 11,960
Tuition 28,157 $33,900 30,470 25,850
Avg. daily high temp. 56 56 64 59
Nearness to home 3 2 1 2
Athletics 1 3 1 3
Reputation 2 1 1 2
Size 2 1 4 2

Table 1.2.4: Converted data for Enrique’s four schools

Then they have to assign 1 to the best value and 0 to the worst value in the range of each measure. For

intermediate values, if the measure has a continuous scale, the common unit value may be assigned

proportionally. For example, the average combined SAT score at Canisius is 1590. The range for this

measure is 1400-1800, so 1400 would convert to 0, 1800 to 1, and the proportional value for Canisius is
(1590 — 1400)/(1800 — 1400) = 0.475.

Enrique and Anna decide to use proportional common units for each of the measures that have a
continuous scale.

On the other hand, for categorical measures, after assigning the best value a 1 and the worst value a 0,
Enrique and Anna have to decide how to apportion the common units. In some cases, apportionment
might be proportional, while in other cases it might not. They decide to use proportional common units
for athletics, reputation, and proximity to home. However, Enrique chooses “balanced” as the best value
for reputation and “party school” as the worst. For the U.S. News & World Report ranking, they reason
that there is a big difference between being ranked nationally or regionally. So, they decide to assign 1 to
nationally ranked, 0.5 to regionally ranked, 0.25 to Tier 3, and 0 to Tier 4. Finally, Enrique really prefers
a smaller school. Therefore, he assigns 1 to a size less than 3,000, 0.75 to a size between 3,000 and 6,000,
0.25 to a size between 6,000 and 12,000, and O to a size greater than 12,000.

To review, there are essentially three steps to rescale data to common units.
e Step 1: Assign 1 to the best value in the range.
Assign 0 to the worst value in the range.
e Step 2: For continuous data, assign intermediate scores proportionally.
For categorical data, assign intermediate scores proportionally or based on your own
opinions and values.
e Step 3: Calculate scaled scores for proportional assignment.

score — least preferred score
Scaled Score =

scale range
Table 1.2.5 contains the results of Enrique and Anna’s rescaling of each measure to common units.
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MEASURE Canisius Clark Drexel Suffolk
SAT score 0.475 0.875 0.750 0.200
U.S. News 0.50 1 1 0.25
Room & board 0.642 0.858 0.311 0.340
Tuition 0.684 0.110 0.453 0.915
Avg. daily high temp. 0.30 0.30 0.70 0.45
Nearness to home 1 0.5 0 0.5
Athletics 1 0 1
Reputation 1 0.5 0.5 1
Size 0.75 1 0 0.75

Table 1.2.5: Each measure rescaled to common units

From Table 1.2.3, Clark University has the highest average combined SAT score and the highest tuition

and fees.

Ql. Why does it make sense in Table 1.2.5 that Clark has the highest common unit value on one of
those measures, but the lowest common unit value on the other?

Conduct an Interview to Calculate Weights

Next, Enrique and Anna assign weights to each of the measures to reflect the relative importance Enrique

attaches to each of them. They decide Anna will interview Enrique. She makes observations to ensure that
Enrique understands the measures he chose and the effects of the weights he has assigned to each of them.
As a reference tool during the interview, they create Table 1.2.6.

Anna: We have some measures and their ranges for making a decision about your college
preference. Focus first on the column of least preferred values. Which one of the
measures would you most want to increase from the least preferred value to its most
preferred value? For example, is it more important to you to move the SAT score
from 1100 to 1500 or reduce tuition from $20,000 to $4,000?

Enrique: Lower the tuition!

Anna: Are you sure that lowering the tuition to $4,000 is the most
important improvement in the whole list?

Enrique: Yes, so I think we should rank tuition number one.

Anna: Enrique, what would be the next most important measure to move from least
preferred to most preferred?

Enrique: U.S. News & World Report ranking is important, so let’s rank that second, and SAT

score third.
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Criteria Measure Least Most Rank | Points Weight
preferred preferred | order | (0-100) (Points/Sum)
Academics SAT score 1 400 1800 3
U.S. News Tier 4 Nat’l. Rank 2
Cost Room & board $14,000 $8,000 4
Tuition $35,000 $25,000 1
Avg. daily 50° F 70° F 9
Location high temp. — —
Within 1 Within 1
Nearness to home 6
hr. day
Athletics Div. 3 Div. 1 8
Reputation Party Balanced 7
Social life Size 1(2),Vo%ro Under 3,000 | 5
Sum:

Table 1.2.6: Ranking and weighting the measures

The next task is to subjectively assign points from 0 to 100 for each measure based on the rank order so
that the points assigned also reflect the relative importance of each measure. Here is what they do.

Anna:

Enrique:

Table 1.2.7 contains the rest of the points Enrique has assigned to each of his measures.

Let’s start by assigning 100 points to the tuition range, which you’ve ranked first.
Now, you’ve ranked U. S. News & World Report rating second. How important is
this rating, from worst to best, compared to reducing the cost of tuition from $35,000
to $25,000? If it’s close, you should use a number close to 100.

I think it’s about 90% as important, so let’s use 90 points for that one, and SAT
scores are almost as important, so we’ll use 85 points for that range.

Criteria Measure Least Most Rank Points Weight
preferred preferred order | (0-100) (Points/Sum)
Academics SAT score 1400 1800 3 85
U.S. News Tier 4 Nat’l. Rank 2 90
Cost Room & board $14,000 $8,000 4 30
Tuition $35,000 $25,000 1 100
Location Avg. daily high 50°F 70°F 9 20
Nearness to Within 1 hr. Within 1 6 60
home day
Athletics Div. 3 Div. 1 8 30
Social life Reputation Party Balanced 7 50
Size > 12,000 < 3,000 5 70
Sum : 585

Anna:

Table 1.2.7: Enrique’s rank and point assignment

Enrique, what did you get for the total number of points for all your measures? Once
you have the point total, you’ll need to divide the points for each measure by this
total to get the weight.
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Enrique:

The weights Enrique has calculated appear in Table 1.2.8.

I got 585 total points. Now I can calculate the weights.

Criteria Measure Least Most Rank Points Calculated
preferred preferred order | (0-100) weight
(Points/Sum)
Academics SAT score 1400 1800 3 85 0.145
U.S. News Tier 4 Nat’l. Rank 2 90 0.154
Cost Room & board $14,000 $8,000 4 80 0.137
Tuition $35,000 $25,000 1 100 0.171
Location Avg. daily high 50°F 70° F 9 20 0.034
Nearness to Within 1 hr. Within 1 6 60 0.103
home day

Athletics Div. 3 Div. 1 8 30 0.051
Social life Reputation Party Balanced 7 50 0.085
Size > 12,000 < 3,000 5 70 0.120
Sum = 585 1.000

Anna:

Enrique:

Anna:

Enrique:

Anna:

Enrique:

Anna:

Enrique:

Anna:

Enrique:

Anna:

Enrique:

Table 1.2.8: Enrique’s assignment of weights to each measure

Enrique, what is the total weight for each criterion?

social life.

Which criterion has the greatest weight assigned to it?

It looks like cost, with 0.308.

Are there criteria with similar weights?

It looks like academics and cost are almost the same.

Are these the criteria you feel are the most important criteria for
choosing a college, and do you think they’re about the same in

importance?

What did you expect to happen?

I thought social life would be at the top of the list!

I didn’t realize I placed so much importance on academics.

Well, you gave athletics only 30 points, reputation 50 points, and
size 70 points. Do you want to change anything?

Calculate Total Scores
Enrique and Anna have determined which school is the best choice for him to attend.

No, I really think academics and cost are most important.

I get a total of 0.299 for academics, 0.308 for cost, 0.137 for location, and 0.256 for

By 4

Il

e =0

©2011 North Carolina State University

Chapter 1 — Page 13




Version 5/10/2011 Making Hard Decisions—Multi-Criteria Decision Making

They have used the data from Table 1.2.4, where common units were computed, and the weights
calculated in the last column of Table 1.2.8 to calculate a score for each school on each measure. In Table
1.2.9 below, Enrique has calculated the product of the weight and the corresponding common unit: Score
= Weight times Common Unit — Score = W x CU . Then, by totaling the scores for each college in Table
1.2.9, Enrique learns which of his college choices best suits his needs.

MEASURE WEIGHT Canisius Clark Drexel Suffolk
SAT score 0.145 0.145 x 0.475
=0.069 0.127 0.109 0.029
U.S. News 0.154 0.077 0.154 0.154 0.038
Room & board 0.137 0.088 0.117 0.043 0.046
Tuition 0.171 0.117 0.019 0.077 0.156
Avg. daily high 0.034 0.010 0.010 0.024 0.015
Nearness to home
0.103 0.103 0.051 0 0.051
Athletics 0.051 0.051 0 0.051 0
Reputation 0.085 0.085 0.043 0.043 0.085
Size 0.120 0.090 0.120 0 0.090
Total Score 1.000 0.690 0.641 0.501 0.512

Table 1.2.9: Calculating the total scores of Enrique’s schools

1.2.2 Interpreting the Results

Enrique reviews the results and notices that Drexel and Suffolk have scored much lower than his top-
ranked choice and excludes them from further study. However, he decides to take a closer look at the
relative strengths and weaknesses of Canisius, ranked first, and Clark, ranked second. There is only a
0.049 difference between the two, and he is not sure that it is enough evidence to make this critical life
decision.

He decides to list all of the criteria for which one school or the other is better by at least 0.05 units. He
notices that the largest difference is in the tuition, where Canisius holds a clear advantage. The other
measures with a difference of at least 0.05 units are SAT scores and the U. S. News & World Report
rankings, where Clark was better. Enrique looks back at his data in Table 1.2.3 to investigate further. He
combines the tuition and room and board costs and notices the total cost for a year at Canisius will be
$38,307 and a year at Clark will be $42,750. Clark’s cost is 11.5% more than Canisius’s. Based on
Clark’s superior scores on academics, Enrique decides that paying 11.5% more than he would at Canisius
is a worthwhile investment. Based on the analysis above, Enrique has decided to attend Clark University.
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Section 1.3: Judy Purchases a Used Car

Judy is trying to decide which used car to purchase from among four possibilities: a 2006 Honda Civic
Hybrid, a 2006 Toyota Prius, and a 2007 Nissan Versa that she has found at dealerships, as well as a 2005
Ford Focus that Judy’s uncle Roger is selling himself. Judy has asked her friend Dave to help her
structure her thoughts in a consistent manner and use the steps in the process of multiple-criteria decision-
making.

1.3.1 Applying the Process

Specify Criteria and Measures

With Dave’s help, Judy has decided that the criteria most important for her choice of a used car are
minimizing total cost and maximizing condition, accessories, and aesthetics. They have identified two
measures for each criterion, as shown in Table 1.3.1.

Criterion Measures

1) Purchase price

Total cost 2) Miles per gallon, based on the EPA rating when new

.. 3) Odometer reading
Condition 4) Body condition
. 5) Functional air conditioner and heater

Accessories

6) Sound system
. 7) Color
Aesthetics 8) Body design

Table 1.3.1: Judy’s list of criteria and measures

Scale Each Measure
Now that Judy and Dave have two measures for each of their criteria, they will establish a scale for each
measure. The scales will be made to reflect Judy’s personal preferences for the used car she will purchase.

Some measure scales, such as miles per gallon, are natural. Others, such as color, must be constructed.
Both types of scale are completely subjective. Even the direction of the scale, which reflects an
individual’s preference, can differ. For example, one person may prefer a blue car, while another may
prefer a red one. Thus, an individual’s preferences will influence the scales as well as their ranges and
directions. Because measures may be numeric or categorical, natural or constructed, four types of
measures are theoretically possible: numeric-natural, categorical-natural, numeric-constructed, and
categorical-constructed. Most of the time, however, only numeric-natural and categorical-constructed
scales are used.

Miles per gallon is an example of a measure having a numeric-natural scale. If body condition is used as a
measure and given a scale of 1 to 3 representing, fair, good, and excellent, this is an example of a
categorical-constructed scale. Next, each of the four categories would need to be defined. For example,
the definition of excellent condition at Kelley Blue Book online is as follows:
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“Excellent” condition means that the vehicle looks new, is in excellent mechanical condition and
needs no reconditioning. This vehicle has never had any paint or body work and is free of rust.
The vehicle has a clean title history and will pass a smog and safety inspection. The engine
compartment is clean, with no fluid leaks and is free of any wear or visible defects. The vehicle
also has complete and verifiable service records. Less than 5% of all used vehicles fall into this
category.

Table 1.3.2 displays each of Judy’s measures, its type, and the range she has decided to use.

Measure Type Scale range
1) Purchase price Numeric-natural $6,000-$16,000
2) Miles per gallon (EPA rating Numeric-natural 20-50 mpg
when new)

3) Odometer reading Numeric-natural 50,000-125,000 miles
1. Fair

4) Body condition Categorical-constructed 2. Good
3. Excellent

5) Functional air conditioner . 1. Neither works

and heater Categorical-constructed 2. Only one works

3. Both work
1. None

6) Sound system Categorical-constructed § gzg;g ;)ElinD player
4. Radio, CD, MP3
1. Blue
2. Red

7) Color Categorical-constructed 3. Silver
4. White
5. Black
1. Wagon

8) Body design Categorical-constructed 2. Hatchback
3. Sedan

Table 1.3.2: The type and range for each of Judy’s measures
Collect Data

Judy and Dave have collected the data in Table 1.3.3.
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MEASURE }zjoi:?ca To;iota Ford Nissan
. Prius Focus Versa
Hybrid

Purchase price $15,000 $15,500 $7,700 $11,000
Miles per gallon 43 46 25 33
Odometer reading 85,000 80,000 95,000 65,000
Body condition 2 2 2 3
A/C and heater 3 3 3 3
Sound system 3 3 4 3
Color 2 3 1 4
Body design 3 3 1 2

Table 1.3.3: Judy’s data on four used cars

 Bplgjojola]

Rescale to Common Units

The raw data from each automobile for each measure must be rescaled, so that the different measures may
be compared directly. Each measure is rescaled to a common unit, from 0 to 1, with 1 representing the
most desired and 0 representing the least desired. This process varies depending on the nature of the
measure. The common unit for measures that are numeric-natural may be calculated proportionally. For
example, purchase price probably has an actual range of $1,000 to $25,000 or more. However, using the
more realistic $6,000 to $16,000 range, common units are assigned based on where each car’s purchase
price falls within that $10,000 range. In this case, $6,000, the most preferred price, is assigned 1 point,
and $16,000, the least preferred price, is assigned 0 points. Then, if the purchase price of a given car is x,

16,000 — x

where $6,000 < x <$16,000, then the common unit assigned to x would be . Of course, this

analysis assumes that lower prices are desirable. On the other hand, we presume higher miles per gallon is
desirable.

Ql. How should the common units be calculated in that case?

In the case of categorical-constructed measures, the assignment of the common units from 0 to 1 is
completely subjective. This subjectivity reflects Judy’s preferences for the criterion being measured.
Sometimes, the common units may be assigned to a categorical-constructed measure proportionally.
Other times, the common units may be assigned in a non-proportional manner that demonstrates a strong
preference in one direction or the other on the scale. Judy has used proportional assignment for all of her
categorical measures except for sound system. In that case, she has reasoned that having no sound system
is highly undesirable and having any sound system at all is a significant improvement. Therefore, she has
assigned the common unit values so that they are loaded toward the upper extreme (0, 0.5, 0.75, 1), rather
than assigned proportionally (0, 0.33, 0.67, 1). Table 1.3.4 contains the range of the common units for
each measure, and Table 1.3.5 contains the common units after rescaling the measures for each of the
used cars Judy is considering purchasing.
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Measure Scale range Range of common units
Purchase price $6,000-$16,000 0-1, Proportional
Miles per gallon 20-50 mpg 0-1, Proportional
Odometer reading 50,000— 00,000 0-1, Proportional
1. Fair 0
Body condition 2. Good 0.5
3. Excellent 1
1. Neither works 0
A/C and heater 2. Only one works 0.5
3. Both work 1
1. None 0
Sound system 2. Rad%o only 0.5
3. Radio and CD player 0.75
4. Radio, CD, MP3 1
1. Blue 0.75
2. Red 0.5
Color 3. Silver 1
4. White 0
5. Black 0.25
1. Wagon 0
Body design 2. Hatchback 0.5
3. Sedan 1
Table 1.3.4: The range of Judy’s common units for each measure
Common Units
(Data rescaled to between 0 and 1)
Ho.nfia Toyota Ford Nissan
Measure Civic Prius Focus Versa
Hybrid
Purchase price 0.100 0.050 0.830 0.500
Miles per gallon 0.767 0.867 0.167 0.433
Odometer reading 0.300 0.400 0.100 0.700
Body condition 0.500 0.500 0.500 1.000
Air conditioner and heater 1.000 1.000 1.000 1.000
Sound system 0.750 0.750 1.000 0.750
Color 0.500 1.000 0.750 0.000
Body design 1.000 1.000 0.000 0.500

Table 1.3.5: Judy’s measures rescaled to common units

The earlier discussion of a realistic range for each measure is a critical issue. For example, in the case of
miles per gallon, the use of an appropriate range can affect the results. To see how that could happen,

suppose we first work with a range of 10 to 60 mpg. Then the Ford Focus, at 25 mpg, converts to a

common unit score of 0.30, while the Toyota Prius, at 46 mpg, would have a common unit score of 0.72.
In that case, the common unit score for the Focus is a little less than half that of the Prius. If we use a
more realistic range of 20 to 50 mpg, the corresponding common unit scores are 0.17 and 0.87, a far more

dramatic difference.
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Conduct an Interview to Calculate Weights

Dave should informally interview Judy to try to ensure that the weights they assign to the criterion
measures are appropriate to the relative importance Judy places on them. In fact, such an interview is part
of the multiple-criteria-decision-making process in every context. During the interview, Judy and Dave
will rank-order her set of measures, assign points across the range of each measure, and calculate a weight
for each measure. The interview should end with a review of the weights assigned to each measure to be
sure that they reflect their relative importance to Judy. The weights of the measures within each criterion
should also be summed and compared to ensure that the weights assigned to each criterion are appropriate
to Judy’s preferences. A table similar to Table 1.3.6 will help Judy and Dave keep track of the weighting
process.

Criterion Measures Least Most Rank Points
preferred preferred order | (0-100) | Weight
Purchase price $16,000 $6,000
Total cost
Fuel economy 20 mpg 50 mpg
Condition Odometer reading 100,000 mi 50,000 mi
Body condition 1 (fair) 3 (excellent)
A/C and heater F(meither 15 i work)
works)
Accessories 4 (radio, CD,
Sound system 1 (none) MP3)
. Color 1 (blue) 5 (black)
Aesthetics Body design 1 (wagon) 3 (sedan)
Sum =

Table 1.3.6: Rank ordering, point assignment, and weight calculation for each measure

Rank-Order Measures
The informal interview process helps to minimize ambiguity. At this point, Judy and Dave will need to
work together. Included below is an interview between our fictitious students. Dave is the interviewer,
and Judy is the interviewee. They are trying to determine how Judy should rank-order her measures. The
rank-ordering process should pay explicit attention to the range of each measure. The goal of this task is
to determine for which measure the range is most significant to Judy—that is, which measure Judy would

most want to increase from the least preferred to the most preferred value.

Dave:

You have some measures and their ranges for deciding which used car you prefer to
buy. Look first in the column of least preferred values. Which one of the measures
would you most want to move from the least preferred value to its most preferred
value? For example, is it more important to you to move the body design score to
sedan or reduce the purchase price from $16,000 to $6,000?
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Judy: Lower the purchase price!

Dave: Is lowering the purchase price to $6,000 the most important improvement in the
whole list?

Judy: I think so. If I spend too much, I might not have enough left for gas and insurance.
Then there wouldn’t even be a wagon, let alone a sedan.

Dave: OK, so purchase price is number one. What would you rank second?

Judy: I think fuel economy is important, because [ don’t want to have to spend a lot on gas.
So I’ll rank that second, and body design can be third.

Judy and Dave continue this way until all of the measures have been ranked.
Q2. Which measure would you have ranked first?
Q3. Which would you have ranked second?

Points for Range

Once Judy and Dave have decided for which measure the difference between the least and most preferred
scores is most important to Judy, they assign that top measure 100 points. Then, for each of the remaining
measures, they must compare the importance of the difference between the least and most preferred
values of this measure to that of the highest ranked measure. This comparison is captured by assigning an
appropriate score between 0 and 100 in turn to each of the other measures.

The interview between Judy and Dave continues:
Dave: Start by assigning 100 points to the purchase price range, which you ranked first.
Now, you ranked fuel economy second. How important is this rating, from worst to

best, compared to reducing the purchase price from $16,000 to $6,000? If it’s close,
you should use a number close to 100.

Judy: I think purchase price is slightly more important than fuel economy, so let’s use 95
points for fuel economy and then 75 for body design.

Judy and Dave continue in this manner until points have been assigned to each of the measures.

Q4. Would you have assigned the points for your top two measures as closely as Judy has done?
Calculate the Weight

Finally, the weight for each item is calculated by dividing the points allotted the item by the total number
of points for all items. In essence, this amounts to rescaling the point allotments then adding up the
weights.

Q5. What would it mean if the sum of the weights were 0.99?

Qo. Why might this happen?

Judy and Dave’s interview concludes.
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Dave:

Judy:
Dave:

Judy:

Dave:
Judy:

Dave:

Judy:
Dave:

Judy:

Judy, what did you get for the total number of points for all your measures? Once you
have the point total, you’ll need to divide the points for each measure by this total to

get the weight.

I got 500 total points, and I recorded the weights in my table.

Judy, what is the total weight for each criterion?

I get a total of 0.39 for total cost, 0.17 for accessories, 0.27 for condition, and 0.17

for aesthetics.

Which criterion has the greatest weight assigned to it?

It looks like total cost, with 0.39, is way higher than the rest.

Is that the criterion you feel is the most important for choosing which used car you

want to buy?

Yes, but I didn’t realize I placed so much importance on it.

Do you want to change anything?

No, I really think total cost is the most important, by far.

Table 1.3.7 shows Judy’s rank ordering of her measures, point assignment, and weights for each measure.

Criterion Measures Least Most Rank Points
preferred preferred order | (0-100) | Weight
Total cost Purchase price $16,000 $6,000 1 100 0.200
Fuel economy 20 mpg 50 mpg 2 95 0.190
Condition Odometer reading 100,000 mi 50,000 mi 5 60 0.120
Body condition 1 (fair) 3 (excellent) 3 75 0.150
A/C and heater lv(vrz)?lil)e r 3 (both work) 7 35 0.070
Accessories 4 (radio, CD

Sound system 1 (none) MP3) 6 50 0.100
. Color 1 (blue) 5 (black) 10 0.020
Aesthetics Body design 1 (wagon) 4 (sedan) 3 75 0.150
Sum = 500 1.000

Table 1.3.7: Judy’s rank ordering, point assignment, and weight calculation for her measures

Table 1.3.8 shows the weights for each measure and the common unit for each measure for each car.
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Common Units
(Data rescaled to between 0 and 1)

Measure Weight Hoﬁgzg(;vw Tlfl?;ztsa Ford Focus I;I;es:::
Purchase price 0.200 0.100 0.050 0.830 0.500
Fuel economy 0.190 0.767 0.867 0.167 0.433
Odometer reading 0.120 0.300 0.400 0.100 0.700
Body condition 0.150 0.500 0.500 0.500 1.000
A/C and heater 0.070 1.000 1.000 1.000 1.000
Sound system 0.100 0.750 0.750 1.000 0.750
Color 0.020 0.500 1.000 0.750 0.000
Body design 0.150 1.000 1.000 0.000 0.500

Table 1.3.8: Judy’s weights and common units for each measure

Calculate Total Scores

Table 1.3.8 provides the weights for each measure and the common units for each car with regard to each
measure. Judy and Dave must calculate an overall score for her used cars. To do this, the common unit
value assigned to each measure is multiplied by the weight allotted to that measure.

For example, purchase price has a weight of 0.20, and the Honda Civic Hybrid common unit value for
purchase price is 0.1. So, the score for purchase price assigned to the Honda Civic Hybrid is (0.20)(0.1) =
0.02. The total score for each used car is the sum of these products. The highest total score represents
Judy’s preferred choice. Table 1.3.9 shows these computations for our fictitious student, Judy. A graphing
calculator is helpful because it relieves most of the computational load. Using spreadsheet software is
even easier and is demonstrated in the next section.

Weight * Common Unit
Honda Civic Toyota Nissan
Measure Hybrid Pl?;us Ford Focus Versa
Purchase price 0.0200 0.0100 0.1660 0.1000
Fuel economy 0.1463 0.1653 0.0323 0.0817
Odometer reading 0.0636 0.0720 0.0480 0.0960
Body condition 0.0750 0.0750 0.0750 0.1500
A/C and heater 0.0700 0.0700 0.0700 0.0700
Sound system 0.0750 0.0750 0.1000 0.0750
Color 0.0100 0.0200 0.0150 0.0000
Body design 0.0750 0.1500 0.0000 0.0495
Total Score 0.5349 0.6373 0.5063 0.6222

Table 1.3.9: Judy’s calculation of the total score for each used car

1.3.2 Interpret the Results
Judy’s top two choices are very close.
Q7. What significant advantages does the Toyota Prius have over the Nissan Versa?

Q8. What significant advantages does the Nissan Versa have over the Toyota Prius?
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Qo. Based on the results of the multiple-criteria-decision-making process Judy has used, which used
car should she purchase? Why?

When the numeric values are this close, the ultimate answer may be that the decision maker will be
equally satisfied with either choice. There may not be a need to dig deeper and determine to the fourth
decimal place which is really and truly preferred.

1.3.3 Using Excel to Calculate Total Scores

An Excel Spreadsheet has an advantage over a calculator. It is able to display the entire matrix of
information. The data in Table 1.3.8 were input into an Excel spreadsheet as presented in Figure 1.3.1
Column B in the spreadsheet has all of the weights. These are stored in cells B4 through B11. The
common units for the Honda Civic Hybrid are stored in cells C4 through C11. The first calculation
involves multiplying the common units by the weights. We multiplied the value in cell B4 by the value in
cell C4. This product of two cells, C4*$B4, was stored in cell C18 as displayed in Figure 1.3.2. Notice the
actual formula is C4*$B4 and we explain the reason for the $ sign later.

A B C o E F
1 Data Rescaled to Common Units (Between 0 and 1)
2 Honda Tovota Ford Nissan
3 Measure Weights | Civic Hybrid Prius Focus Versa
4 |Purchase prics 0.2 0.1000 0.0500 0.8300 0.5000
5 |Miles per gallon 0.18 0.7670 0.8670 0.1670 0.4330
& |Ddometer reading 0.12 0.3000 0.4000 0.1000 0.7000
7 |Body condition 0.15 0.3000 0.3000 0.5000 1.0000
8 |Air conditioner and heater 0.07 1.0000 1.0000 1.0000 1.0000
g |Spund svstem 0.1 0.7300 0.7500 1.0000 0.7500
10 |Color 0.02 0.3000 1.0000 0.7500 0.0000
11 |Body design 0.13 1.0000 1.0000 0.0000 0.5000

Figure 1.3.1: The data from Table 1.3.8 input into a spreadsheet

Excel has an important capability. Once we have written the formula, we can copy and paste the same
formula into other cells. Excel has simple rules for updating the formula. For example if we copy cell C18
to C19, the formula in C19 will be C5*$B5. We have copied the cell to the next row. Excel simply
updates the formula from C4*$B4 to C5*$B5. In that way we can complete the calculations for C20
through C25.

The total score for each vehicle is just the sum of the column values. The Sum command in Excel does
this calculation. In Cell C26 we placed the following statement.
=Sum(C18:C25)

This tells the spreadhseet to sum the values in all of the cells from C18 through C25. The colon means
include all of the cells in between. Now consider calculating the scores for the Toyota Prius and placing
the values in column D. If we were to copy and paste cell C18 into cell D18 without using a $ sign, the

©2011 North Carolina State University Chapter 1 — Page 23



Version 5/10/2011 Making Hard Decisions—Multi-Criteria Decision Making

resultant formula would be D4*C4. Excel would update both cell references by one letter in the alphabet.
However, in all of our calculations, we always want to use the same column B. It has the weights and they
apply to all vehicles. By placing a $ sign before the B, Excel knows not to change column letter as we
copy and paste. Now, when we copy and paste cell C19 into cell D19, the result is D4*$B4. We can then
copy and paste C18 into all of the cells of the table from D18 through F25. We can also copy and paste
the summation formula stored in cell C26 into the adjacent cells D26 through F26. The results are
displayed in Figure 1.3.2. This is exactly what was displayed in Table 1.3.9

c18 - £ | =ca*3a
A B C D E F

15 Weight * Common Unit

16 Honda Tovota Ford Nissan
17 AMeasure Civic Hybrid Prius Focus Versa
12 |Purchase price | 0.0200 J 0.0100 0.1660 0.1000
19 |Miles per gallon 0.1437 [ 0.1647 0.0317 0.0823
20 |Odometer reading 0.0360 0.0480 0.0120 0.0840
21 |Bodv condition 0.0730 0.0730 0.0750 0.1500
22 | Air conditioner and heater 0.0700 0.0700 0.0700 0.0700
23 |Sound svstem 0.0730 00750 0.1000 00750
24 |Color 0.0100 0.0200 0.0130 0.0000
25 |Bodv design 0.1500 0.1500 0.0000 0.0730
25 Total Score 0.5817 0.6127 0.4697 0.6363

Figure 1.3.2: Judy’s spreadsheet calculation of the scores for each used car

In Figure 1.3.2, we see all of the components of the total score. Each cell contains the product,
Weight*Common Unit. If all we wanted was the final score, Excel has a simple command. This command
is the SUMPRODUCT. In Figure 1.3.3 we placed in cell C12 the command
=SUMPRODUCT(C4:C11,$B4:$B11). This command performs the following calculation. It multiplies
C4 by B4, then C5 by BS,... until C11 by B11 and sums these products. This is done in just one
command. We used a $ sign so we can copy the contents of C12 into D12 through F12. The form of the
command involves stating the range of values in Column C as C4:C11. This range is followed by a
comma before giving the second range $B4:$B11. There must be exactly the same number of cells in
each range for the command to work.
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| 12 M fe | =SUMPRODUCT(C4:C11,384:3811)

I A B = o E F
1 Data Rescaled to Common Units (Between 0 and 1)
2 Honda Tovata Ford Nissan
3 Measure Weights | Civic Hybrid Prius Focus Versa
4 |Purchase price 0.2 0.1000 0.0500 0.8300 0.5000
5 |Miles per gallon 0.189 0.7670 0.8670 0.1670 0.4330
& |Odometer reading 0.12 0.3000 0.4000 0.1000 0.7000
7 Body condition 0.15 0.5000 0.5000 0.5000 1.0000
8 |Air conditioner and heater 0.07 1.0000 1.0000 1.0000 1.0000
5 | Sound svatem 0.1 0.7500 0.7500 1.0000 0.7500
10 | Color 0.02 0.5000 1.0000 0.7500 0.0000
11 | Bodyv design 0.15 1.0000 1.0000 0.0000 03000
12 | Total Score 1 | 0.5817 i 0.6127 0.4697 0.6363

Figure 1.3.3: Using the SUMPRODUCT(C4:C11,$B4:$B11) to calculate total score
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Section 1.4: Chapter 1 (MCDM) Homework Questions

1.

Olivia wants to pursue a career in medicine, but she is not sure which profession would be best

for her. After some preliminary research, she narrows her choices to physician, nurse, and

pharmacist. Olivia decides to consider four criteria to help structure her decision: professional
preparation, personal fulfillment, financial compensation, and lifestyle. The table below shows

these criteria and the measures she has decided to use for each.

Criterion Measure Type of Scale Type of Data
Schooling
Professional Internshi
Preparation P
Difficulty
Personal Job satisfaction
Fulfillment Personal interest
Financial Initial salary
Compensation Median salary
Likely schedule
Lifestyle Maternity leave
Prestige
a. Decide which type of scale would be appropriate for each measure, either continuous-
natural or categorical-constructed.
b. Determine which of the data will have to be collected through research and what will be
based on personal opinion.
C. The table below shows some of the data Olivia has collected for the professional

preparation criterion. Based on the scale ranges, determine what you would consider

most preferred and least preferred for each measure.

Criterion Measure Scale | Physician Nurse Pharmacist
Range (M.D.) (R.N)) (Pharm.D.)
Professional Schoohng (years) 2-8 8 4 6
Preparation Internship (years) 0-4 3 0 1
p Difficulty (rank) 1-3 1 3 2
d. What else must be done before obtaining common unit values?
e. Fill in the following table with scores scaled to common units.
. Physician Nurse Pharmacist
Criterion Measure (M.D.) (R.N.) (Pharm.D.)
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Schooling
Professional .
Preparation Internship
Difficulty
f. Suppose Olivia weights Schooling at 0.109, Internship at 0.091, and Difficulty at 0.073.
Complete the following table with the weighted scores.
o Physician Nurse Pharmacist
Criterion Measure (M.D.) (R.N.) (Pharm.D.)
Schooling
Professional .
Preparation Internship
Difficulty
2. Rana is trying to decide what type of engineering to study in college. She obtained the following

data after an initial search, but now she wants to take a more organized and methodical approach.

Mechanical Electrical Chemical Industrial
Starting salary (§) 54,128 55,292 59,361 55,067
Median salary ($) 75,130 82,090 84,240 73,490
Job Satisfaction (%) 83.0 79.9 83.8 80.5
a. Create a list of four criteria she could use to help make this decision. Try to find criteria
that would use these data.
b. Identify two measures for each criterion.
3. Give an example of a measure that uses a continuous scale, but might not be converted to
common units proportionally. Explain your answer.
4. Give an example of a measure that uses a categorical scale, but might not be converted to
common units proportionally. Explain your answer.
5. In problem 1.1 of the chapter, Isabelle Nueva is helping her mother and father decide on the best
cell phone plan for her family.
a. What additional measures do you think should be considered?
b. Add and describe a categorical measure for the problem and create 3 categories for this
new measure.
C. Add and describe a numerical measure for the problem.
6. In problem 1.2 of the chapter, Enrique Ramirez is selecting a college to attend.
a. What additional measures do you think should be considered?
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b. Add and describe a categorical measure for the problem and create 3 categories for this
new measure.

C. Add and describe a numerical measure for the problem.

7. In problem 1.3 of the chapter, Judy is choosing which used car to purchase from among four
possibilities.
a. What additional measures do you think should be considered?

b. Add and describe a categorical measure for the problem and create 3 categories for this
new measure.

c. Add and describe a numerical measure for the problem.

8. A high school student wants to buy a digital camera. Checking the experts’ recommendations, she
creates a list of important features and ranks them as follows. She ranks Price as the most
important measure and, therefore, assigns 100 points it. Brand name is slightly less important
than price. It is ranked 2™ and she assigns 90 points to it. She thinks that having an Anti-shake
system is much less important than brand name and assigns 60 points to it. Size of view screen is
ranked below anti-shake system and has a little bit less importance, thus she assigned it 55 points.
Finally, ease of use is the least important factor with 40 points. Calculate the weight assigned to
each measure.

Measure Rank | Points Weight
Size of view screen 4 55
Price 1 100
Brand name 2 90
Anti-shake system 3 60
Easy to use 5 40
Total
9. Suppose you are looking to buy a digital camera for yourself.
a. Suggest and add a relevant categorical measure in the table below. Describe the new
measure.
b. Suggest and add a relevant numerical measure in the table below. Describe the new
measure.
c. Use your personal preferences and rank the measures. Then, assign points to each

measure and calculate the weight of each measure.

Assign Calculate
Measure Rank Points Weight

Size of view screen

Price

Brand name

Anti-shake system

Easy to use

New categorical measure:
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New numerical measure: |

Total

10. Kim is interested in purchasing a desktop computer for her office. After reviewing the
specification of different models, she ended up with the following measures. Classify each
measure as numerical or categorical.

Measure Type: Numeric or
Categorical

Computational power
Monitor size

Years of warranty
Operating system
Price

11. A high school has selected one of its students to be the chair of a committee planning a class trip.

One of her first responsibilities is to pick a co-chair for planning the trip. Suggest two measures
for each criterion. Specify the type of each measure.

Criterion Measure Type: Numerical or Categorical
Knowledge
Reliability
Personality
12. Jay is a movie fan and is considering two companies that offer DVD rental membership, Netco

and DVDco. Netco is a completely web-based company but DVDco has branch stores in addition
to their web site.

a. Having studied the web sites of the two main companies, Jay summarized the measures
and data as follows:

Measure Netco DVDco
Number of available movies 100,000 | 75,000
Price 10 8
Web streaming yes no
Number of DVDs that can be out at the same time 1 2
Availability of a recommendation system no yes
In-store return no yes

Specify the range for each measure and then determine the common unit for each of
them. Insert the common units in the following table.
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Measure Netco DVDco
Number of available movies
Price
Web streaming
Number of DVDs that can be out at the same time
Availability of a recommendation system
In-store return

After considering the measures, Jay ranked the measures and assigned the points as indicated below.
Calculate the weight of each measure based on the points.

Measure Rank | Points Weight

Number of available movies 4 75

Price 1 100

Web streaming 2 90

Number of DVDs that can be out at the same time 5 60

Availability of a recommendation system 6 50

In-store return 3 85

b. For each alternative, calculate the product of the weight and the corresponding common

unit for each measure. Determine the total score for each alternative.

Measure Netco DVDco
Number of available movies
Price
Web streaming
Number of DVDs that can be out at the same time
Availability of a recommendation system
In-store return

Total Score

c. Which alternative is ranked 1%, and what measures contribute the most to it being ranked
17
13. Sam and his wife were just married and are looking for an apartment in a safe area close to Sam’s

school. After discussing their preferences, they came up with the following measures that are very
important to them.

Measure Description
Spaciousness Size and design
Price Monthly rental
Condition Freshly painted, floors, age of appliances
Apartment building rating Based on rating of previous tenants’ rating in
www.apartmentrating.com

a. After searching in a 10-mile radius around his school, they ended up with the following
three apartments they like. Sam summarized the data as follows:
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Measure Apl Ap2 Ap3
Spaciousness Good | Medium | Poor
Price ($/month) 700 650 550
Condition (0-1) 0.6 0.9 0.7
Apartment building rating (between 1 and 5) 4 4.5 3.8
b. Specify the range for each measure and then determine the common unit for each of
them. Insert the common units in the following table.
Measure Apl Ap2 Ap3
Spaciousness
Price

14.

15.

16.

17.

Condition(0-1)

Apartment building rating

After considering the measures, Sam and his wife ranked the measures as in the following table.

Use the assigned points to calculate the weights.

Measure Rank | Points | Weight
Spaciousness 3 70
Price 1 100
Condition(0-1) 2 90
Apartment Building Rating 4 50

For each alternative, calculate the product of the weight and the corresponding common unit for

each measure. Determine the total score for each alternative.

Measure

Apl

Ap2

Ap3

Spaciousness

Price

Condition

Apartment Building Rating

Total Score

Which alternative is ranked 1* and what measures contribute the most to it being ranked 1°'?

James and George are seeking a team member for their capstone project. It is a very demanding
project that requires a wide range of skills. To help evaluate potential teammates, they created the
following list of measures.

Measure
Writing Skills
GPA of Math courses
Total GPA
Reliability and commitment
Communication skills
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a. After considering all their classmates who were not yet assigned to any project, they
ended up with following three people. They summarized the data for these three as
follows:

Measure Ed Ken Thad
Writing skills Excellent | Acceptable | Good
GPA in math courses 3.8 3.9 3.5
Total GPA 3.6 3.8 3.7
Reliability and commitment Acceptable Good Good
Communication skills Good Excellent | Excellent
b. Specify the range for each measure and then determine the common unit for each of

them. Insert the common units in the following table.

Measure Ed Ken Thad
Writing skills
GPA in math courses
Total GPA

Reliability and commitment
Communication skills

C. They are not sure how to rank the measures. Based on your personal preferences, rank the
measures and fill out the rest of table.

Measure Rank Points Weight
Writing skills
GPA in math courses
Total GPA
Reliability and commitment
Communication skills

Total

d. For each alternative, calculate the product of the weight and the corresponding common
unit for each measure. Determine total score for each alternative.

Measure Ed Ken Thad

Writing skills

GPA in math courses

Total GPA

Reliability and commitment
Communication skills

Total Score

18. Which alternative is ranked 1% and what measures contribute the most to him being ranked 1°?
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19. Neil is trying to find a location in Michigan to open a convenience store. Location is very
important for convenience stores. Thus, he wants to be very precise in this process. After talking
to some consultants and other store managers, he plans to use the following measures.

Measure Description
Traffic through intersection Daily number of the cars passing the intersection
Population within 2 mile Total population over the age of 15
Distance to the nearest competitor Miles to nearest convenience store
Cost of the property Purchase price of property
a. After considering all available properties in the area, he ends up with the following three
locations. The data for these three locations is summarized below.
Measure L1 L2 L3
Traffic through intersection (vehicles) 16,000 15,000 19,000
Population within 2 miles 50,000 45,000 55,000
Distance to the nearest competitor (miles) 1.5 2 0.5
Cost of the property ($) 210,000 180,000 250,000
b. Specify the range for each measure and then determine the common unit for each of

them. Insert the common units in the following table.

Measure L1 L2 L3
Traffic through intersection
Population within 2 mile
Distance to the nearest competitor

Cost of the property

20. After considering the measures, he ranks the measures as in the following table. Use assigned
points to calculate the weights.
Measure Rank | Point Weight

Traffic through intersection 2 85

Population within 2 mile 3 80

Distance to the nearest competitor 4 70

Cost of the property 1 100

Total

21. For each alternative, calculate the product of the weight and the corresponding common unit for

each measure. Determine total score for each alternative.

Measure L1 L2 L3
Traffic through intersection
Population within 2 mile
Distance to the nearest competitor
Cost of the property

Total Score
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22. Which alternative is ranked 1* and what measures contribute the most to it being ranked 1°?
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Chapter 1 Summary

What have we learned?

We have learned that the multi-criteria decision making process provides a framework for making a
subjective decision when considering several alternatives, each of which has advantages and
disadvantages. As the person making the decision, you must structure the decision. What criteria or
objectives will be considered? What measures of your criteria will be included? How will you rank and
weight these measures to help make a decision that is best for your values and priorities?

This process allows for direct comparison and evaluation of complex alternatives. The steps are as
follows:

Identify Criteria and Measures

Collect Data

Find the Range of Each Measure

Rescale Each Measure to a Common Unit

Conduct an Interview to Calculate Weights

Calculate Total Scores

Interpret Results

Nk W=
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Terms

Categorical Measure

Common Unit

Continuous Measure

Criteria

Measure

Proportional Scale

Scale Range

Total score

Weighted Scores

A measure whose scores are classifications

A value that varies from 0 to 1, where 0 always represents the
worst value, 1 the best value, and intermediate values are found
using a proportional scale

A measure whose scores are numeric values that can take on any
value in a certain range

Objectives or aspects of the alternatives that you wish to either
maximize or minimize

A trait that will quantify an aspect of a criterion

The rescaled score for intermediate values of continuous measures
(calculated by dividing the difference between the particular score
and the least preferred score by the scale range)

The range of possible values for each measure.

For each alternative, multiply the rescaled score by the weight for
each measure. The sum of all these weighted, rescaled scores is the
total score.

The rescaled score for each measure, weighted according to its
importance (calculated by multiplying each scaled score by the
corresponding weight of the measure)
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Chapter 1 (MCDM) Objectives

You should be able to:

o List the sequence of steps in the multi-criteria decision making process
e Explain the purpose of each step in the process

o Identify criteria you will use to choose between several alternatives

o Select measure(s) for each criterion

o Distinguish between categorical and continuous measures

e Determine scale types and ranges for measures

e Scale scores

e Rescale scores to common units

o  Weight scores for each measure

e (Calculate a total score for each alternative

e Evaluate the results of the multi-criteria decision making process by comparing the strengths and
weaknesses of the top two alternatives
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Chapter 1 Study Guide

1. Explain why the Multi-Criteria Decision Making (MCDM) process is useful.
2. Discuss the differences between a criterion and a measure.

3. When choosing between the same alternatives, why might you and a classmate, both using
MCDM, come to a different decision?

4. Compare and contrast continuous and categorical measures.

5. Give an example of a scale range in which one end is most preferable for you, but the other end
may be preferable to a classmate. Explain.

6. Why do we scale all scores between zero and one?
7. Describe how scores are scaled differently for continuous and categorical measures.

8. Describe how scaled scores are rescaled to common units differently for continuous and
categorical measures.

9. Identify which steps in MCDM involve you inserting your own preferences and priorities into the
process and describe how this occurs?

10. What role do the weights of the measures play in determining which alternative is the best?

11. Describe the process that occurs from collecting raw data for measures to obtaining a total score
for an alternative.

12. Should you always choose the alternative with the highest total score?
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Section 2.0: Mathematical Programming

The next five chapters in the text focus on mathematical programming. The father of mathematical
programming is George Dantzig. Between 1947 and 1949, Dantzig developed the basic concepts used for
framing and solving linear programming problems. During WWII, he worked on developing various
plans which the military called “programs.” After the war he was challenged to find an efficient way to
develop and solve these programs.

Dantzig recognized that these programs could be formulated as a system of linear inequalities. Next, he
introduced the concept of a goal. At that time, goals usually meant rules of thumb for carrying out a goal.
For example, a navy admiral might have said, “Our goal is to win the war, and we can do that by building
more battleships.” Dantzig was the first to express the selection of a plan to reach a goal as a
mathematical function. Today it is called the objective function.

All of this work would not have had much practical value without a way to solve the problem. Dantzig
found an efficient method called the simplex method. This mathematical technique finds the optimal
solution to a set of linear inequalities that maximizes (profit) or minimizes (cost) an objective function.

Economists were excited by these developments. Several attended an early conference on linear
programming and the simplex method called “Activity Analysis of Production and Allocation.” Some of
them later won Nobel prizes in economics for their work. They were able to model fundamental economic
principles using linear programming.

The first problem Dantzig solved was a minimum cost diet problem. The problem involved the solution of
nine inequalities (nutrition requirements) with seventy-seven decision variables (sources of nutrition). The
National Bureau of Standards supervised the solution process. It took the equivalent of one man working
120 days using a hand-operated desk calculator to solve the problem. Nowadays, a standard personal
computer could solve this problem in less than one second. Excel spreadsheet software includes a
standard “add-in” called “solver”, a tool for solving linear programming problems.

Mainframe computers became available in the 1950s and grew more and more powerful. This allowed
many industries, such as the petroleum and chemical industries, to use the simplex method to solve
practical problems. The field of linear programming grew very fast. This led to the development of non-
linear programming, in which inequalities and/or the objective function are not linear functions. Another
extension is called integer programming, in which the variables can only have integer values. Together,
linear, non-linear and integer programming are called mathematical programming.
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2.0.1 An Introductory Problem

In order to get a feel for mathematical programming, this chapter begins with a problem that has a
concrete model. This model can be built from Lego pieces. When a mathematical model of a real world
situation is constructed in symbolic form, it is often helpful to construct a physical or visual model at the
same time. The role of the latter model is to help the model builder to understand the real-world situation
as well as its mathematical model.

The Problem

A certain furniture company makes only two products: tables and chairs. The manufacturing of tables and
chairs can be modeled using Lego pieces. To make a table requires two large and two small pieces, and a
chair requires one large and two small pieces. Figure 2.0.1 shows a table and a chair made from Legos.

Table Chair
S A -

2 large 1 large

2 small 2 small

Figure 2.0.1: A Lego table and chair

If the resources needed to build tables and chairs were unlimited, the company would just manufacture as
many of each as it thought it could sell. In the real world, however, resources are not unlimited. Suppose
that the company can only obtain six large and eight small pieces per day. Figure 2.0.2 shows these
limited resources.

Figure 2.0.2: The furniture company’s limited resources
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The profit from each table is $16, and the profit from each chair is $10. The production manager wants to
find the rate of production of tables and chairs per day that earns the most profit. Production rate refers
to the number of tables and chairs this company can produce per day.

Ql. What do you think the production rates should be in order to generate the most profit?
Q2. Does the number of table and chairs produced each day have to be an integer value?

Q3. Using only eight small and six large Legos, build a physical model of this problem. If Legos are
unavailable, draw pictures to explore some possibilities. Create several combinations of tables
and chairs this company could make using your model.

Solving the Problem
There are many possible product mixes this company could make. A product mix is a combination of
each product being manufactured. The various product mixes could be explored using the Lego model.

First, the company could begin by making as many tables as possible since the profit from a table is much
greater than the profit from a chair. Each table requires two large pieces and two small pieces. There are
only six large and eight small pieces available. Therefore, only three tables can be built. This generates
3($16) = $48 profit. There are two small pieces left over, but nothing can be built from them. Thus, $48 is
the total profit if three tables (and no chairs) are built.

Three tables and zero chairs was one possible product mix. There could be other production rates that
generate more profit.

No more than three tables could be made due to the limited resources available, and making three tables
yielded a profit of $48. Now, suppose two tables are made. Manufacturing two tables uses four large and
four small pieces. Now there are two large and four small pieces left over. These are just enough
resources to build two chairs. The profit on two tables and two chairs would be 2($16) +2($10) = $52.
This is more profit than building three tables. However, the production manager wonders, “Is $52 the
greatest profit possible? Is there another product mix that could generate more profit?”

Q4. In a Table 2.0.1, record other combinations of tables and chairs the company could produce. For
each combination, write the production rate of tables, the production rate of chairs, and the profit
for each possibility.

Production Rate of Tables Production Rate of Chairs Total Profit

Table 2.0.1: Exploring the total profit for each combination of tables and chairs
Qs. Which production rates generate the most profit?

Qe. Did any product mix yield a profit greater than $52?
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It is impossible to find the total profit for every product mix because there are infinitely many
possibilities. However, most likely no one in the class found a profit greater than $52. In the next section,
you will learn how to know for certain you found the product mix with the greatest profit.

Notice that in Table 2.0.1 you used a set of similar equations to compute the profit for each possibility.
These equations are the basis for the objective function. The two production rates varied across each
possible product mix, and exploring these variations allows a decision about production to be made.
Therefore, the production rates for tables and chairs are known as the decision variables for this problem.

S 4

Figure 2.0.3: Two tables and two chairs yield the most profit

Because the profit has been optimized, the solution in Figure 2.0.3 is called the optimal solution. Besides
the optimal solution, there are many other possible solutions. Although they are not optimal, each
possible solution is still a feasible solution. Building four tables is an example of an infeasible solution.

Q7. Why is building four tables an example of an infeasible solution?
Q8. Give another example of an infeasible solution.

Stepping Beyond the Solution

Operations researchers understand that there is more to their work than merely finding solutions to
problems. Once a solution is found, it must be interpreted. One sort of interpretation is called sensitivity
analysis. Sensitivity analysis involves exploring how sensitive the solution is to changes in the
parameters of the problem. For example, in the Lego problem above, one of the parameters of the
problem is the availability of large pieces.

Q9. Would it make a difference if seven large pieces were available instead of six (there are still eight
small pieces)? If so, what is the new optimal solution, and how much profit does it generate?

Q10. Would it make a difference if nine small pieces were available instead of eight (there are still six
large pieces)? If so, what is the new optimal solution, and how much profit does it generate?

Ql1. Would it make a difference if seven large pieces and nine small pieces were available? If so, what
is the new optimal solution, and how much profit does it generate?
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Growing the Problem

Suppose now that the furniture company has decided to dramatically expand production. Now it is able to
obtain 27 small and 18 large Lego pieces per day. The profit on tables and chairs remains the same.

Q12.  What should the daily production rates be in order to maximize profit?

Q13. Would it make a difference if 19 large pieces were available instead of 18 (there are still 27 small

pieces)? If so, what is the new optimal solution, and how much profit does it generate?

Q14. Would it make a difference if 28 small pieces were available instead of 27 (there are still 18 large
pieces)? If so, what is the new optimal solution, and how much profit does it generate?

QI15. Was this new problem easier or more difficult to solve than the original? Why?
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Section 2.1: Computer Flips, a Junior Achievement Company

Junior Achievement (JA) is an educational program available worldwide. JA uses hands-on experiences
to help young people understand the economics of life. In partnership with businesses and educators, JA
brings the real world to students. The JA Company Program provides basic economic education for high
school students by using support and guidance of volunteer consultants from the local business
community. By organizing and operating an actual business, students learn how businesses function.
They also learn about the structure of the free enterprise system and the benefits it provides.

Gates Williams is the production manager for Computer Flips, a Junior Achievement company.
Computer Flips purchases a basic computer at wholesale prices and then adds a display, extra memory
cards, extra USB ports, or a CD-ROM or DVD-ROM drive. The company also purchases these extra
components at wholesale prices. The computers, with the added features, are then resold at retail prices.

Computer Flips produces two models: Simplex and Omniplex. The profit on each Simplex is $200, and
on each Omniplex, the profit is $300. The Simplex model has fewer add-ons, so it requires only 60
minutes of installation time. The Omniplex has more add-ons and requires 120 minutes of installation
time. Five JA students do all of the installation work. Each of them works 8 hours per week. Gates
Williams must decide the rate of production per week of each computer model in order to maximize the
company’s weekly profit.

To make decisions such as the one Gates Williams faces, operations researchers use a technique known
as linear programming. Answering the following questions will help you understand this technique.

2.1.1 Exploring the Problem

One way to approach the problem is to make some guesses and test the profit generated by each guess.
For example, suppose Gates Williams decides the company should make 20 of each model.

Ql. How much profit would be generated?
Q2. Is there enough installation time available to make that number of each model?
Qs. Answer the same two questions if Gates Williams decides to make:
a. 10 Simplex computers and 30 Omniplex computers
b. 30 Simplex and 10 Omniplex
Q4. Can you find a product mix for which there is enough installation time?
Qs. How much profit do the production rates you found generate for the company?

2.1.2 Generalizing the Problem

Sometimes it is helpful to visualize things. The numbers, variables, and their relationships in a problem
can be represented by a graph. Before graphing the Computer Flips problem, you must translate the
information in the problem into mathematical statements—equations or inequalities.

First, let
x; represent the weekly production rate of Simplex computers and
x, represent the weekly production rate of Omniplex computers
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The variables x; and x, are called decision variables because Gates Williams uses them to help make his
decision. Mr. Williams’s goal is to make as much money as possible. He does this by selling as many
computers as he is able. Therefore, Mr. Williams can calculate his weekly profit (z) as a function of x; and
x,. Because the objective is to maximize profit, the profit function is called the objective function.

Qeé. Write an equation for the profit (z) the company would earn in a week. [Hint: Look back at
Section 2.1.1 and see how you calculated profit for 20 Simplex and 20 Omniplex computers. ]

Q7. Write a mathematical statement in terms of x; and x, that describes the relationship between the
installation time required to produce x; Simplex and x, Omniplex computers each week and the
amount of available installation time each week. [Hint: Look back at Section 2.1.1 and see how
you determined if there was enough installation time to produce 20 Simplex and 20 Omniplex
computers. |

Q8. Can Computer Flips produce a negative number of either model?
Qo. Write two mathematical statements that describe your answer to the previous question.

The mathematical statements created in this section will be used to find the optimal solution in the
following sections.

2.1.3 A Visual Approach

At this point, it should be clear that Gates Williams cannot decide to make any number of each model he
chooses because there is only a certain amount of installation time available each week. That is, the
available installation time constrains the number of Simplex and Omniplex computers that can be made
each week. The inequality that captures this relationship (from Q7) is called a constraint. The other two
inequalities (from Q9) express the fact that the decision variables in this problem cannot be negative.
Thus, they are called non-negativity constraints.

These constraints can be graphed on a coordinate place. This graph gives a visual representation of the
possible production rates for each computer model.

Q10. On the same coordinate axes, graph each of the three inequalities you wrote in the previous
section (one from Q7 and one from Q9). For uniformity, place x; on the horizontal axis and x, on
the vertical axis.

Q11. Give one point that satisfies all three inequalities.

Q12. Where are all of the points that satisfy all three inequalities?

Q13.  What is the connection between the points identified in the previous question and the Simplex
and Omniplex computers?

The points that satisfy each of the constraint inequalities represent a mix of Simplex and Omniplex
computers that could be produced each week. Recall that this region of the coordinate system is called
the feasible region, because those points represent feasible production mixes.
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Q14. Choose any point in the feasible region, and compute the weekly profit that would be generated
by producing that mix of Simplex and Omniplex computers.

Q15. Choose a second point in the feasible region that generates the same weekly profit as the first

point.
a. Draw a line through the two points.
b. Write the equation for this line in terms of x; and x,.

Every point on the line you have drawn generates the same weekly profit. For this reason, such a line is
called a line of constant profit.

Q16.  Suppose Computer Flips generates $6,000 of profit each week.
a. Write an equation to represent this situation.
b. Graph this equation.

Note that the points (0, 20), (15, 10), and (30, 0) are on the line you drew, and each coordinate pair
generates a profit of $6,000 when substituted into the objective function.

Q17. For each of the following profits, write an equation and then graph that equation (on the same
coordinate plane).

a. $0 profit

b. $3600 profit
C. $4800 profit
d. $7200 profit

Q18.  What do you notice about the three lines you have drawn?
Q19. Which of the lines generates the largest weekly profit?

Q20. Ifyou were to continue drawing lines in this way, where does the line that generates the largest
weekly profit intersect the feasible region? What is the profit at that point?

2.1.4 Solving the Problem

Hopefully, the previous line of investigation has suggested that the point or points representing the
largest possible weekly profit are close to the boundary of the feasible region. That is, in order to
maximize profits, Computer Flips’ production rates should be as large as possible, while still keeping
within the available installation time.

Q21. Choose a point on the boundary of the feasible region, but not at a corner (vertex), and evaluate
the profit there.

Q22. Continue to choose points on the boundary, but try to increase the amount of profit each time.
Q23. Finally, evaluate the profit at each of the corner points of the feasible region.
Q24. What is the relationship between the corner points and the feasible region?

Q25. At which of these points is the profit the greatest? How would you describe this point? Recall:
The point at which the profit is maximized is called the optimal solution.
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Notice that as the amount of constant profit increases, the lines are higher and further right in the first
quadrant. Try to visualize a single line moving upward or to the right while its slope remains constant.
The last point(s) in the feasible region that such a moving line touches will be optimal, because the profit
is the greatest of any feasible points.

Q26. There is not always only one optimal solution.
Draw an example of a feasible region that could have more than one optimal solution.

2.1.5 Complicating the Problem

After several weeks of operation, one of the students in the sales department of Computer Flips does
some market research. Based on this research, she decides that the company cannot sell more than 20
Simplex computers in any given week.

Q27. Write an inequality that expresses this market constraint.

Q28.  Graph the new system of constraint inequalities.

Q29. What do you notice about the optimal solution you found earlier?

Q30. What is the optimal solution after adding the market constraint?

Now the students in the sales department of Computer Flips decide to extend the market research to the
Omniplex model. On the basis of their research, they decide that Computer Flips cannot sell more than
16 Omniplex computers in any given week.

Q31.  Write an inequality for this new market constraint.

Q32.  Graph the new feasible region.

Q33. Does the previous optimal solution lie in the new feasible region?

Q34. What is the optimal solution after the addition of the second market constraint?

The students at Computer Flips notice that they are getting a lot of returns. Every computer that was
returned had a problem with one of the add-ons. They realize that they need to test their finished
products before shipping them. They decide to assign the task of testing the computers to only one of the
student installers. To accommodate this change, the other four student installers agree to work 10 hours
per week, so that the total available installation time remains 40 hours per week. The student who will do
the testing also works 10 hours per week. It takes her 20 minutes to test a Simplex and 24 minutes to test
an Omniplex.

Q35.  Write an inequality for the testing constraint based on the information in the previous paragraph.
Q36.  Graph the new feasible region.

Q37. Using the new feasible region, what is the optimal solution?

Q38. Why is it possible to have a non-integer solution?
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2.1.6 Success Breeds—An Even More Complicated Problem

Computer Flips has some initial success, so the students are considering producing two additional
models: Multiplex and Megaplex. Multiplex will have more add-ons than Simplex, but not as many as
Omniplex. Each Multiplex will generate $250 profit. Megaplex, as the name implies, will have more
add-ons than any of the other models. Each Megaplex will generate $400 profit.

Q39. What are the decision variables in the new problem? What do they represent?
Q40.  Write an equation for the profit (z) the company would earn in a week.
The installation and testing times for each computer appear in Table 2.1.1. In addition, market research

indicates that the combined sales of Simplex and Multiplex cannot exceed 20 computers per week, and
the combined sales of Omniplex and Megaplex cannot exceed 16 computers per week.

Simplex | Omniplex | Multiplex | Megaplex

Installation Time | 60 min. | 120 min. | 90 min. 150 min.
Testing Time | 20 min. | 24 min. 24 min. 30 min.

Table 2.1.1: Installation and Testing times for all four computer models

Q41. Using the information above, formulate the constraints after the Multiplex and Megaplex models
have been added to the product mix.

Q42. s it possible to solve this problem by graphing? Why or why not?

In the next section, you will see another way to solve linear programming problems. In particular, the
following section explores solving problems without graphing. You may wonder why this graphing
approach cannot be used to solve every linear programming problem. If a problem contain three decision
variables, it would be difficult for many people to visualize the graph. If a problem contains four or more
decision variables, a graph is not even possible.
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Section 2.2: SKS8MAN, Inc.

SK8MAN, Inc. manufactures and sells skateboards. A skateboard is made of a deck, two trucks that hold
the wheels (see Figure 2.2.1), four wheels, and a piece of grip tape. SKESMAN, Inc. manufactures the
decks of skateboards in its own factory and purchases the rest of the components.

Figure 2.2.1: A skateboard truck

To produce a skateboard deck, the wood must be glued and pressed, then shaped. After a deck has been
produced, the trucks and wheels are added to the deck to complete a skateboard. Skateboard decks are
made of either North American maple or Chinese maple. A large piece of maple wood is peeled into very
thin layers called veneers. A total of seven veneers are glued at a gluing machine and then placed in a
hydraulic press for a period of time (see Figure 2.2.2). After the glued veneers are removed from the
press, eight holes are drilled for the truck mounts. Then the new deck goes into a series of shaping,
sanding, and painting processes. Figure 2.2.3 shows a deck during the shaping process.

Figure 2.2.2: Maple veneers in a hydraulic press
Figure 2.2.3: Shaping a deck

Currently, SK8MAN, Inc. manufactures two types of skateboards: Sporty (Figure 2.2.4, top) and Fancy
(Figure 2.2.4, bottom).

Figure 2.2.4: Sporty and Fancy skateboards
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G. F. Hurley, the production manager at SKSMAN, Inc., needs to decide the production rate for each type
of skateboard in order to make the most profit. Each Sporty board earns $15 profit, and each Fancy board
earns $35 profit. However, Mr. Hurley might not be able to produce as many boards of either style as he
would like, because some of the necessary resources, such as the North American maple and Chinese
maple, are limited. That is, the production rates are constrained by the availability of the resources.

The Sporty board is a less expensive product, because its quality is not as good as the Fancy board.
Chinese maple is used in the manufacture of Sporty decks. North American maple is used for Fancy
decks. Because Chinese maple is soft, it is easier to shape. On average, it takes a worker 5 minutes to
shape a Sporty board. However, a Fancy board requires 15 minutes to shape. G. F. Hurley needs to
determine the production rates of Sporty and Fancy boards that will yield the maximum profit.

Ql. Develop a table to organize the information about Sporty and Fancy boards.

2.2.1 Problem Formulation

To find how to maximize profit, G. F. Hurley uses linear programming. The first step in the formulation
of a linear programming problem is to define the decision variables in the problem. Let:

x) represent the weekly production rate of Sporty boards and

x, represent the weekly production rate of Fancy boards.

The decision variables are then used to define the objective function. This function captures the goal in
the problem, which, in this case, is to maximize the company’s profits per week. Therefore, the objective
function should represent the weekly profit from the sale of the two different styles of skateboards. The
variable z is used to represent the amount of profit SKESMAN, Inc. earns per week.

Now, since the profit for each style of skateboard is known ($15 and $35, respectively), G. F. Hurley
writes the objective function by expressing the profit (z) in terms of the decision variables (x; and x,):

Maximize: z=15x; + 35x,.

The last step in the formulation of the problem is to represent any constraints in terms of the decision
variables. G. F. Hurley cannot just decide to make as many boards as he wants, because the number made
is constrained by the available shaping time. Therefore, shaping time will be a constraint.

Suppose SKEMAN, Inc. is open for 8 hours a day, 5 days a week, which is a 40-hour workweek.
However, since the information about shaping time is expressed in minutes, 40 hours is converted to
2,400 minutes. If SKSMAN, Inc. makes x; Sporty boards and x, Fancy boards per week, they use 5x; +
15x, minutes of shaping time.

For example, making 100 Sporty boards and 150 Fancy boards would take 5(100) + 15(150) = 2,750
minutes. Note that since 2,750 minutes is greater than 2,400 minutes, this production mix is not feasible.

Thus, the shaping time constraint is:
Sx1 + 15x, <2400

There are also two not-so-obvious but completely logical constraints. G. F. Hurley knows the production
rate cannot be a negative number for either type of skateboard, so he writes the non-negativity constraints:
x;>0and x, > 0.
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The complete linear programming formulation looks like this:

Decision Variables
Let: x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
z = the amount of profit SKEMAN, Inc. earns per week

Objective Function

Maximize: z=15x; + 35x,
Constraints
Subject to:
Shaping Time: S5x; + 15x, <2400
Non-Negativity: x;=>0andx, >0

This formulated linear programming problem can now be solved graphically. To do so, G. F. Hurley sets
up a coordinate plane with x; as the horizontal axis and x; as the vertical axis. Then, he graphs the
constraints, as shown in Figure 2.2.5.
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Figure 2.2.5: Graph of the system of constraints

G. F. Hurley recalls that every point in the shaded region satisfies all three constraints and is thus called
the feasible region. Each ordered pair in the feasible region represents a combination of Fancy and Sporty
boards that SKEMAN, Inc. could produce without violating any of the constraints. There are an infinite
number of points in the feasible region, and the solution to the problem of maximizing profit is the one
point that generates the most profit.

Rather than try to test an infinite number of points in the objective function, the optimal solution can be
found by testing only a few points. This is due to the Corner Point Principle.
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Corner Point Principle
Optimal Solution
If a linear programming problem has a

unique optimal solution, it must occur at 5

o . . Feasible Region
a corner point of the feasible region.

<< >
5 170 \ 15 :

Figure 2.2.6: Example of an optimal solution at a
corner point of the feasible region

The Corner Point Principle allows us to simply evaluate the objective function at each corner point of the
feasible region. Instead of there being an infinite number of possibilities for the optimal solution, there are
only as many possibilities as there are corners of the feasible region.

Therefore, G.F. Hurley tests only the corner points of the feasible region in the objective function, as
shown in Table 2.2.1.

Point Profit

(0, 0) $15(0) + $35(0) = $0
(480, 0) $15(480) + $35(0) = $7,200
(0, 160) $15(0) + $35(160) = $5,600

Table 2.2.1: Corner points and their profits

Based on this information, SK8MAN, Inc. should produce 480 Sporty boards and 0 Fancy boards each
week. This product mix will generate a weekly profit of $7,200.

2.2.2 Adding a New Constraint

G. F. Hurley just found out that the company that supplies the trucks for SKSMAN Inc.’s boards can
provide at most 2,800 trucks per month. To make the problem easier, G. F. Hurley considers a month to
be four weeks, and therefore there are 700 trucks available per week. Since each skateboard needs two
trucks, this new information represents another constraint.

The new complete linear programming formulation is as follows:

Decision Variables
Let: x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
z = the amount of profit SKESMAN, Inc. earns per week

Objective Function
Maximize: z=15x; + 35x;

©2011 North Carolina State University Chapter 2 — Page 14



Version 5/9/2011 Finding Optimal Solutions—Linear Programming (Maximization)

Subject to:
Constraints
Shaping Time: S5x; + 15x, <2400
Trucks: 2x1 + 2x, <700
Non-Negativity: x1=>0andx; >0

Again, G. F. Hurley graphs the constraints, as shown in Figure 2.2.6.

2x, +2x, <700

Sx, +15x, <2400

< P——>x
v 100 200 300 X 400 500 ]

Figure 2.2.6: The feasible region after adding the truck constraint

The new constraint changes the feasible region. The previous optimal solution is no longer included.
To find the new optimal solution, G. F. Hurley evaluates all the new corner points in the objective
function, as seen in Table 2.2.2.

Point Profit

(0, 0) $15(0) + $35(0) = $0
(350, 0) $15(350) + $35(0) = $5,250
(285, 65) $15(285) + $35(65) = $6,550
(0, 160) $15(0) + $35(160) = $5,600

Table 2.2.2: New corner points and their profits

Now G. F. Hurley can easily see that the maximum weekly profit SKEMAN, Inc. can earn is $6,550, and
the company does so by manufacturing 285 Sporty skateboards and 65 Fancy skateboards each week.

2.2.3 Adding a Third Constraint

The U.S. Congress recently enacted legislation regulating the consumption of North American maple by
U.S. manufacturers. As a consequence, SKEMAN, Inc.’s supplier told the company that it can provide no
more than 840 veneers per week. The law leads to a new constraint. Recall that to make a skateboard,
seven veneers are glued together and then placed in a hydraulic press (see Figure 2.2.2). Also recall that
North American maple is used only for Fancy decks (Sporty decks are made from Chinese maple).

G. F. Hurley develops the new complete linear programming formulation:
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Decision Variables
Let: x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
z = the amount of profit SKSMAN, Inc. earns per week

Objective Function

Maximize: z=15x; + 35x;
Subject to:
Constraints
Shaping Time: 5x; + 15x, <2400
Trucks: 2x1 + 2x, <700
North American Maple: Tx, < 840
Non-Negativity: x;=>0andx, >0

Again, G. F. Hurley graphs the constraints, as shown in Figure 2.2.7.

2%, +2x, <700
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Figure 2.2.7: The feasible region after adding the North American maple constraint

When the new constraint is graphed, the feasible region changes, but the previous optimal solution (285
Sporty boards and 65 Fancy boards) is still included. Applying the corner point principle confirms that the
maximum profit is unchanged because the optimal solution without the North American maple constraint
remains in the feasible region after the North American maple constraint is added to the formulation.
Table 2.2.3 shows the corner point calculations with the new constraint added to the formulation.

Point Profit
(0, 0) $15(0) + $35(0) = $0
(350, 0) $15(350) + $35(0) = $5,250
(285, 65) $15(285) + $35(65) = $6,550
(120, 120) $15(120) + $35(120) = $6,000
(0, 120) $15(0) + $35(160) = $5,600

Table 2.2.3: Evaluating the objective function at each corner point of the new feasible region

Therefore, the optimal solution remains at 285 Sport boards and 65 Fancy boards. Since the North
American maple constraint has no effect on the optimal product mix, it is called a non-binding
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constraint. The optimal product mix uses only 65(7) =455 of the 840 available North American maple
veneers (because the Sporty boards do not use North American maple, and the Fancy boards use 7 North
American maple veneers per board). Not all of the available resource is expended in producing the
optimal solution; thus there is a slack of 840 — 455 = 385. The ideas of non-binding constraints and slack
will be explored throughout the chapter.

2.2.4 A Fourth Constraint

Finally, SKEMAN, Inc.’s Chinese maple supplier has decided to limit its exports and will deliver a
maximum of 1,470 veneers per week. Now G. F. Hurley needs to determine the new mix of products that
will maximize weekly profit. As before, this information leads to a new constraint, but the decision
variables, objective function, and previous constraints remain the same. G. F. Hurley develops the new
complete linear programming formulation:

Decision Variables
Let: x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
z = the amount of profit SKESMAN, Inc. earns per week

Objective Function

Maximize: z=15x; + 35x;,
Subject to:

Constraints
Shaping Time: S5x; + 15x, <2400
Trucks: 2x; + 2x, <700
North American Maple: Tx, < 840
Chinese Maple: Tx1 < 1470
Non-Negativity: x;>0andx, >0

Figure 2.2.8 shows the new graph of the constraints.

A

Tx, <1470

< P >
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Figure 2.2.8: The feasible region after adding the Chinese maple constraint
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As the graph in Figure 2.2.8 shows, the feasible region changes again. The previous optimal solution,
(285, 65), is no longer feasible, so each corner point must be tested. Notice that the corner points created
by the boundary of the Chinese maple constraint are new.

Point Profit
(0, 0) $15(0) + $35(0) = $0
(210, 0) $15(210) + $35(0) = $3,150
(210, 90) $15(210) + $35(90) = $6,300
(120, 120) $15(120) + $35(120) = $6,000
(0, 120) $15(0) + $35(160) = $5,600

Table 2.2.3: Evaluating the objective function after the last constraint is added

Now SK8MAN, Inc.’s maximum profit is $6,300 per week. The product mix that achieves that profit is
210 Sporty skateboards and 90 Fancy skateboards. Notice the tendency for maximum profit to decrease as
the number of constraints increases.

2.2.5 Adding a Third Decision Variable

SK8MAN Inc. is introducing a new product—the Pool-Runner skateboard—which is made from Chinese
maple. It is wider and shorter than the Sporty board so that it will be easy to use in a pool. It takes four
minutes to shape a Pool-Runner board, and SK8MAN, Inc. earns $20 for each one sold. G. F. Hurley
needs to determine the new constraints and the optimal product mix. He begins by developing the new
complete linear programming formulation:

Q2. Develop a table to organize the information about Sporty, Fancy, and Pool-Runner boards.

Decision Variables
Let: x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
x3 = the weekly production rate of Pool-Runner boards
z = the amount of profit SKSMAN, Inc. earns per week

Objective Function

Maximize: z=15x; + 35x; + 20x;
Subject to:

Constraints
Shaping Time: S5x1 + 15x; + 4x3 <2400
Trucks: 2x1 + 2x, + 2x3 <700
North American Maple: Tx, < 840
Chinese Maple: Tx; + Tx3; <1470
Non-Negativity: x1>0,x>0,and x; >0

Adding the third decision variable makes solving this problem graphically very difficult. Graphing the
feasible region with three decision variables would require three dimensions. While it is possible to do so,
visualizing such a feasible region is very difficult for most people. There are two other possible ways to
solve linear programming problems involving three or more decision variables. The first way is to apply a
paper-and-pencil technique called the Simplex Method. This method will not be described here. Instead,
the use of a spreadsheet solver will be explored. A spreadsheet solver applies a computer procedure to
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solve linear programming problems. The following directions will walk you through the steps needed to

use the Solver function in Microsoft Excel to s

2.2.6 Using Excel Solver

olve this problem.

The following steps are given in terms of Microsoft Office 2010. For information regarding earlier

versions, see Appendix A.

Step 0: Add in Solver

Open Excel and go to “Data” menu. The Solver option should be at the top right of the menu (see Figure
2.2.9). If it is not available, it needs to be added. To add Solver, go to “Options” under the “File” menu
(see Figure 2.2.10) and click on “Add-Ins” (see Figure 2.2.11). Next, choose the “Solver Add-in” and
click “Go.” Finally, check “Solver Add-in” and click “OK” (See Figure 2.2.12).

F™ |= Bookl - Microsoft Excel o @ 5
Home Insert Page Layout Formulas Data Review View Acrobat (<) 0 = g &
! B B B B} = @ connections | , E U_" & =" = 53 I ‘e"l’j Ce 8T Py solver
A - | =) : HE HE EE
meE G & B tEE cee |=2a BB B B & W W 2
Fram From From From Other Existing Refresh ﬁi Sort Filter Y Textto  Remove Data Consolidate What-If Group Ungroup Subtotal &
Access Web  Text Sources=  Connections | Al = 47 Advanted | calumns Duplicates Validation = Analysis = - -
Get External Data Connections Sort & Filter Data Tools QOutline
Al - 3 &
C D E F G H 1 J K E M N o] P 5

Figure 2.2.9: Location of Solver in Microsoft Excel 2010
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Figure 2.2.11: The Add-Ins menu in Microsoft Excel 2010
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Figure 2.2.12: Choose “Solver Add-in” and click “OK"

Step 1: Set Up Spreadsheet
To set up the spreadsheet, keep in mind the complete linear programming formulation:

Decision Variables
Let:

x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
x; = the weekly production rate of Pool-Runner boards
z = the amount of profit SKESMAN, Inc. earns per week

Objective Function

Maximize: z=15x; +35x; + 20x;3
Subject to:
Constraints
Shaping Time: S5x1 + 15x, + 4x3 <2400
Trucks: 2x1 + 2x, + 2x3 <700
North American Maple: Tx, < 840
Chinese Maple: Tx; + Tx3 <1470

Non-Negativity:

xIZO,xZZO, andx320

Begin by putting a title in column A, such as Chapter, Section, and type of problem (see Figure 2.2.13).
This title will make things easier when coming back to this spreadsheet later.

Next, label cell AS “Decision Variables” and cell A6 “Decision Values.” It is helpful to type in the
description of the decision values as seen in Figure 2.2.13. The decision variables in this problem were
the types of skateboards being produced at SKEMAN Inc. (Sporty, Fancy, and Pool-Runner). The empty
cells for the decision values are treated as zero values. These cells are where Solver will put the values it
computes for the decision variables once Solver is run. Because the values in these cells are continually
changing, Solver calls them “changing cells.”

After the decision variables and values, the objective function will be written. It is helpful to write a short
description of the objective function. In this example, G. F. Hurley wants to maximize profit, so the
objective is to find profit.
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Finally, the constraints are listed. The non-negativity constraints do not need to be written in the
spreadsheet because Solver has an option that makes all decision values non-negative.

A2 - Fe | 2.2 5KBMAN, Inc.

i B C D
Chapter 2: LP Maximization
[2.2 SKEMAN, Inc. |

Profit Maximization Problem

Decision Values [ to make per week]

1
2
3
4
5 Decision Variable Sporty (x1) Fancy (x2) Pool-Runner (x3)
6
7
8 Objective Function [Profit (5)]

9

10 | Constraints

11 Shaping Time (minutes)

12 | Truck Availahility

13 | North American Maple Veneers

14 |Chinese Maple Veneers

Figure 2.2.13: Setting up the problem formulation in an Excel spreadsheet

Step 2: Develop Formula for Objective Function
The objective function and each of the constraints need to be defined mathematically so that Solver will
know what to compute.

First, recall that the objective function is z = 15x; + 35x, + 20x;. That is, 15 is multiplied by the weekly
production rate of Sporty boards, 35 is multiplied by the weekly production rate of Fancy boards, and 20
is multiplied by the weekly production rate of Pool-Runner boards.

Place the coefficients of the objective function in row 8 under the respective decision variable (see Figure
2.2.14).

The coefficients are multiplied by the cells containing the weekly production rate of each board, namely
B6, C6, and D6, and then added together. This formula will be typed in cell ES. See Figure 2.2.14 for the
formula for the objective function.
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= - Jx | =BE*BE+C6¥C3+D6%D3

A B C D E
Chapter 2: LP Maxumnization
2.2 SKEMAN, Inc.
Profit Maximization Problem

Decision Varable Sporty (x1) Fancy (x2) Pool-Runner (x3)
Decision Values [= to make per week]

Objective Function [Profit (31] 15 a5 20 | 0

Wolea [~ o s b R e

[
(=)

Constraints

==
B | =

Shaping Time (minutes)

Truck Awvailability

North American Maple Veneers
Chinese Maple Veneers

==
P |

Figure 2.2.14: The formula for the objective function

2
hed

Compare the formula for the objective function in Excel with the objective function written
algebraically (i.e., z = 15x; + 35x; + 20x3).

Q4. Why did a zero appear in cell ES?

Step 3: Develop Formulas for Left-Hand Side of Constraints

The formulas for the constraints are written in the same way as the formula for the objective function.
First consider the shaping time constraint: S5x; + 15x; + 4x; < 2400. In this step, only consider the left
hand side of the inequality.

Place the coefficients of the shaping time constraint inequality in row 10 under the respective decision
variable (see Figure 2.2.15). Again, the coefficients are multiplied by the cells containing the weekly
production rate of each board, namely B6, C6, and D6, and then added together. This formula will be
typed in cell E10. Note that this expression computes the sum total of the shaping time that is consumed
by a particular set of values of the three decision variables. See Figure 2.2.15 for the formula for the
shaping time constraint.
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Ell - Jx | =BE*BLI+CR*C11+DE*D11
A B C D E
1 Chapter 2: LP Maximization
2 2.2 SEEMNAN, Inc.
3 Profit Maximization Problem
4
5 Decision Variable Sporty (x1) Fancy (x2) Pool-Runner (x3)
6 Decision Vales [ to make per week]
7
8 Objective Function [Profit (5)] 15 35 20 0
9
10 Constraints
11 |Shaping Time (minutes) 5 13 4 l 0
12 Truck Availability

[
(48]

North American Maple Veneers
Chinese Maple Veneers

Figure 2.2.15: The formula for the shaping time constraint

-
i~

The formulas for the remaining constraints will look very similar to the shaping time constraint.
Therefore, rather than type in each formula by hand, the fill handle will be used (see Chapter 1 for a
review of the fill handle). Recall that in order to make some cells unchanging in a formula, dollar signs
($) must be used. Thus, the shaping time constraint should be revised to make the decision values
unchanging. It should look as follows:

=$B$6 * B11 + $C$6 * C11 + $DS6 * D11
To obtain the left-hand side of each of the formulas for the remaining constraints, first type in the

coefficients into the appropriate rows and then drag the fill handle into cells E12 through E14. The
formulas for each of the remaining constraints look as follows:

Trucks: =$B$6 * B12 + $C$6 * C12 + $DS$6 * D12
North American Maple: =$B$6 * B13 + $C$6 * C13 + $DS6 * D13
Chinese Maple: =$B$6 * B14 + $C$6 * C14 + $DS$6 * D14

See Figure 2.2.16 for the remaining constraint formulas.
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E11 - Je | =5B36°B11+5C567C11+5D56%D11
A B C D E
1 Chapter 2: LP Maximization
2 2.2 SKEMAN, Inc.
3 | Profit Maximization Problem
4
5 Decision Variable Sporty (x1) Fancy (x2) Pool-Runner (x3)
6 Decision Values [= to make per week]
7
8 Objective Function [Profit (5] 15 35 20 0
9
10 Constraints
11 |Shaping Time (minutes) 5 15 4 0
12 | Truck Awvailability 2 2 2 0
13 | North American Maple Veneers 0 7 0 0
14 |Chinese Maple Veneers 7 0 7 0

n

Figure 2.2.16: The spreadsheet with formulas for all four constraints added

Step 4: Type in Values for Right-Hand Side of Constraints

Next, the right-hand side of each constraint, which is the amount of each resource that is available, needs
to be added. In addition, labels for the inequality sign should be added for convenience. This will help
when setting up Solver.

For example, recall that the inequality for the shaping time constraint is: 5x; + 15x; + 4x3 < 2400. In the
previous step, 5x; + 15x, + 4x; (the left-hand side) was written in cell E11. This expression is less than or
equal to 2400 because there are 2400 minutes available for shaping. Therefore, the symbol for “less than
or equal to” should be placed in cell F11 (for ease, type “<=" rather than “<”), and the value 2400 (the
right-hand side) should be placed in cell G11.

Thus, the following should be added to cells F11 through F14 and cells G11 through G14 of the

spreadsheet.
F11: <= Gl11: 2400
F12: <= G12: 700
F13: <= G13: 840
Fl14: <= G14: 1470

The spreadsheet should now look like the one in Figure 2.2.17. Notice that the amount of each resource
that is consumed for a particular set of values of the decision variables will be displayed in column E, and
those amounts must be less than or equal to the amount of each resource available that appears in column
G.
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Gl14 - I | 1470
A B C D E F €]

1 |Chapter 2: LP Maximization

2 |22 SKEMAN, Inc.

3 | Profit Maximization Problem

4

5 |Decision Variable Sporty (x1) Fancy (x2) Pool-Runner (%3}

6 Decision Values [ to make per week]

7

8 |Objective Function [Profit (3)] 15 35 20 0

9

10 Constraints

11 | Shaping Time (mimites) 5 15 4 0 <= 2400

12 | Truck Awvailability 2 2 2 0 = 700

13 | North American Maple Veneers 0 7 0 0 <= 340
E Chinese Maple Veneers 7 0 7 0 <= 1470

Figure 2.2.17: The spreadsheet with the SK8MAN, Inc. problem completely formulated

Step 5: Open Solver

Before the problem can be solved, parameters need to be set up in the Solver program. These parameters
include all of the parts of the problem formulation: the decision variables, the objective function, and the
constraints. Solver needs to be told where in the spreadsheet each of these parameters is located.

First, click on the cell containing the objective function (cell ES).

Second, go to the Data menu and choose Solver (see Figure 2.2.9). A Solver Parameters window should
come up with the target cell being $E$8 (see Figure 2.2.18). Notice that the target cell is the cell in which
the objective function is defined. The dollar signs merely indicate that specific cell. When the Solver
Parameters window is opened, if cell ES, containing the value of the objective function, is not already
selected, select it now.

. A R . ) . R
Solver Parameters 1'
Set Objective: |$E$8 =5
Ta: £ Max  Min  Yalue OF: 0

B Changing variable Cells:

; Subject to the Constrainks:

=] add

t Change |
Delete |

Reset Al |
=l Load|Save |
4 [V Make Unconstrained Yatiables Mon-MNegative

[ ) |
Select a Solving Method: GRG Monlinear j Options

Solving Method

Seleck the GRG Monlinear engine For Solver Problems that are smooth nonlinear. Select the LP Simplex
engine For linear Solver Problems, and select the Evolutionary engine For Solver problems that are
nion-smookh,

Help | Salve I Close
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Figure 2.2.18: Beginning the Solver Parameters setup

Step 6: Choose Type of Linear Programing Problem
Recall that the objective for this problem is for SKESMAN, Inc. to maximize profit. Therefore, in the
Solver Parameters window, make sure the “Max” circle is filled in.

Step 7: Choose Decision Variable Cells

Next, look at the “By Changing Variable Cells” title. Solver needs to be told that the decision variable
cells are B6, C6, and D6. To do so, type in B6, C6, and D6 or use the shortcut B6:D6. Solver will add
dollar signs in the cell names, and you can leave them as they are.

Step 8: Setting Up Constraints
Click inside the box labeled “Subject to the Constraints.” The constraints will be added, one at a time.
Click “Add.” As shown in Figure 2.2.19, another window will appear titled “Add Constraint.”

The value of the formula in cell E11 should be less than or equal to the value in cell G11 (because the
amount of shaping time used needs to be less than or equal to 2400 minutes). To do this, type E11 into
“Cell Reference” and G11 into “Constraint.” The inequality symbol can be changed by using the drop-
down menu. In this case it should be left as is (<=). Click “Add” and then continue to the next constraint.

- fe | =B6*BE+CH*CB+D6DB
A B C D E F G
1 |Chapter 2: LP Maximization
2 2.2 SKEMAN, Inc.
3 | Profit Maximization Problem
4
5 |Decision Variable Sporty (x1) Fancy (x2) Pool-Runner (x3)
6 Decision Values [# to make per week]
7
8 |Objective Function [Profit (3)] 15 35 20 I 0 _I

[}

10 Constraints

11 | Shaping Time (mimites) 5 15 4 0 == 2400
12 | Truck Availability 2 2 2 0 <= 700
13 | North American Maple Veneers 0 7 0 0 <= 340
14 | Chinese Maple Veneers 7 0 7 0 <= 1470
15 x

16

17 Cell Reference: Constraint:

2 || Hl- = g

20 oK I add | Cancel |

21
Figure 2.2.19: The “Add Constraint” window

For the Truck availability constraint, E12 should be less than or equal to G12, so type E12 into “Cell
Reference” and G12 into “Constraint” and then click “Add.” Continue in the fashion for the North
American Maple Veneers constraint and the Chinese Maple Veneers constraint. After completing the
Chinese Maple Veneers constraint, click “OK.” When finished, the constraints should be listed in the
“Subject to the Constraints” box in the Solver Parameters window (see Figure 2.2.20).
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Solver Parameters il
Set Objective: I!EE @
T 5 Ma i  yalue ofF: o

By Changing Yariable Cells:
|$B$6:$D$6 =

Subject ko the Constraints:

$E$11 <= $a$11 -

i1z <= batiz B &dd
$EHL3 <= $GH13

$E$14 <= $G$14 Change |
1
Delete |

Reset all

|
ﬂ Load/Save |
I

¥ Make Unconstrained Yariables Mon-Hegative

Select a Solving Method: GRG Monlinear j Options

Salving Methad

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear, Select the LP Simplex
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth,

Help | Solve I Close |

Figure 2.2.20: Continuing to set problem parameters in Solver

Step 9: Verify Non-Negativity Constraint

Notice that the non-negative constraints were not included because Solver has a shortcut for doing so.
Under the “Subjects to the Constraints” box, make sure “Make Unconstrained Variables Non-Negative” is
checked.

Step 10: Select Solving Method
To solve this linear programming problem, Solver must use the Simplex method. Therefore, in the “Select
a Solving Method” drop-down menu, select “Simplex LP.”

Step 11: Set Up Options Menu

Click on the “Options” button in the Solver Parameters window. In the “All Methods” tab, check the box
that says “Use Automatic Scaling.” Also check the box that says “Ignore Integer Constraints.” Make sure
the “Constraint Precision” is at most 0.000000001 (8 zeros after the decimal point). Note: if you find that
your solution is not precise enough, you may need to make the constraint precision smaller. Finally, set
the “Solving Limits.” Set “Max Time (Seconds)” to 100 and “Iterations” to 100. Then click “OK.” Figure
2.2.21 shows the appropriate settings for this linear programming problem.
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options 2| x|

All Methods IGRG Monlinear | Evolutionary |

Caonstraint Precision: 0.000000001

Use sdutormatic scaling
O show Iteration Results
— Solving with Integer Constraints

lznare Integer Constraints

Integer Optimality (36): 1

— Solving Limits
Max Time [Seconds): 100
Iterations: 100
Evolutionary and Integer Constraints:
Iax Subproblems:

Max Feasible Solutions:

ok I Cancel

Figure 2.2.21: Adding the Solver Options

Step 12: Solve and Print Appropriate Reports
Finally, click “Solve.” The Solver Results window appears, and the results can be seen in the spreadsheet,
as shown in Figure 2.2.22.
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E3 - JFe | =B6*B8+C6*C8+D6*DE
A B C D E F G
1 | Chapter 2: LP Maximization
2 |2.2 SKEMAN, Inc.
3 |Profit Maximization Problem
a
5 Decision Variable Sporty (x1) Fancy (x2) Pool-Runner (x3)
6 Decision Values [# to make per week] 0 104 210
7
EIObjecti\'e Function [Profit (5)] 15 35 20 I 7840 _I
9
11 | Shaping Time (mitmtes) 2400 <= 2400
12 | Truck Availabilitv solver found a solution. &ll Constraints and optimality 628 o= 700
- R - . conditions are satisfied. Reports
13 | North American Maple Vi F— 728 <= 340
14 | Chinese Maple Veneers @ Keep Sobver Solution Sensitivity 1470 <= 1470
15 Lirnits
16 O Restore Original values
17
18 O return to Solver Parameters Dialog O outline Reports
19
20 Cancel Save Scenario... |
21
22 Solver found a solution. All Constraints and optimality conditions are
23 satisfied.
24 Wher? the GRG en.gine is us.ed, Solver.has found at least a local optirmal
solution. When Simplex LP is used, this means Solver has found a global
25 optimal solution.
26

Figure 2.2.22: Solver has solved the three-decision-variable SKEMAN, Inc. problem

The Solver Results window shows various options to choose. For now, click “OK.” Some of these options
will be explored later.

Notice that x; has a final value of 0, x, has a final value of 104, and x; has a final value of 210. Thus, the
optimal product mix calls for producing 0 Sporty skateboards, 104 Fancy skateboards, and 210 Pool-
Runner skateboards per week. With this product mix, SKEMAN, Inc. will make a weekly profit of 15(0)
+35(104) +20(210) = $7840.

Furthermore, notice that the workers at SKEMAN, Inc. will spend 5(0) + 15(104) + 4(210) = 2400
minutes shaping the three skateboards. Since there were only 2400 minutes available for shaping and they
use all this time, this constraint is binding.

Q5. What other constraint is binding? How do you know?

Qo. What constraints are non-binding? How do you know?

Recall that the slack of each constraint can be found by subtracting the resources used from the available
resources. For example, since 2400 minutes were available for shaping and 2400 minutes were used, the
slack for the shaping time constraint is 2400 — 2400 = 0. Therefore, there is no time left over for shaping

skateboards.

Q7. Calculate the slack for each of the remaining constraints. Interpret each value in terms of the
context of the problem.

Q8. What is the relationship between slack and whether a constraint is binding?
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To review, the steps for solving a maximization linear programming problem using Excel Solver are
given in Table 2.2.4.

Step

Description

0

Add in Solver (skip this step once Solver has been added).

Set up the spreadsheet using the linear programming formulation.

Develop the formula for the objective function.

Develop the formulas for left-hand side of the constraints.

Type in the values for the right-hand side of the constraints.

Click on objective formula cell and choose Solver from the Data menu.

Verify that that “Max” circle is filled in.

Fill in the decision variable cells into the “By Changing Variable Cells” section.

Add constraints into the “Subject to the Constraints” section.

O |0 (A [N || |W|N|—

Verify that “Make Unconstrained Variables Non-Negative” is checked.

—_
S

Choose “Simplex LP” from the “Select a Solving Method” drop-down menu.

[
—_

Choose all appropriate options in the “All Methods” tab of the “Options” menu (see
Figure 2.2.21).

12

Click “Solve.” Interpret and analyze the results. Examine the Answer and Sensitivity
Reports when desired.

Table 2.2.4: Steps for solving a maximization linear programming problem using Excel Solver

Qo. Based on these results, how many of each type of skateboard should SKEMAN, Inc. produce
each week?

Q10. Under what conditions may G. F. Hurley decide to make a different product mix?

Q1l1. Summarize the main ideas of linear programming.

©2011 North Carolina State University Chapter 2 — Page 30




Version 5/9/2011 Finding Optimal Solutions—Linear Programming (Maximization)

Section 2.3: The Pallas Sport Shoe Company

The Pallas Sport Shoe Company manufactures six different lines of sport shoes: High Rise, Max-Riser,
Stuff It, Zoom, Sprint, and Rocket. Table 2.3.1 displays the amount of profit generated by each pair of
shoes for each of these six lines. The production manager of the company would like to determine the
daily production rates for each line of shoes that will maximize profit.

Product | High Rise | Max-Riser | Stuff It Zoom Sprint Rocket
Profit $18 $23 $22 $20 $18 $19
Table 2.3.1: Profit per pair for six lines of sport shoes

There are six main steps in the production of a pair of sport shoes at Pallas. Some of these steps can be
seen in Figure 2.3.1.

1. Stamping: The parts that go together to form the upper portion of the shoe are cut using
patterns on a large stamping machine. This process resembles cutting dough with a cookie
cutter.

2. Upper Finishing: These parts are stitched or cemented together to form an upper, and holes
for the laces are punched.

3. Insole Stitching: An insole is stitched to the sides of the upper.

4. Molding: The completed upper is then placed on a plastic mold, called a last, to form the
final shape of the shoe.

5. Sole-to-Upper Joining: After the upper has been molded, it is cemented to the bottom sole
using heat and pressure.

6. Inspecting: Finally, the shoe is inspected, and any excess cement is removed.
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Figure 2.3.1: The steps in manufacturing a sport shoe

The time it takes to complete each of these steps differs across the six lines, and the total time available
for each process constrains the daily production rates. Table 2.3.2 shows the time, in minutes, required for
each of the six production steps for each of the six lines of sport shoe produced by Pallas as well as the
total number of minutes available per day for each step.

High Rise | Max-Riser | StuffIt | Zoom | Sprint | Rocket ?i?ﬂillﬁlee
Stamping 1.25 2 1.5 1.75 1 1.25 420
Upper Finishing 3.5 3.75 5 3 4 4.25 1,260
Insole Stitching 2 3.25 2.75 2.25 3 2.5 840
Molding 5.5 6 7 6.5 8 5 2,100
Sole-to-Upper Joining 7.5 7.25 6 7 6.75 6.5 2,100
Inspecting 2 3 2 3 2 3 840

Table 2.3.2: Time, in minutes, per production step for each line of shoes and total time available

Ql. Based on the information in Tables 2.3.1 and 2.3.2, predict what the optimal solution will be for
this problem. Explain your reasoning.

2.3.1 Problem Formulation

The linear programming formulation of the Pallas Sport Shoe Company problem appears below.

Decision Variables
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Let:

Objective Function

x1 = the daily production rate of High Rise

X, = the daily production rate of Max-Riser

x3 = the daily production rate of Stuff It

x4 = the daily production rate of Zoom

x5 = the daily production rate of Sprint

x¢ = the daily production rate of Rocket

z = the amount of profit Pallas Sport Shoe Company earns per day

Maximize: z=18x; +23x; +22x3 + 20x4 + 18x5 + 19x4
Subject to:

Constraints
Stamping Time: 1.25x) + 2xy + 1.5x3 + 1.75x4 + x5 + 1.25x6 < 420
Upper Finishing Time: 3.5x; + 3.75x5 + 5x3 + 3x4 + 4xs + 4.25x6 < 1,260
Insole Stitching Time: 2x1 +3.25x, + 2.75x3 + 2.25x4 + 3x5 + 2.5x < 840
Molding Time: 5.5x1 + 6xy + Tx3 + 6.5x4 + 8x5 + 5x6 < 2,100
Sole-to-Upper Joining Time:  7.5x; + 7.25x, + 6x3 + Tx4 + 6.75x5 + 6.5x5 < 2,100
Inspecting Time: 2x1 + 3x5 + 2x3 + 3x4 + 2x5 + 3x6 < 840
Non-Negativity: xX120,%>0,x3>0,x,>0,x5>0, x>0

Figure 2.3.2 contains this formulation in an Excel spreadsheet format for use with Solver.

R S

> w (oo [~ en

11
12
13
14
15
16

A B C D E F (€] H J
Chapter 2: LP Maximization
2.3 Pallas Sport Show Company
Profit Maximization
High Rise DMax-Riser  Stuff It Zoom Sprint Rocket
Decision Variahle () (x4) (x3) (¢4 (xs) (xg)
Decision Values [# to make per dav)
Total Profit
Objective Function [Profit (5)] 13 23 22 20 18 19 $0.00
Constraints Used Available
Stamping (minutes) 1.25 2 1.5 1.75 1 1.25 0 = 420
Upper Finishing (minutes) 3.5 3.75 5 3 < 4.25 0 = 1260
Insole Stitching (minutes) 2 325 2.75 2.25 3 25 0 = 840
Molding (minutes) 55 G 7 6.5 g 5 0 = 2100
Sole-to-Upper Joming (mimites) 7.3 7.25 6 7 6.75 6.5 0 = 2100
Inspecting (mimites) 2 3 2 3 2 3 0 = 340

Figure 2.3.2: An Excel spreadsheet formulation of the Pallas Shoe problem

2.3.2 Problem Solution

After solving this linear programming problem in Excel, an Answer Report can be generated, as shown in
Figure 2.3.3. Figure 2.3.4 shows this Answer Report.
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Solver Results

x|

conditions are satisfied.

Solver found a solution. all Constraints and optimality

Reports

() Keep Solver Salution

(O Restore Original Values

Sensitivity
Limits

O Return to Solver Parameters Dialog

O cutline Reparts

o] Zancel

Save Scenario...

satisfied.

optitnal solution.

Solver found a solution. All Constraints and optimality conditions are

When the GRG engine is used, Solver has found at least a local optirmal
solution. When Simplex LP is used, this means Solver has found a global

Figure 2.3.3: Generating an Answer Report in Excel Solver

Objective Cell (Max]

Cell MName

Original Value Final Value

5158 Objective Function [Profit (S]] Total Profit

$0.00 $6,132.57

Variable Cells

Cell MName Original Value Final Value Integer
SB36  Decision Values [#to make per day] High Rise (x1) 0 0 Contin
SC56  Decision Values [#to make per day] Max-Riser [x2) 0 4.282944345 Contin
sDs6  Decision Values [# to make per day] Stuff It {x3) 0 45.12172352 Contin
SESGE  Decision Values [#to make per day] Zoom [x4] 0 72.32746858 Contin
SE56  Decision Values [#to make per day] Sprint (x5) 0 104.9019749 Contin
5556 Decision Values [# to make per day] Rocket {x6) 0 B9.82118492 Contin

Constraints

Cell MName Cell Value Formula Status Slack
SHS11 Stamping (minutes) Used 420 5H511<=51511 Binding 0
SH512 Upper Finishing (minutes) Used 1260 $HS12<=3]512 Binding 0
SH513 Insole Stitching (minutes) Used 840 SH513<=5)513 Binding 0
SH314 Molding {minutes) Used 2100 5HS14<=5J514 Binding 0
SHS15 Sole-to-Upper Joining {minutes) Used 2100 5HS15<=5J515 Binding 0

SHSL6 Inspecting {minutes) Used

799.3421903 5H516<=5]516

Mot Binding  40.65780369

Figure 2.3.4: Answer Report for Pallas Sport Shoe Company

Notice that the Answer Report is split into three sections: (1) Objective Cell (Max), (2) Variable Cells,

and (3) Constraints.

Q2. Use the “Objective Cell (Max)” section of the Answer Report in Figure 2.3.4 to complete the

following.
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Q3.

Q4.

Qs.

a. Why is “$J$8” listed under “Cell?”

b. Why do you think “Objective Function [Profit ($)] Total Profit” is listed under “Name?”

C. Why do you think the “Original Value” is 0?

d. What is the “Final Value” referring to?

Use the “Variable Cells” section of the Answer Report in Figure 2.3.4 to complete the following.

a. What are the “Original Value” and “Final Value” columns referring to?

b. Interpret the information given in the “Final Value” column in terms of the problem
context.

c. How do you think the production manager should handle the decimal values that appear

in the “Final Value” column?

Use the “Constraints” section of the Answer Report in Figure 2.3.4 to complete the following.

a. Interpret the information given in the “Cell Value” column in terms of the problem
context.

b. The first five constraints are binding and the sixth one is not. What does this mean in
terms of the problem context?

C. How are the values in the “Slack” column calculated?

d. If you were only given the slack value for a constraint, how could you determine

whether that constraint is binding?

Which of the six sport shoe lines should be produced, and at what daily rates, in order to
maximize profit? (Approximate to two decimal places.)

Suppose Pallas Sport Shoe Company considers adding another five minutes of cutting time each day.
Therefore, the cutting time constraint is changed from 420 to 425. The Answer Report for this new
scenario is shown in Figure 2.3.5.
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IO

13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
a3
34
a5
36

= D E F G
Objective Cell (Max)
Cell MName Original Value Final Value
Sl58  Objective Function [Profit {$)] Total Profit 6132.57307 ©160.473968

Variable Cells

Cell MName Original Value Final Value Integer
SBS6  Decision Values [#to make per day] High Rise (x1) 0 0 Contin
SCS6  Decision Values [# to make per day] Max-Riser (x2) 4.282944345  6.700179533 Contin
SDS6  Decision Values [# to make per day] Stuff 1t (x3) 45,12172352  48.89766607 Contin
SESE  Decision Values [#to make per day] Zoom (x4) 72.32746858  74.35655296 Contin
SF56  Decision Values [#to make per day] Sprint {x5) 104.9019745  100.4452424 Contin
SG56  Decision Values [# to make per day] Rocket (x6) 89.82118492 85.86714342 Contin

Constraints

Cell

Name

Cell value

Formula Status Slack

SHS11 Cutting Time (minutes) Used

425 $H511==51511 Binding

SH512 Upper Finishing Time (minutes) Used

1260 SH512<=5J512 Binding

SHS%13 Insole Stitching Time {minutes) Used

840 $HS13<=3J513 Binding

SHS14 Molding Time (minutes) Used

2100 $H514<=51514 Binding

SHS15 Sole-to-Upper Joining Time {minutes) Used

2100 SH515<=51515 Binding

oo o OO

SHS16 Inspecting Time {minutes) Used

800.0574506 SHS16<=5]516 Mot Binding 39.94254937

ﬂlﬂ?igure 2.3.5: Answer Report for Pallas Sport Shoe Company with 425-minute Cutting Time constraint

Q6.
Q7.

How does the Answer Report in Figure 2.3.5 differ from the one in Figure 2.3.4?

Is the first constraint still binding? Do you think Pallas Sport Shoe Company should add this
extra five minutes of cutting time each day? Explain your reasoning.

Next, suppose Pallas Sport Shoe Company considers subtracting (rather than adding) five minutes of
cutting time each day. Therefore, the cutting time constraint is changed from 420 to 415. The Answer
Report for this new scenario is shown in Figure 2.3.6.
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S

13
14
15
16
17
18
15
20
21
22
23
24
25
26
27
28
23
a0
31
32
a3
34
a5
36

C D E F G
Objective Cell (Max)
Cell Mame Original Value Final Value
5158 Objective Function [Profit (S]] Total Profit 6132.57307 6104.672172

Variable Cells

Cell MName Original Value Final Value Integer
SBSG  Decision Values [#to make per day] High Rise (x1) 0 0 Contin
SCS6  Decision Values [# to make per day] Max-Riser (x2) 4.282944345  1.865709156 Contin
SDS6  Decision Values [# to make per day] Stuff 1t (x3) 45.12172352  41.34578097 Contin
SESE  Decision Values [#to make per day] Zoom (x4) 72.32746858 70.0983842 Contin
SF56  Decision Values [#to make per day] Sprint (x5) 104.9019745  109.35837074 Contin
5G%6  Decision Values [#to make per day] Rocket (x6) 89.82118492 93.77522442 Contin
Constraints
Cell MName Cell Value Formula Status Slack

SHS11 Cutting Time (minutes) Used

415 $H511==51511 Binding

SH512 Upper Finishing Time (minutes) Used

1260 SH512<=5J512 Binding

SHS%13 Insole Stitching Time {minutes) Used

840 $HS13<=3J513 Binding

SH514 Molding Time {minutes) Used

2100 $HS$14<=3J514 Binding

SHS15 Sole-to-Upper Joining Time {minutes) Used

2100 SH515<=5J515 Binding

oo O OO

SHS16 Inspecting Time [minutes) Used

798.62693 SHS16<=5J516 Mot Binding 41.37307002

Figure 2.3.6: Answer Report for Pallas Sport Shoe Company with 415-minute Cutting Time constraint

Q8.
Q.

How does the Answer Report in Figure 2.3.6 differ from the one in Figure 2.3.4?

Is the first constraint still binding? Do you think Pallas Sport Shoe Company should subtract this

five minutes of cutting time each day? Explain your reasoning.

Now, suppose Pallas Sport Shoe Company considers adding another 130 minutes of cutting time each
day. Therefore, the cutting time constraint is changed from 420 to 550. The Answer Report for this new
scenario is shown in Figure 2.3.7.
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Al s c D E F G
13
14 Objective Cell (Max)
15 cell Mame Original Value Final Value
16 5)58  Objective Function [Profit ($)] Total Profit 6132.57307 6781.570681
17
18
19 Variable Cells
20 Cell MName Original Value Final Value Integer
21 SB56 Decision Values [#1o make per day] High Rise (x1) 0 0 Contin
22 5C56  Decision Values [#1o make per day] Max-Riser (x2) 4,282944345  61.57068063 Contin
23 SD56 Decision Values [#1to make per day] Stuff It (x3) 45,12172352  131.9371728 Contin
24 SES6  Decision Values [#1o make per day] Zoom (x4] 72.32746838 123.1413613 Contin
25 SFS6  Decision Values [#1to make per day] Sprint (x5) 1049015749 0 Contin
26 5G56 Decision Values [#1to make per day] Rocket (x6) 89.832118492 0 Contin
27
28
29 |Constraints
30 cell Mame Cell value Formula Status Slack
31| 5H511 Cutting Time {minutes) Used 536.5445026 SH511<=5J511 Mot Binding 13.45549738
32| 5H512 Upper Finishing Time (minutes) Used 1260 SH512<=5J512 Binding 0
33| 5H513 Insole Stitching Time (minutes) Used 840 SHS13<=5J513 Binding 0
34| 5H514 Molding Time (minutes) Used 2093.403141 SH514<=5)514 Mot Binding 6.596358639
35| 5H515 Sole-to-Upper Joining Time {minutes) Used 2100 SH515<=5J515 Binding 0
36 | 5H516 Inspecting Time (minutes) Used 818.0104712 SH516<=5J516 MotBinding 21.9395288

Eigure 2.3.7: Answer Report for Pallas Sport Shoe Company with 550-minute Cutting Time constraint
Q10. How does the Answer Report in Figure 2.3.7 differ from the one in Figure 2.3.4?

Ql11. Do you think Pallas Sport Shoe Company should add this extra 130 minutes of cutting time each
day? Explain your reasoning.

Recall that the decision variable x; is not in the optimal solution. A logical question to ask is whether
increasing the profitability of x; could allow it to enter the optimal solution and, if so, how much of an
increase would be necessary. Return again to the spreadsheet in Figure 2.3.2, reset the cutting time
constraint to its original value of 420 minutes, and change the value of the objective function coefficient
of x; from 18 to 19. The Answer Report for this new scenario is shown in Figure 2.3.8.

QI12. In terms of the problem, what does this change represent?

©2011 North Carolina State University Chapter 2 — Page 38



Version 5/9/2011

Finding Optimal Solutions—Linear Programming (Maximization)

al s c D E F G
13
14 | Objective Cell {(Max)
15 Cell Mame Original Value Final Value
16 %J%8 Objective Function [Profit ($)] Total Profit §132.57307 6216.898396
17
18
19 Wariable Cells
20 Cell MName Original Value Final Value Integer
21| $BS6 Decision Values [#1to make per day] High Rise (x1} 0 170.8851872 Contin
22 SCS6  Decision Values [#to make per day] Max-Riser (x2) 4.282944345  B.983957219 Contin
23 SD56  Decision Values [# to make per day] Stuff It (x3) 45,12172352  125.7754011 Contin
24 SESE  Decision Values [# to make per day] Zoom (x4) 72.32746858 0 Contin
25 SF56  Decision Values [#to make per day] Sprint (x5) 104.3019743 0 Contin
26 5G%6  Decision Values [#to make per day] Rocket (x6) 89.82118492 0 Contin
27
28
29 |Constraints
30 Cell MName Cell Value Formula Status Slack
31 SHS11 Cutting Time (minutes) Used 420 SHS11<=5J511 Binding 0
32| SHS12 Upper Finishing Time (minutes) Used 1260 SH512<=5J512 Binding 0

33| SHS13 Insole Stitching Time (minutes) Used

716.4705882 SHS13<=5]513 NotBinding 123.5294118

34 SHS14 Molding Time (minutes) Used

1873.15508 SH514<=5)514 NotBinding 226.8449198

35 SHS515 Sole-to-Upper Joining Time (minutes) Used

2100 SH515<=5J515 Binding 0

36 SHS16 Inspecting Time (minutes) Used

£19.8930481 SHS16<=5J516 Mot Binding 220.1063519

Figure 2.3.8: Answer Report for Pallas Sport Shoe Company with $19 High Rise shoe profit

Q13. How does the Answer Report in Figure 2.3.8 differ from the one in Figure 2.3.4?

Q14. Why may Pallas Sport Shoe Company not want this new optimal solution?

QI15.  Explain, in your own words, the usefulness of Answer Reports.
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Section 2.4: Chapter 2 (LP Maximization) Homework Questions

1. Refer back to Question 17 in Section 2.1: Computer Flips, a Junior Achievement Company to
explore what happens if the lines of constant profit are rotated. Recall that these lines are
determined by the objective function.

a.) Consider the graph in Figure 2.4.1. What changes in the objective function would result
in such a rotation?

xz*
I

40

>
1 10 20~ 30 4N K

Figure 2.4.1: Feasible region with rotated lines of constant profit

b.) Now, consider what would happen if the slope of the rotated lines of constant profit
matched the slope of one of the constraints (see Figure 2.4.2). How many points of
intersection between the rotated lines of constant profit and the feasible region would
there be in that case?

c.) How would this effect the optimal solution?
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Figure 2.4.2: Feasible region where slope of rotated lines of constant profit matches slope of constraint
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2. Suppose SKEMAN, Inc. wants to increase its product variety with different colors and
decorations. SK8MAN, Inc. decides to produce three more products in addition to Sporty, Fancy,
and Pool-Runner skateboards. The new products will be named Pool-Beauty, Recluse, and Ringer
skateboards. Each Pool-Beauty skateboard will earn $22 profit, is manufactured using North
American maple, and requires 10 minutes of shaping time. Each Recluse skateboard will earn $17
profit, is made of Chinese maple, and requires 7 minutes of shaping time. Each Ringer skateboard
will earn $19 profit, is made of Chinese maple, and uses 4 minutes of shaping time. Since
SK8MAN only purchases trucks from a single supplier, the three new products are also subject to
the truck availability constraint.

Since the SKSMAN, Inc. products will differ from one another in color and decoration, they have
added a worker to do screen-printing. The time required for screen-printing each deck as well as
the available time for doing so must be taken into account. The information for this problem
appears in Table 2.4.1.

Recall that SK8MAN, Inc. is open for 8 hours a day, 5 days a week, for a total of 2400 minutes

per week. However, SKESMAN is now providing all of its workers with two 15-minute breaks

each day, so the total time available for both the screen-printing and shaping operations must be
2400 minutes — 2(15 minutes)(5 days) = 2250 minutes.

Pool- Pool- .
Sporty Fancy Runner Beauty Recluse Ringer
Profit $15 $35 $20 $22 $17 $19
Type of Maple Chinese Allig:itilan Chinese Aggfitilan Chinese Chinese
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Number of 7 7 7 7 7 7

Veneers

Shaping Time 5 minutes | 15 minutes | 4 minutes | 10 minutes | 7 minutes 4 minutes

ici:;le:n-Prmtmg 7 minutes | 10 minutes | 8 minutes | 10 minutes | 5 minutes 6 minutes
Table 2.4.1: Information for each skateboard

a.) Identify the six decision variables for this problem.

b.) Develop the complete linear programming formulation.

Since this problem has six decision variables, a graphical solution cannot be visualized.

Therefore, Solver must be employed to find a solution. Use Excel Solver to find the optimal

product mix for SKSMAN, Inc.

c.) What is the optimal product mix?

d.) What is the profit for this product mix?

e.) Compare this profit with the profit found in the three-variable problem in Section 2.2.
What characteristics of this six-decision-variable problem do you think caused a lower
profit?

f.) Open up the Answer Report. Identify the constraints the constraints that are binding and
those that are non-binding. Interpret the meaning of these binding and non-binding
constraints in terms of the problem context.

g.) Find the slack for each constraint. Interpret the meaning of the slack in terms of the
problem context.

3. Figure 2.4.3 shows a sensitivity report for the SKEMAN, Inc. problem with four constraints. The

sensitivity report helps to determine how “sensitive” the optimal solution is to changes in data
values. This includes analyzing changes in the objective function’s coefficients and the right-hand
side (RHS) values of the constraints.

a.)

b.)

Recall that x; represents the production rate of Sporty skateboards. If the profit on each
Sporty skateboard increased from $15 to $22.50, would that be a large enough increase to
add Sporty boards to the optimal product mix?

If the RHS of the shaping time constraint is changed to 2500, what effect would that have
on the optimal solution? Explain.

If the RHS of the Chinese Maple constraint were changed to 1100, what would be the
effect on the optimal solution? Explain.
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1 Microsoft Excel 14.0 Sensitivity Report

Al B

€ D E F G H

2 'Worksheet: [2010_10-26_SK8MAN.xIsx]Sheetl
3 Report Created: 11/2/2010 7:31:04 PM

4
3
&
7
&
9

10
11
12
13
14
15
16
17
18
19
20

Variable Cells
Final  Reduced Objective Allowable  Allowable
Cell Name Value Cost Coefficient  Increase Decrease
SB56  Decision Values [# to make per week] Sporty (x1) 0 -7.333333333 15 7.333333333 1E+30
SCS6  Decision Values [#to make per week] Fancy (x2) 104 0 35 40 35
SDs6  Decision Values [#to make per week] Pool-Runner (x3) 210 0 20 1E+30 7.333333333
Constraints
Final Shadow Constraint  Allowable  Allowable
Cell Name Value Price R.H. Side Increase Decrease
SE511 Shaping Time (minutes) 2400  2,333333333 2400 240 1560
SES12 Truck Availability 528 0 700 1E+30 72
SESL3 North American Maple Veneers 728 0 840 1E+30 112
SE514 Chinese Maple Veneers 1470 1.523809524 1470 343.6363636 420
Figure 2.4.3: Sensitivity report for the SKEMAN, Inc. problem
4. At the end of Section 2.1, you were asked to formulate the Computer Flips problem after the

addition of two new products. Your formulation should have used four decision variables and
should have included eight constraints, including four non-negativity constraints. In an Excel
spreadsheet, set up this formulation, and use solver to obtain a solution. Then create an Answer
Report and a Sensitivity Report.

a.)
b.)

c.)

d)

£)

g)

What is the optimal solution?
What does this optimal product mix imply about the planned addition of new products?

What research do you think the Sales Department should conduct before implementing
the optimal product mix?

Market research indicates that Computer Flips could increase the price of a Megaplex
computer so as to increase the profit on each by $50 without affecting the number that
could be sold per week. Would doing so affect the optimal solution?

Assuming that a price increase would not affect the number that could be sold each
week, by how much could Computer Flips increase the profit on a Simplex computer
without affecting the optimal solution?

Suppose that production costs decreased the profit on a Simplex computer by $30.
Would that decrease affect the optimal solution?

New market research indicates that the combined number of Simplex and Multiplex
computers sold per week cannot exceed 15, and the combined number of Optiplex and
Megaplex computers sold per week cannot exceed 12. What is the effect on the optimal
solution?
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John Farmer (Questions 5-8)

5.

John Farmer is studying operations research in school. He is curious about applying what he
learns in class to actual problems. John’s father owns a farm in Missouri and has 640 acres under
cultivation. John would like to help his father find the mix of corn and soybeans to plant that
would maximize his father’s profit. Table 2.4.2 contains some data that John collected about corn
and soybean production in Missouri.

Corn Soybeans
Price/Bushel $2.90-3.50 | $7.85-8.85
Yield/Acre 155.8 bu. 41.4 bu.
Seed Cost/Acre $45.50 $34.00
Fertilizer cost/acre $88.10 $37.80
Fuel Cost/Acre $24.40 $10.00
Worker Cost/Acre $13.00 $9.50

Table 2.4.2: 2007-08 USDA corn and soybean estimates for Missouri.

a.) In order to formulate the problem, John must know the price per bushel at which corn and
soybeans can be sold. However, the USDA data contains a range of values for both of
these crops. What value do you think John should use for each? Why?

b.) What is the largest gross revenue before considering expenses that Mr. Farmer can make?
What crop mix produces this gross revenue?

c.) What is the largest net revenue after expenses that Mr. Farmer can make. What crop mix
produces this net revenue?

d.) Suppose Mr. Farmer has budgeted only $60,000 to cover all of the expenses of his crop
production. What is the largest net revenue he can earn under this constraint?

Corn and soybeans are used in the production of biofuels. Biofuel consumption is important for
the environment, because greenhouse gas emissions are reduced 12% by ethanol combustion and
41% by biodiesel combustion. The total corn and soybean production in the United States can
meet only 12% of the demand for gasoline and 6% of the demand for diesel fuel. In order to
encourage corn production, the USDA pays a subsidy to increase the price per bushel to $3.50.
However, to get the subsidy, the farmer must produce at least 40,000 bushels of corn.

a.) Assuming that the price per bushel that Mr. Farmer can sell his corn for without the
subsidy is $2.90, should Mr. Farmer accept the constraint of producing at least 40,000
bushels of corn in order to earn the subsidy?

b.) If accepting the subsidy is more profitable, what is the new net revenue? If accepting the
subsidy is not more profitable, what would the subsidy have to be per bushel in order to
make accepting it more profitable?

After doing some research, John learned that soybean followed by corn a year after, increases
corn yield by 7.5% and saves 25% of the soybean residue nitrogen, which will reduce the
fertilizer use in corn production by $2.50 per acre. The reduction in fertilizer use will also reduce
its harmful effect to the environment. In the news, he heard that nitrate leaching causes surface
and ground water to degrade. This will harm the living things that use water for drinking or
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swimming. For all of these reasons, John wants to convince his father, who planted 200 acres of
land with soybean last year, to begin to rotate corn and soybeans. Should John’s father begin to
rotate his corn and soybean crops?

8. John gathered some data related to wheat production (Table 2.4.3). Is it profitable to produce
some wheat under the constraints in question 5?
Corn Soybean Wheat

Price/bushel $2.90-3.50 $7.85-8.85 $3.75-4.15
Yield/acre 155.8 bushels 41.4 bushels 60 bushels

Seed cost/acre $45.50 $34 $24

Fertilizer cost/acre $88.10 $37.80 $69.25

Fuel cost/acre $24.40 $10 $40

Worker cost/acre $13 $9.50 $9

Table 2.4.3: 2007-2008 Corn, soybean, and wheat estimates for Missouri

Elegant Fragrances (Questions 9-14)

9. Elegant Fragrances, Ltd. decides to produce two new perfumes, L ’Arbre d’Amour and Evening
Rose. The factory management asked the industrial engineering department to develop a
mathematical model for maximizing the profit obtained from producing these products. There are
also some limitations in resources, budget and the capacity of the factory that should be
considered in the model. At the beginning, the industrial engineering team studied the problem
and gathered information from which a model can be developed. The team collected the
following information:

e Each perfume is made of two main components. A fragrant perfume oil and a solvent such as
a combination of ethanol and water, which is necessary to reduce the allergic reactions of
skin to the perfume oil.

o A fragrant oil for L ’Arbre d’Amour is obtained from Mango Pulp, Tea Leaves, and Juniper
Berry, and a fragrant oil for Evening Rose is obtained from Mango Pulp, Tea Leaves, and
White Rose.

o There are two main processes in the production of these perfumes: Extraction and blending.
In the extraction stage, physical and chemical processes change the raw materials and the
perfume oil is extracted. In the blending stage, the perfume oil is blended with the solvent.
However, Elegant Fragrances does not work directly with the fragrance raw materials, but
instead purchases fragrance essences from suppliers and only blends them.

e The annual budget for producing the two new perfumes is limited to $1,000,000.

e The capacity of blending regardless of the perfume type is 50,000 pounds per year.

The other information needed for formulating this problem is summarized in Tables 2.4.4 and 2.4.5:
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L’Arbre d’Amou | Evening Rose
Income (per pound) $408.1 $209.9
Mango 3 5
o)
@ =
= & Tea Leaves 5 7
3 =
= o
= 8 | Juniper Berry |7 0
s %n White Rose 0 8
o =3
&0
£ -
£ = Ethanol and
5]
= .:i Water 85 80
A 7]
Process Costs .
(Per Pound) Blending $12 $12

Table 2.4.4: Some information about the perfumes

Availability Cost

(pounds per year) ($ per pounds)
Mango 3500 14.4
Tea Leaves 2920 10.8
Juniper Berry | 1530 384
White Rose 2000 56
wyhanotand | 40000 7

Table 2.4.5: Ingredient information
a. Define the decision variables as the amount of annual production of each perfume and
help the industrial engineering team formulate this problem for maximizing the profit

within the given constraints.

b. Use Solver to obtain the optimal solution to the Elegant Fragrances problem.
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10. The management at Elegant Fragrances decides to produce two more new perfumes, Evergreen
and Embrasser du Soir. The production capacity remains the same, but $500,000 more will be
allocated for production. The income and costs, as well as the key ingredients and their
proportions for the new perfumes are given in Table 2.4.6 below. If the availability of resources is
unchanged, what production rates for each of the four new perfumes should the industrial
engineering team recommend in order to maximize profit?

Everereen Embrasser du
& Soir
Income (per pound) $479.4 $218.8
Mango 8 7
o)
2 5
= & Tea Leaves 7 5
3 =
= =)
= g Juniper Berry |9 0
s %n White Rose 0 10
@ =
gp
g -
= = Ethanol and
5]
2 E Water 76 8
N =
A [75)
Process Costs .
(Per Pound) Blending $12 $12
Table 2.4.6: New Perfumes Information
11. Fleur de Lis, a company that plants and trades lily flowers, decides to develop a linear

programming model in order to maximize its annual profit. There are two types of lilies the
company plans to produce: Asiatic and Stargazer. The company purchases lily bulbs from
Holland and, after planting and harvesting, sells the flowers. The purchasing cost, the
approximate production cost, and the selling price for each lily type are given in Table 2.4.7.

. Purchasing Production . .
Lily Type Cost Cost Selling Price
Asiatic $1.59/bulb $1/bulb $2.74/stem
Stargazer $2.33/bulb $1.5/bulb $3.06/stem

Table 2.4.7: Information about two types of lily

©2011 North Carolina State University

Chapter 2 — Page 47




Version 5/9/2011 Finding Optimal Solutions—Linear Programming (Maximization)

If the annual budget is $1 million and annual capacity is enough to grow lilies from 350,000
bulbs, what is the optimal production plan if the lilies are sold in stems, and each bulb yields two
stems?

12. Fleur de Lis realizes that their model is not realistic because lilies are typically not sold in stems,
but in bunches or pots. Accordingly, it must change the model. The total budget is increased to
$1.5 million and the annual capacity is allocated to the production of cut lilies from 350,000 bulbs
and potted lilies from 50,000 bulbs.

One bulb is inserted in a pot to produce a potted Asiatic or Stargazer lily. Asiatic and Stargazer
lily cuts are sold in bunches; there are 10 stems in a bunch of an Asiatic lily and 7 stems in a
bunch of Stargazer lily. The cost of pots used for Asiatic and Stargazer lilies are $2 and $1,
respectively. Use this information and the information in Table 2.4.8 to reformulate the problem.
What is the optimal product mix?

Selling Price for each Lily Type
Category Type

Asiatic Stargazer
Potted Lilies $8.48/pot $9.15/pot
Cut Lily Bunches $21.66/bunch $19.89/bunch

Table 2.4.8: Selling prices of Potted Lilies and Cut Lilies

13. Fleur de Lis’s production is further constrained when it learns that the company can obtain no
more than 100,000 Stargazer bulbs a year from Holland. Add this constraint to the constraints of
question 11. What, if any, is the effect on the optimal solution?

14. There is a customer group that begins to buy potted Asiatic lilies in quantity, since They are
cheaper than potted Stargazer lilies and have more blooms in one pot. Fleur de Lis’s sales records
show that demand for potted Asiatic lilies is now more than 40,000 a year. What effect does this
have on the problem formulation? What effect, if any, does is have on the optimal solution?

15. Suppose that SKESMAN, Inc., wants to increase its product variety with different colors and
decorations. SKSMAN decides to produce three more products in addition to Sporty, Fancy, and
Pool-Runner. The new products will be named Pool-Beauty, Recluse, and Ringer. Each Pool-
Beauty will earn $22 profit, is manufactured using North American maple, and requires 10
minutes of shaping time. Each Recluse will earn $17 profit, is made of Chinese maple, and
requires 7 minutes of shaping time. Each Ringer will earn $19 profit, is made of Chinese maple,
and uses 4 minutes of shaping time. Since SKSMAN only purchases trucks from a single
supplier, the three new products are subject to the same truck availability constraint.

Since the SKSMAN products will differ from one another in color and decoration, they have
added a worker to do screen-printing, and they must take into account the time required for
screen-printing each deck as well as the available time for doing so. The screen-printing times
appear in Table 2.4.9, and we know that SK8MAN is open for 8 hours a day, 5 days a week.
However, SKEMAN is now providing all of its workers with two 15-minute breaks each day, so
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the total time available for both the screen-printing and shaping operations must be adjusted

accordingly.
Product Sporty | Fancy | Pool-Runner | Pool-Beauty Recluse | Ringer
Time (min.) 7 10 8 10 5 6

Table 2.4.9: Screen-printing time for each skateboard

a.) Formulate this larger SKEMAN problem.

b.) Use a spreadsheet solver to find the optimal solution.
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Chapter 2 Summary

What have we learned?

Linear programming is a process of taking a real world situation, modeling it with inequalities, and
finding the best or optimal solution.

e Modeling the situation

o We start by finding the decision variables — what things can you choose? Typically this is
how much to make of a particular product or how much to invest in a particular option.
We assign a variable for each of these choices.

o Next we write an objective function that captures the goal of the problem. — What will
determine when you have found the optimal solution? This is the equation that we want
to maximize.

o Finally we define the constraints - those things that limit our choices. These are typically
the amount of money, time, people, or resources available.

e Once we have defined our problem, we use a spreadsheet program such as Microsoft Excel to
find the optimal solution. After entering the inequalities we set up the solver parameters and run
solver. This gives us an answer and sensitivity report.

o The answer report will show:
o The objective function’s final value
o The value for each of the decision variables
o The amount of each constraint that is used

e Last we perform sensitivity analysis to determine the effect of different changes.
o  What if the situation changes? Will the optimal solution change and if so by how much?
o How much would the situation have to change before we would need to re-run solver?
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Terms
Adjustable Cells

Allowable Decrease

Allowable Increase

Answer Report

Binding Constraint

Constraint

Decision Variable
Feasible Solution

Final Value

Line of Constant Profit

Linear Programming

Mathematical
Programming

Non-Binding
Constraint

Objective Function

A column in the Sensitivity Report that shows the
increase/decrease of an objective function coefficient without
changing the final values and only applies to one objective function
coefficient at a time (all other coefficients must remain constant)

A column in the Sensitivity Report that tells how much you can
decrease the objective coefficient without changing the final
values; this decrease will cause the optimal total profit to decrease
by an unknown amount

A column in the Sensitivity Report that tells how much you can
increase the objective coefficient without changing the final values;
this increase will cause the optimal total profit to increase by an
unknown amount

A report that details the optimal solution, lists whether constraints
are binding or non-binding, and gives the slack for each constraint

A constraint that is satisfied as a strict equality in the optimal
solution; all of the available constraint is used

A condition that must be satisfied, represented by equations or
inequalities

A quantity that the decision-maker controls

A solution that satisfies all the constraints

A column in the Answer and Sensitivity Reports that refers to the
number in the decision variable cells after you use Solver (i.e., the
decision variable and objective function values for the optimal

solution)

A line representing the objective function, where every point on the
line generates the same profit

A mathematical technique for finding the optimal value of a linear
objective function subject to linear constraints when the decision
variables can take on fractional values.

A mathematical approach to allocating limited resources among
options in an optimal manner (includes linear programming, integer

programming, and binary programming)

A constraint for which all available resources are not used

The function that is to be optimized
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Optimal Solution

Original Value

Product Mix
Production Rate

Reduced Cost

Sensitivity Report

Shadow Price

Slack

The feasible solution with the best value for the objective function

A column in the Answer Report that refers to the number in the
decision variable cells before you use Solver

The composition of all goods and/or services being produced
The number of products made in a given period of time

A column in the Sensitivity Report that shows how much an
objective function’s coefficient would have to change in order to
change the optimal mix; in other words, reduced cost is the per-unit
amount that the product contributes to profits, minus the shadow
price (note: if reduced cost is negative, then the product is not
profitable to make)

A report that shows how changes to the situation will affect the
optimal solution

A column in the Sensitivity Report that gives the amount the
objective function would change if there is a one unit change in the

right-hand side of a constraint

The amount of a resource that is not used in the optimal solution
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Chapter 2 (LP Maximization) Objectives

You should be able to:

o Identify the decision variables

e Define the objective function by finding the goal to be solved for the situation

e Identify the constraints and write inequalities to model them.

e Enter each of these into Microsoft Excel

e Use solver to find the Optimal Solution and generate Answer and Sensitivity Reports
e Analyze the Answer Report

e Analyze the Sensitivity Report
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Troubleshooting

What can go wrong?

Troubleshooting is a valuable skill when using Excel and Solver. Quite often a problem is developed and
solved and the answer will not make sense. As you work through this book try to remember the mistakes
you make so you can avoid them in the future.

e  One thing that students may do when working through the problems with the text is to look
ahead. They realize that the answers to the questions are on the next page and will copy them
onto their spreadsheet. This can lead to problems running solver. When setting up the constraints,
the right side must be a value — how much of the resource is available. The left side must be a
formula that multiplies the decision variables by the amount used for each one. This formula does
not appear on the screen, only the value appears. Typing values printed in the book rather than the
formula will cause a problem.

e Another common mistake is to forget to change the direction of the inequality in solver. The
default in solver is a less than or equal (<=) constraint. For example, if you have up to 40 hours to
produce something, you use the <= constraint. Some situations require something to be at least a
certain value. For example if you make tables and chairs you have to make at least 4 chairs for
each table. This requires you to use the greater than or equal (>=) constraint.

e When a model changes, don’t forget to make the changes in solver. Recall that when we develop
a spreadsheet, we start by entering our decision variables, then write our objective function, and
finally a row for each constraint. We then start solver and enter the decision variables, objective
function and constraints. If you revise a problem, either by adding new decision variables or
adding new constraints, you follow the same process. First change the decision variables and/or
constraints in excel but then you must make the same changes in solver. Otherwise the computer
will not recognize that the situation has changed.

©2011 North Carolina State University Chapter 2 — Page 54



Version 5/9/2011 Finding Optimal Solutions—Linear Programming (Maximization)

Chapter 2 Study Guide

1.

10.

11.

12.

13.

14.

What are decision variables? Where do they come from in the word problem?

What is the objective function? Where does it come from in the word problem?

What are constraints? Where do they come from in the word problem?

What information have we used from the Answer Reports?

Write a definition for each in your own words.
a. Binding constraint-

b. Non-binding constraint-

What is the “Final Value” on an Answer Report?

What is slack? What does the cell value tell us?

What information have we used from the Sensitivity Reports?

For the decision variables, what do the allowable increase and decrease tell us about the variables?

What does the reduced cost tell us?

Complete each statement describing what happens to the objective function:
a. Ifthe shadow price for a constraint is 0, then

b. Ifthe shadow price for a constraint is 100, then

How does “Constraint R. H. Side” relate to the word problem?

What information is listed in the final value column?

Which report would you use to find the final value of the objective function?
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15. In 5 or more COMPLETE, GRAMMATICALLY CORRECT sentences compare and contrast the
answer report and sensitivity report. Tell how they can be used to analyze problems. Use at least one
example of how we have used them with the problems done in class.
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Appendix A: Using Excel Solver in Microsoft Office 2003 and 2007

The majority of the steps for using Excel Solver are the same in all versions of Microsoft Office.
However, there a few differences.

Microsoft Office 2003

To add in Solver in Microsoft Office 2003, go to Add-Ins under the Tools menu and click on it. The Add-
Ins window will appear. Then, check the Solver Add-In box and then click OK.

Next, set up the spreadsheet in the same way as detailed in Steps 1-4 of Section 2.2.6.

Once the spreadsheet is properly set up, click on the cell containing the objective function and choose
Solver from the Tools menu. A Solver Parameters window will open, as shown in Figure 2.A.1.

_IZ_|] Fle Edit Wew Insert Format  Tools Data  Window  Help Type a question for help =
Gid @G mo) oo le = ol o B A B LB SR8 o il O
G7 - A =B5"B7 +C5*C7+D5"07

A B | ¢ | b | E | F | G | H
1 |SK8MAN, INC.
2 |Maximization Problem
3
4 |Decision Variable x1 X2 x3
5 |Decision Variable Values
6
7 |Objective Function 15 35 20 0
8 |Shaping time constraint 5 15 4 0 <= 2400
9 |Truck availability constraint 2 2 2 0 <= 700
10 |North American maple constraint 0 7 0 0 <= 840
11 |Chinese maple constraint 7 0 7 0 <= 1470
12 Solver Parameters g|
13 Set Target Cell: il
14 Equal To: ax in alue of: |0
1 5 ;y Changing Cgll)s:\_‘lI Qe oot
16
1 ? Subject to the Constraints:
18
19
g? Cwb )

Figure 2.A.1: Solver Parameters window in Microsoft Office 2003

Verify that the “Max” circle is filled in. Then fill in the “By Changing Cells” and “Subject to the
Constraints” windows as described in Steps 7-8 in Section 2.2.6

To include the non-negativity constraint, choose Options and check the box that says “Assume Non-
Negative.” Also, check the box that says “Assume Linear Model.” See Figure 2.A.2 for an illustration of
this.
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1 |SK8MAN, INC.
2 |Maximization Problem
3
4 |Decision Variable X1 X2 X3
5 |Decision Variable Values 0 0 0
6
7 |Objective Function 15 35 20 | 0 |
8 |Shaping time constraint 5 15 4 0 <= 2400
9 |Truck availability constraint 2 2 2 0 < 700
10 |North American maple constraint 0 7 0 0 < 840
11 |Chinese maple constraint 7 0 7 0 <= 1470
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12 Max Time: seconds
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1 6 Precision:
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Figure 2.A.2: Solver Options window in Microsoft 2003

Finally, click “Solve” and choose the desired reports, as shown in Figure 2.A.3.

@_] File Edit ‘Wiew Insert Format  Tools Data  Window  Help

Type a question forhelp = 2 8

RRER" BENEE R NN SR SR N - E o B s o =E|=5E]8 % E| 5O A
G7 - A& =B5"B7+C5 C7+D5 D7
A B | ¢ | b | E | F | 6 | H

1 |SK8MAN, INC.

2 |Maximization Problem

3

4 |Decision Variable x1 X2 x3

5 |Decision Variable Values 0 104 210

6

7 |Objective Function 15 35 20 | 7840 |

8 |Shaping time constraint 5 15 4 2400 <= 2400

9 |Truck availahility constraint 2 2 2 628 <= 700

10 |North American maple constraint 0 7 0 728 <= 840

11 |Chinese maple constraint 7 0 7 1470 <= 1470

Solver found a solution. All constraints and optimality
conditions are satisfied,

() Restore Original Yalues

Reports

Answer
Sensitivity
Limits

[ OF. Caneel

) [

J

] [ Save Scenatio..,

Help

Figure 2.A.3: Solver results window
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Microsoft Office 2007

To add in Solver in Microsoft Office 2007, click the Microsoft Office Button and choose “Excel
Options.” Click “Add-Ins.” Under the “Manage” box, select “Excel Add-ins” and click “Go.” Check the
“Solver Add-in” box and click “OK.”

Once Solver has been added, the Solver command is in the Analysis group on the Data tab, as shown in
Figure 2.2.9.

All other steps for using Excel Solver in Microsoft Office 2007 are the same as for Microsoft Office
2003, given above.
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Section 3.0: Introduction

In addition to solving problems, operations researchers are often interested in learning how sensitive their
solutions are to changes in the parameters of the problem. Consider the Computer Flips problem in the
previous chapter. How sensitive is the solution to changes in the amount of profit that is made on each
type of computer? What would be the effect of increasing the amount of available installation time or
testing time? Questions such as these are part of what is called sensitivity analysis.
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Section 3.1: Computer Flips, a Junior Achievement Company

Recall from Chapter 2 that Computer Flips is a Junior Achievement Company that begins producing two
computer models: Simplex and Omniplex. The pertinent data from the Computer Flips problem appear
in Table 3.1.1.

Simplex | Omniplex
Profit per Computer $200 $300

Installation Time per Computer | 60 min. 120 min.

Table 3.1.1: Computer Flips information for two computer types

In addition, Computer Flips has 2,400 min of installation time available per week (five students, each
working eight hours per week). They are also under two market restrictions. They estimate that they
cannot sell more than 20 Simplex computers or 16 Omniplex computers per week. Gates Williams, the
production manager for Computer Flips, wants to find the production rate per week for each type of
computer that will maximize total profit.

3.1.1 Problem Formulation

Gates Williams writes the complete linear programming formulation for this problem. He begins with
the definition of the decision variables, then he writes the objective function, and finally he lists the
constraints.

Decision Variables
Let: x1 = the weekly production rate of Simplex computers
x, = the weekly production rate of Omniplex computers
z = the amount of profit Computer Flips earns per week

Objective Function

Maximize: z=200x; + 300x,
Subject to:
Constraints
Installation Time: 60x; + 120x, <2400
Simplex Market: x1<20
Omniplex Market: x <16
Non-Negativity: x;=>0and x, >0

Ql. Using Excel Solver, find the optimal solution to the Computer Flips problem.
a. How many Simplex and Omniplex computers should be produced per week?
b. How much profit will Computer Flips earn per week?

3.1.2 Solver Answer Report

To begin to analyze this solution, Gates Williams has Solver generate the Answer and Sensitivity
Reports, as shown in Figure 3.1.1. He starts by looking at the Answer Report. He notices that the optimal
solution and the value of the objective function are listed on this report.
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Solver Results

Solver found a solution. All Constraints and optimality
conditions are satisfied. Reports

X

() Keep Solver Solution

Lirmnits

) Restore Original Yalues
[ Return to Solver Parameters Dialog O outline Reports
Dk Zancel Save Scenario...

Reports

Creates the type of report that vou specify, and places each report on a
separate sheetin the woarkbook

Figure 3.1.1: Choosing Answer and Sensitivity Reports

Q2. How could you determine the optimal solution and objective function value by looking only at
the Answer Report?

Next, Gates Williams looks at the Constraints portion of the Answer Report. He notices constraints are
either listed as Binding or Not Binding. He also notices that there is a column for Slack.

Q3. In the context of this problem, what does the information given in the Cell Value column mean?
Q4. Connect your response to the previous question to the amount of constraints available.

a. Based on this information, what do you think Binding means?

b. Based on this information, what do you think Slack means?

c. If you were only given the slack value for a constraint, how could you determine

whether that constraint is binding?

Gates Williams is considering asking each student to work an additional hour each week. This would
increase the available installation time by: (5 students)(1 hour)(60 minutes) = 300. Therefore, the new
total installation time available would be 2,700 minutes.
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Important!

Chapter 2: LP Maximization

2.1 Computer Flips Problem (2 variables)
Profit Maximization

Before re-solving a problem using

Excel Solver, delete the decision Decision Variable Simplex (+)) _Ommiplex (x)
. . Decision Values [# to make per week] _
variable values currently in the Total Profit
Cells. The algorithm Excel uses Objective Function [Profit ($)] 200 300 S0
relies on the values in these cells. Constraints Used Available
o o Maximum amount of Installation Time (minutes) 60 120 0 < 2,400
To get consistent solutions, be sure ™" Niaketabiliy | ) . S g
to delete these values. But be 0 1 0 < 16

careful not to delete your formulas!

Qs. In your Excel worksheet, change the right hand side of the installation time constraint to 2700
minutes. Solve the problem again and open the Answer Report.

a. What changes to do you observe?
b. Do you think it is worth it for Gates Williams to ask the students to work this extra time
each week?

Gates Williams decides that he will not ask students to work this extra hour each week. Instead, he
wonders if an increase in the Omniplex marketability will increase the weekly profit.

Qo. In your Excel worksheet, change the right hand side of the installation time constraint back to
2400 minutes. Then, increase the Omniplex marketability constraint to 17. Solve the problem
again and open the Answer Report.

a. What changes to do you observe from the original problem?
b. What happens if the Omniplex marketability constraint is 20 computers? 50 computers?
C. Do you think Gates Williams should try to increase the marketability of the Omniplex

computer? Why or why not?

3.1.3 Solver Sensitivity Report

Now, Gates Williams opens the Sensitivity Report. He notices that the report is split into two sections:
Variable Cells and Constraints. (Note: in older versions of Microsoft Office, Variable Cells are referred
to as Adjustable Cells.)

In general, Variable Cells tell Gates Williams how the objective function coefficients may change.
More specifically, Variable Cells show the increase or decrease of an objective function coefficient
without changing the optimal solution. These changes only apply to one objective function coefficient at
a time (all other coefficients must remain constant).

Next, the Constraint cells tell Gates Williams how the objective function value changes. Specifically,
Constraint cells give the objective function value based upon an increase or decrease of the right hand
side (RHS) of a constraint. These changes only apply to one RHS constraint at a time (all other RHS
constraints must remain the same).

Gates Williams feels that he only has control over how profitable each computer is. That is, he cannot
change any of the constraints, but he could consider increasing the price of a computer. Therefore, he
decides to only explore the Variable Cells in the Sensitivity Report.

©2011 North Carolina State University Chapter 3 — Page 4



Version 5/9/2011 Analyzing Optimal Solutions—Sensitivity Analysis

Variable Cells

The information in the Variable Cells section of the Sensitivity Report tells how sensitive the optimal
solution is to changes in the objective function coefficients of the decision variables. Solver considers
changes made to one coefficient at a time. In particular, Allowable Increase refers to how much the
objective coefficient can be increased without changing the final values. Similarly, Allowable Decrease
tells how much the objective coefficient can be decreased without changing the final values.

For now, Gates Williams only concerns himself with the Allowable Increase column of the Variable
Cells section. He considers the coefficient of x,, which is the amount of profit generated by the sale of
one Omniplex computer. Currently, that profit is $300 per computer. He sees that the Allowable Increase
for the coefficient of x, is $100.

Gates Williams is curious about the effect of increasing the profit per Omniplex computer. He considers
increasing the profit by a value below the Allowable Increase, above the Allowable Increase, and exactly
at the Allowable Increase. Thus, he explores the effect of increasing the profit by $50 (below the
Allowable Increase), $200 (above the Allowable Increase), and $100 (exactly the Allowable Increase).
The corresponding new objective function coefficients of x, are $350, $500, and $400, respectively.
These changes affect only the objective function in the formulation of the problem. All of the constraints
remain the same.

Q7. Write the new objective functions for each of these three changes.

First, Gates Williams considers increasing the profit of Omniplex computers so that the profitability is
now $350. However, he notices that this increase in profitability, $50, is less than the Allowable
Increase.

Q8. In your Excel worksheet, change the objective function coefficient for Omniplex computers to
$350. Solve the problem again.
a. What changes to do you observe from the original problem?
b. Do you think Gates Williams should try to increase the profitability of the Omniplex
computer by $50? Why or why not?

Next, Gates Williams looks at the effect of increasing the profitability of Omniplex by more than the
Allowable Increase. He increases the profitability by $200.

Qo. In your Excel worksheet, change the objective function coefficient for Omniplex computers to
$500. Solve the problem again.
a. What changes to do you observe from the original problem?
b. Do you think Gates Williams should try to increase the profitability of the Omniplex
computer by $200? Why or why not?

At this point, Gates Williams has looked at increasing the profitability of Omniplex by $50, which is less
than the Allowable Increase, and by $200, which is more than the Allowable Increase. He wonders what
would happen if the profitability of Omniplex increases by exactly $100, which is the Allowable
Increase.

Q10. Inyour Excel worksheet, change the objective function coefficient for Omniplex computers to
$400. Solve the problem again.
a. What changes to do you observe from the original problem?
b. Did your classmates obtain the same optimal solution as you?
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C. Do you think Gates Williams should try to increase the profitability of the Omniplex
computer by $100? Why or why not?

In order to gain a better understanding of the three examples explored above, Gates Williams considers
the geometry of the situation.

QI11. Draw a graph of the feasible region for the original problem, including the original line of
constant profit (z = 200x; + 300x,) passing through the optimal corner point (refer to Section

2.1).
Q12. Draw another graph of the feasible region for the original problem.
a. Draw the line of constant profit when the profitability of the Omniplex computer has
increased by $50 to $350. Which corner point maximizes profit in this situation?
b. Draw the line of constant profit when the profitability of the Omniplex computer has
increased by $200 to $500. Which corner point maximizes profit in this situation?
C. Draw the line of constant profit when the profitability of the Omniplex computer has

increased by $100 to $400. Which corner point maximizes profit in this situation? How
is this situation different from the previous two?

Q13. Consider the case where the profit margin on Omniplex is increased to $400.

a. What is the profit if 8 Simplex and 16 Omniplex computers are produced?

b. What is the profit if 20 Simplex and 10 Omniplex computers are produced?

C. Are there are other feasible points that produce this profit? If so, where are they? If not,
why not?

Q14. Based on what you saw in this section, describe what you think would happen if you considered
the Allowable Decrease instead.

a. How do you think the final values would change if Gates Williams decreased the
profitability of Omniplex computers by $200?

b. How do you think the final values would change if Gates Williams decreased the
profitability of Omniplex computers by $400?

c. How do you think the final values would change if Gates Williams decreased the
profitability of Omniplex computers by $300?

d. Put these changes into Excel to see if your predictions were correct.

Finally, Gates Williams notices that the Sensitivity Report shows an Allowable Increase of 1E+30 in the
coefficient of x; in the objective function. The number 1E+30 is Solver’s way of conveying the
expression 1 - 10°°. This very large number is the best Solver can do to indicate an infinite Allowable
Increase.

To understand why the Allowable Increase is infinite, Gates Williams first needs to think about what the
coefficient of x; in the objective function represents. It is the profit margin on Simplex computers. Solver
is showing that no matter how much the profitability of Simplex computers increases, it will not change
the optimal solution. In other words, increasing the profit margin on Simplex computers is not going to
change the optimal number to make. This makes sense because the optimal solution shows that to
maximize profits, 20 Simplex (and 10 Omniplex) computers should be made. Twenty is the most that can
be made and still satisfy the market limit on weekly sales of Simplex computers. Increasing the profit
margin of Simplex computers will not change the fact that no more than 20 per week can be sold, and
they’re already making 20 each week.
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In this section, we have explored the effects on the optimal solution of increasing or decreasing the
profitability of one of the computer models. In reality, the situation is much more complicated. For
example, if Computer Flips increased the price of an Omniplex computer by $100-$200 to make it more
profitable, doing so might affect the Omniplex market constraint. The increased price might lower the
market constraint. So, in practice, a company would try to explore all of the ramifications of making
changes in the important parameters of the problem.
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Section 3.2: SKSMAN, Inc.

Recall from Chapter 2 that SKSMAN, Inc. manufactures skateboards. G.F. Hurley, the production
manager at SKEMAN, Inc., needed to determine the production rate for each type of skateboard in order
to make the most profit. Table 3.2.1 contains the relevant data from Chapter 2.

Sporty | Fancy | Pool Runner | Amount Available
Profit per skateboard $15 $35 $20
Shaping time required 5 15 4 2,400 minutes
Truck availability 2 2 2 700 trucks
North American maple veneers required 0 7 0 840 veneers
Chinese maple veneers required 7 0 7 1,470 veneers

Table 3.2.1: SK8BMAN, Inc. data

3.2.1 Problem Formulation
In Chapter 2, the following problem formulation was developed:

Decision Variables
Let: x1 = the weekly production rate of Sporty boards
x, = the weekly production rate of Fancy boards
x; = the weekly production rate of Pool Runners boards
z = the amount of profit SK8MAN earns per week

Objective Function

Maximize: z=15x; +35x, + 20x;3
Subject to:

Constraints
Shaping Time: S5x1 + 15x, + 4x3,< 2,400
Trucks: 2x1 + 2x, + 2x3 <700
North American Maple: Tx, < 840
Chinese Maple: Tx1+ 7x3 < 1,470
Non-Negativity: x1>0,x>0,and x3 >0

3.2.2 Solver Answer Report

A spreadsheet formulation of the problem and an Answer Report showing the optimal solution appear in
Figures 3.2.1 and 3.2.2.
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A B C D E F G

1 Chapter 3: Sensitivity Analvsis

2 3.2 SKSMAN, Inc. (3 variables)

3 |Profit Maximization Problem

4

Pool-Runner

5 |Decision Vanable Sporty (x;} Fancy (x,) (x3)

6 Decision Values [ to make per week] 0 104 210

7 Total Profit
EObjecth'e Function [Profit (5] 15 33 20 I 57,840.00 .I

9

10 Constraints

11 Shaping Time (minutes) 3 13 ! 2400 = 2400
12 Truck Awvailability 2 2 2 628 = 700
13 North American Maple Veneers 0 7 0 728 = 840
14 |Chinese Maple Veneers 7 0 7 1470 = 1470
Figure 3.2.1: Formulation for the 3-decision variable SKSMAN problem
Objective Cell {Max)
Cell Mame Original Value Final Value
5G38 Objective Function [Profit {3)] Total Profit 50.00 57,840.00
Variable Cells
Cell Mame Original Value Final Value Integer
SB56  Decision Values [# to make per week] Sporty (x1) 0 0 Contin
SC56  Decision Values [#to make per week] Fancy (x2) 0 104 Contin
sD56 Decision Values [# to make per week] Pool-Runner (x3) 0 210 Contin
Constraints
Cell Mame Cell vValue Formula Status Slack
SESLL Shaping Time (minutes) 2400 SE511<=5G511 Binding 0
SES12 Truck Availability 628 5E512<=5G512 Mot Binding 72
SESL3 Morth American Maple Veneers 728 SES13<=5G513 Mot Binding 112
SES14 Chinese Maple Veneers 1470 5E514<=5G514 Binding 0

Figure 3.2.2: Answer Report for the 3-variable SKESMAN problem

As seen in Figure 3.2.1, the optimal solution is x; = 0, x, = 104, and x; = 210; that is, G.F. Hurley should
produce no Sporty boards, 104 Fancy boards, and 210 Pool-Runner boards per week. From this product
mix, SKSMAN will make a total profit of $7,840 each week. This information also appears in the Answer
Report shown in Figure 3.2.2, along with some information about the constraints.

Examining the Answer Report, the first section refers to the Objective Cell (Max), and the variable name
is “Objective Function [Profit ($)] Total Profit.” The target cell in the spreadsheet, G8, stores the value of
the objective function. Solver finds the maximum profit (because “Max’ was selected during the Solver
Parameters set-up) that meets all of the constraints. The maximum total profit Solver reports under the
column Final Value is $7,840.00. The Original Value of $0.00 simply refers to the amount that was in the
cell before Solver was run.
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The second section is labeled Variable Cells and refers to the decision variables, x;, x,, and x3. These are
adjusted as Solver searches for the optimal solution. The Final Values of 0, 104, and 210, respectively,
are the optimal solution. That is, the optimal solution is x; = 0, x, = 104, and x; = 210.

The third section of the Answer Report is labeled Constraints. The four constraints are all less than or
equal to (<) constraints. The left hand side value of each constraint represents the total amount used by
the production plan. These totals are stored in cells E11, E12, E13, and E14 and are reported in the
column labeled “Cell Value.” The right hand side values for each of the three constraints are stored in
column G in cells G11, G12, G13, and G14.

G.F. Hurley notices that of the four constraints, two of them are binding and two are not binding. But, he
wonders what this means.

He notices that for the two binding constraints, there is a 0 in the column labeled Slack. He looks back to
the Solver solution in Figure 3.2.1 and notices that for each of the two binding constraints, the left hand
side of the constraint is equal to the right hand side.

For example, the workers at SKSMAN will use 5(0) + 15(104) + 4(210) = 2400 minutes for shaping (cell
E11). They have 2400 minutes available for shaping (cell G11). In addition, they will use 7(0) + 7(210) =
1470 Chinese maple veneers (cell E14). They have 1470 Chinese maple veneers available (cell G14).

In other words, there is no slack because every bit of each of those resources is being used up by the
optimal solution.

However, for the non-binding constraints in the Answer Report, the Slack values are not zero. They are
listed as 72 and 112. Again returning to the Solver solution in Figure 3.1.1, G.F. Hurley notices that the
left hand side of the truck availability constraint is 628, and the right hand side is 700. This time the two
sides of the constraint are not equal because the optimal solution does not use up all available trucks.
There is a Slack of 700 — 628 = 72. That means that SKEMAN could use 72 more trucks. They will not
do that, though, because in order to use these extra trucks, they would have to make more skateboards,
which is impossible due to the shaping time and the Chinese maple veneers constraints.

Similarly, G.F. Hurley notices that the left hand side of the North American maple veneers constraint is

728 and the right hand side is 840. Thus, they have an extra 840 — 728 = 112 North American maple
veneers available.

3.2.3 Solver Sensitivity Report

Figure 3.2.3 contains the Sensitivity Report for the problem. Use it to answer the questions that follow.
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Variable Cells

Final Reduced Objective  Allowable  Allowable

Cell MName Value Cost Coefficient  Increase Decrease
SBS6 Decision Values [#to make perweek] Sporty (x1) 0 -7.333333333 15 7.333333333 1E+30
SCSE  Decision Values [#to make per week] Fancy (x2) 104 0 35 40 35
SD56 Decision Values [#to make per week] Pool-Runner (x3) 210 0 20 1E+30 7.333333333

Constraints

Final Shadow Constraint Allowable  Allowable

Cell MName Value Price R.H. Side Increase Decrease
SES11 Shaping Time (minutes) 2400 2.333333333 2400 240 1560
SES12 Truck Availability 528 0 700 1E+30 72
SE5S13 Morth American Maple Veneers 728 0 240 1E+30 112
SES14 Chinese Maple Veneers 1470 1.523809524 1470 343.6363630 420

Figure 3.2.3: Sensitivity Report for the 3-variable SKEMAN problem

The Sensitivity Report provides information about each of the decision variables, which it calls Variable
Cells. It also provides information about each of the constraints.

Variable Cells: Allowable Increase

The information provided in the Adjustable Cells section of the Sensitivity Report tells how sensitive the
optimal solution is to changes in the objective function coefficients of the decision variables. Solver
considers changes made to one coefficient at a time.

G.F. Hurley notices that for x,, there is an Allowable Increase of 40. But he wonders what this refers to.
What can be increased by 40? What does such an increase “allow”? Allowable Increase refers to
increasing the coefficient of the decision variable in the objective function. In this case, the coefficient of

X, is the amount of profit generated by the sale of one Fancy skateboard. Currently, that profit is $35 per
skateboard.

G.F. Hurley is curious about the effect of increasing the profit per Fancy skateboard. He first explores the
effect of increasing the profit by a value below the Allowable Increase. He chooses to increase the profit
of Fancy boards by $25 to $60. Doing so changes the objective function to:

z=15x; + 60x; + 20x3.

The effect of this change is shown in Figures 3.2.4a and 3.2.4b.
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A B C D E F G

1 Chapter 3: Sensitivity Analvsis
2 3.2 SK8MAN, Inc. (3 variables)
3 Profit Maximization Problem
4
Pool-Runner
5 |Decision Vanable Sporty (x;} Fancy (x,) (x3)
6 Decision Values [ to make per week] 0 104 210
7 Total Profit
Elobjecth'e Function [Profit (5] 13 60 20 ISllJ_.440.lJl]_|
9
10 Constraints
11 |Shaping Time (minutes) 3 13 4 2400 = 2400
12 | Truck Awailabilicy 2 2 2 628 = 700
13 North American Maple Veneers 0 7 0 728 = 540
14 |Chinese Maple Veneers 7 0 1 1470 = 1470
Figure 3.2.4a: Formulation when the profitability of Fancy boards is $60
Objective Cell (Max]
cell Mame Original Value Final Value
5558 Objective Function [Profit (5]] Total Profit 50.00 S10,440.00
Variable Cells
cell Mame Original Value Final Value Integer
SBS6  Decision Values [£to make per week] Sporty (x1) 0 0 Contin
SC36  Decision Values [#to make per week] Fancy (x2) 0 104 Contin
SDS6  Decision Values [#to make per week] Pool-Runner {x3) 0 210 Contin
Constraints
Cell Mame Cell Value Formula Status  Slack
SES11 Shaping Time {minutes) 2400 5E511<=5G511 Binding 0
SES12 Truck Availability 628 SES12<=5G512 MotBinding 72
SE513 Morth American Maple Veneers 728 SE513<=5G513 Mot Binding 112
SESL4 Chinese Maple Veneers 1470 $E514<=5G514 Binding 0

Figure 3.2.4b: Answer Report when the profitability of Fancy boards is $60

G.F. Hurley notices that in Figure 3.2.4, the profitability of Fancy boards has been changed to $60.
However, when looking at the Answer Report for that change, he sees that the optimal solution is the
same: make Sporty boards at the rate of 0 per week, make Fancy boards at the rate of 104 per week, and
make Pool-Runner boards at the rate of 210 per week.

Therefore, because G.F. Hurley increased the objective function coefficient by an amount less than the
Allowable Increase, there was no change in the optimal solution. Although the optimal solution is the
same, the increase in Omniplex profitability did change the weekly profit from $7,840 to $10,440. This
$2,600 increase results from the $25 increase in profit on Fancy boards, and SKSMAN makes 104 per
week: ($25)(104 Fancy boards) = $2600.
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Next, G.F. Hurley increases the profitability of Fancy boards by an amount greater than the Allowable
Increase. Figures 3.2.5a and 3.2.5b show the effect of increasing the objective function coefficient from
$35 to $80 (an increase of $45), so that the objective function would now be:

z= 15X1 + 80)C2 + 2OX3

A B C

| & |

1 Chapter 3: Sensitivity Analvsis
2 3.2 SKSMAN, Inc. (3 variables)
3 Profit Maximization Problem
4
Pool-Runner
5 |Decision Varable Sporty (x;} Fancy (x,) (x3)
& Decision Values [# to make per week] 0 120 150
7 Total Profit
Elobjecth'e Function [Profit (5] 13 a0 20 ISlZ_.ﬁlJ[I.lJ[I_I
9
10 Constraints
11 |Shaping Time (minutes) 3 13 4 2400 = 2400
12 Truck Awailability 2 2 2 540 = 700
13 North American Maple Veneers 0 7 0 840 = 840
14 |Chinese Maple Veneers 7 0 7 1050 = 1470
Figure 3.2.5a: Formulation when the profitability of Fancy boards is $80
Ohjective Cell (Max)
Cell Mame Original Value Final Value
SG58 Objective Function [Profit (3)] Total Profit 50.00 $12,600.00
Variable Cells
Cell Mame Original Value Final Value Integer
SBS6  Decision Values [#to make per week] Sporty (x1) 0 0 Contin
SC56  Decision Values [#to make per week] Fancy (x2) 0 120 Contin
SDS6 Decision Values [# to make per week] Pool-Runner (x3) 0 150 Contin
Constraints
Cell Mame Cell Value Formula Status Slack
SES1L Shaping Time (minutes) 2400 SES11<=5G511 Binding 0
SE512 Truck Availability 540 5E512<=55512 Mot Binding 160
SE513 Morth American Maple Weneers 840 5E513<=5G513 Binding 0

SES14 Chinese Maple Veneers

1050 $ES14<=5G514 MotBinding 420

Figure 3.2.5b: Answer Report when the profitability of Fancy boards is $80

In this case, G.F. Hurley sees that changing the profitability of Fancy boards to $80 yields a new optimal
solution. This time, the optimal solution changes the production rates to 0 Sporty boards, 120 Fancy
boards, and 150 Pool-Runner boards per week. Also, the amount of profit generated has now increased to

$12,600 per week.
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At this point, G.F. Hurley sees that increasing the profitability of Fancy boards by an amount less than the
Allowable Increase has no impact on the optimal solution. However, increasing the profitability by an
amount greater than the Allowable Increase changes the optimal solution. Next, he wonders what will
happen if he increases the profitability by exactly the Allowable Increase.

Figures 3.2.6a and 3.2.6b show the effect of increasing the profitability of Fancy boards by exactly $40,
where the objective function is:
z= 15X1 + 75)62 + 20)63

A B C D E F G

1 Chapter 3; Sensitvity Analvsis

2 3.2 SKSMAN, Inc. (3 variables)

3 Profit Maximization Problem

a

Pool-Runner

5 |Decision Variable Sporty (x,} Fancy (x,) (x3)

6 Decision Values [# to make per week] 0 120 150

7 Total Profit
EObjecti\'e Function [Profit (5)] 15 75 20 ISlZ,IJIJ[I.IJIJ_I

9

10 Constraints

11 Shaping Time (minutes) 3 15 4 2400 = 2400
12 Truck Avalability 2 2 2 540 = 700
13 North American Maple Veneers 0 7 0 840 = 340
14 |Chinese Maple Veneers 7 0 7 1050 = 1470
Figure 3.2.6a: Formulation when the profitability of Fancy boards is $75
Ohjective Cell {Max)
Cell Mame Original Value Final Value
5GSE  Objective Function [Profit (3)] Total Profit 50.00 512,000.00
Variable Cells
Cell Mame Original Value Final Value Integer
5B36 Decision Values [# to make perweek] Sporty (x1) 0 0 Contin
SC56  Decision Values [# to make per week] Fancy (x2) 0 120 Contin
SD56 Decision Values [# to make per week] Pool-Runner (x3) 0 150 Contin
Constraints
Cell Mame Cell Value Formula Status Slack
SE511 Shaping Time {minutes) 2400 $ES11<=5G511 Binding 0
SES12 Truck Availability 540 5E512<=5G512 Mot Binding 160
SE513 North American Maple Veneers 840 SES13<=5G513 Binding 0
SESL4 Chinese Maple Veneers 1050 $ES14<=5G514 Mot Binding 420

Figure 3.2.6b: Answer Report when the profitability of Fancy boards is $75

G.F. Hurley notices that when the profitability of Fancy boards increases by exactly $40 (to $75), the
optimal solution reported by Solver is to produce 0 Sporty boards, 120 Fancy boards, and 150 Pool-
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Runner boards. This solution is the same as when the profitability of Fancy boards was $80. The total
profit is now $12,000:
15(0) + 75(120) +20(150) = $12,000.

However, he also notices that if the profitability of Fancy boards goes up to $75, the amount of weekly
profit generated by the original optimal solution (0 Sporty boards, 104 Fancy boards, and 210 Pool-
Runner boards) is also $12,000:

15(0) + 75(104) +20(210) = $12,000.

Both production plans lie on the same plane: z = 15x; + 75x, + 20x;. In fact, any point that lies on this
plane and is within the feasible region is an optimal solution. Therefore, there are infinitely many optimal
solutions when the profitability of Fancy boards is $75 (i.e., when the coefficient of x, is increased exactly
by the amount of the Allowable Increase).

Note: This idea was explored graphically in the previous section, where the objective function was a line,
rather than a plane. Visualizing the SKSMAN problem graphically is much more difficult because it has 3
decision variables.

Finally, G.F. Hurley notices that the Sensitivity Report in Figure 3.2.3 shows an Allowable Increase of
1E+30 in the coefficient of x; in the objective function. The number 1E+30 is Solver’s way of expressing
the number 1 x 10°°. This very large number is the best Solver can do to indicate an infinite Allowable
Increase.

To understand why the Allowable Increase is infinite, G.F. Hurley first needs to think about what the
coefficient of x5 in the objective function represents. It is the profitability of Pool-Runner boards. Solver
is showing that no matter how much the profitability of Pool-Runner boards increases, it will not change
the optimal solution. In other words, increasing the profitability of Pool-Runner boards is not going to
change the optimal number to make.

This makes sense because the optimal solution shows that to maximize profits, 210 Pool-Runner boards
(as well as 0 Sporty boards and 104 Fancy boards) should be made. Making 210 Pool-Runner boards per
week consumes 1470 Chinese maple veneers, which is exactly the number available per week. Therefore,
no more than 210 Pool-Runner boards can be made per week, no matter how much their profitability
increases. SKSMAN is already making all of the Pool-Runners that it possibly can!

Variable Cells: Allowable Decrease

Next, G.F. Hurley returns to the original problem and considers decreasing one of the coefficients in the
objective function. Referring again to Figure 3.2.3, he notices the Sensitivity Report indicates an
Allowable Decrease of approximately 7.33 for the coefficient of x; in the objective function.

He considers decreasing the coefficient of x3 by 5 (a value smaller than the Allowable Decrease), 15 (a
value greater than the Allowable Decrease) and 7.33 (the Allowable Increase). The corresponding new
profit coefficients for each case are 15, 5, and 12.67, respectively.

Figures 3.2.7, 3.2.8, and 3.2.9 show the formulation and Answer Report for each of those decreases in the
profit margin of Pool-Runner boards.
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A B C
Chapter 3 Sensitivity Analvsis
3.2 SKEMAN, Inc. (3 variables)
Profit Maximization Problem

L P

5 |Decision Variable Sporty (x,)
6 Decision Values [= to make per week] 0
7

EObjecti‘.'e Function [Profit ()] 15 35
9
10 Constraints
11 |Shaping Time (minates)
12 | Truck Awvailability
13 North American Maple Veneers
14 | Chinese Maple Veneers

—
LA

- 3 la LA
o I ]

L)

[ & ]

Pool-Runner

Fancy (x,) (x3)
104

210
Total Profit
15 I $6,790.00 _I

2400

4 2400
2 628
0

700
840
1470

728
1470

1A 1A 1A 1A

Figure 3.2.7a: Formulation when the profitability of Pool-Runner boards is $15

Ohjective Cell (Max)

Cell MName

Original Value Final Value

5558 Ohbjective Function [Profit {5)] Total Profit

50.00 $6,790.00

Variable Cells

Cell MName

Original Value Final Value Integer

SBSE  Decision Values [#to make per week] Sporty (x1)

0 0 Contin

SC56  Decision Values [#to make perweek] Fancy (x2)

0 104 Contin

sD36  Decision Values [#to make perweek] Pool-Runner (%3]

0 210 Contin

Constraints

Cell Name

Cell value Formula Status Slack

SE511 Shaping Time [minutes)

2400 SES11<=5G511 Binding 0

5E512 Truck Availahility

628 5E512<=5G512 Mot Binding 72

SES13 Morth American Maple Veneers

728 SES13<=SGS13 NotBinding 112

SES14 Chinese Maple Veneers

1470 SES14<=5G514 Binding i

Figure 3.2.7b: Answer Report when the profitability of Pool-Runner boards is $15

In Figures 3.2.7a and 3.2.7b, the profitability of Pool-Runner boards has been decreased from $20 to $15.
This is a decrease of $5, which is smaller than the Allowable Decrease of $7.33. G.F. Hurley notices that
the optimal solution is still to make 0 Sporty boards, 104 Fancy boards, and 210 Pool-Runner boards. But
the total weekly profit has decreased by $1,050 to $6,790. This is because the profit on each of the Pool-
Runner boards made has decreased by $5, and 210 - $5 = $1,050
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A B C D E F G

1 Chapter 3: Sensitivity Analvsis
2 3.2 SKSMAN, Inc. (3 variables)
3 Profit Maximization Problem
4
Pool-Runner
5 |Decision Variable Sporty (x,} Fancy (x,) (x3)
6 Decision Values [= to make per week] 210 o0 0
7 Total Profit
EObjecti\'e Function [Profit (5)] 15 33 3 I 56,300.00 _I
9
10 Constraints
11 |Shaping Time (minates) 3 13 4 2400 = 2400
12 Truck Availability 2 2 2 600 = 700
13 North American Maple Veneers 0 7 0 630 = 340
14 | Chinese Maple Veneers 7 0 7 1470 = 1470
Figure 3.2.8a: Formulation when the profitability of Pool-Runner boards is $5
Ohjective Cell (Max)
Cell Mame Original Value Final Value
SG58 Objective Function [Profit (3)] Total Profit 50.00 S6,300.00
Variable Cells
Cell Mame Original Value Final Value Integer
SBS6  Decision Values [#to make per week] Sporty (x1) 0 210 Contin
SC56  Decision Values [#to make per week] Fancy (x2) 0 a0 Contin
SDS6 Decision Values [# to make per week] Pool-Runner (x3) 0 0 Contin
Constraints
Cell Mame Cell Value Formula Status  Slack
SES1L Shaping Time (minutes) 2400 SES11<=5G511 Binding 0
SE512 Truck Availability 600 SE512<=55512 Mot Binding 100
SE513 Morth American Maple Weneers 630 5E513<=5G513 Mot Binding 210
SES14 Chinese Maple Veneers 1470 SES14<=5G514 Binding 0

Figure 3.2.8b: Answer Report when the profitability of Pool-Runner boards is $5

In Figures 3.2.8a and 3.2.8b, the profitability of Pool-Runner boards has been decreased from $20 to $5.
This is a decrease of $15, which is more than the Allowable Decrease. This time, G.F. Hurley notices that
the optimal solution has changed from 0 Sporty boards, 104 Fancy boards, and 210 Pool-Runner boards
to 210 Sporty boards, 90 Fancy boards, and 0 Pool-Runner boards.

This happened because the profit margin is $15 for Sporty boards, $35 for Fancy boards, and $5 for Pool-
Runner boards. In this case, making 210 Sporty boards, 90 Fancy boards, and 0 Pool-Runner boards is
more profitable than making 0 Sporty boards, 104 Fancy boards, and 210 Pool-Runner boards. That is,
producing 0 Sporty boards, 104 Fancy boards, and 210 Pool-Runner boards generates a profit of:

15(0) +35(104) + 5(210) = $4690.
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On the other hand, producing 210 Sporty boards, 90 Fancy boards, and 0 Pool-Runner boards generates a
profit of:
15(210) + 35(90) + 5(0) = $6300.

A B C D E F G

1 Chapter 3: Sensivity Analvsis
2 3.2 SKSMAN, Inc. (3 variables)
3 Profit Maximization Problem
4
Pool-Runner
5 | Decision Variable Sporty (x,} Fancy (x,) (x5
6 Decision Vahies [# to make per week] 210 20 0
7 Total Profit

2 |Objective Function [Profit (3] 13 33 12 66666667 I £6,300.00 _I
9
10 Constraints

11 |Shaping Time (minutes) 3 13 4 2400 = 2400
12 | Truck Awvailability 2 2 2 600 = 700
13 North American Maple Veneers 0 7 0 630 = 340
14 | Chinese Maple Veneers 7 0 7 1470 = 1470

Figure 3.2.9a: Formulation when the profitability of Pool-Runner boards is approximately $12.67

Objective Cell {Max])
cell Mame Original Value Final Value
5G58 Objective Function [Profit ($)] Total Profit 50.00 S6,300.00

Wariable Cells

cell Mame Original Value Final Value Integer
SBSE Decision Values [#to make per week] Sporty (x1) 0 210 Contin
SC56  Decision Values [#to make per week] Fancy (x2) 0 90 Contin
SDS6 Decision Values [# to make per week] Pool-Runner {x3) 0 0 Contin

Constraints

Cell Mame Cell Value Formula Status Slack
SES1L Shaping Time (minutes) 2400 SE511<=53G511 Binding 0
SES12 Truck Availability 600 SES12<=5G512 Mot Binding 100
SES13 Morth American Maple Veneers 630 SES13<=5G513 MotBinding 210
SES14 Chinese Maple Veneers 1470 SES14<=3G514 Binding 0

Figure 3.2.9b: Answer Report when the profitability of Pool-Runner boards is approximately $12.67

In Figures 3.2.9a and 3.2.9b, the profitability of Pool-Runner boards has been decreased from $20 to
$12.67. This is a decrease of $7.33, which is the Allowable Decrease. Examining the Answer Report for
this case, G.F. Hurley sees that Solver reports 210 Sporty boards, 90 Fancy boards, and 0 Pool-Runner
boards as the optimal solution. This yields a total profit of $6,300:

15(210) + 35(90) + 12.67(0) = $6300.
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However, the original optimal solution of 0 Sporty boards, 104 Fancy boards, and 210 Pool-Runner boards
also yields a total profit of $6,300:
15(0) +35(104) + 12.67(210) = $6300.

This is another case where the plane representing the objective function coincides with one of the
boundaries of the feasible region. Once again, there are infinitely many possible optimal solutions along
that boundary.

G.F. Hurley turns his attention to the Allowable Decrease in the objective coefficient of x,. He notices
that Solver reports a value of $35. Since the profitability of Fancy boards is currently $35, an Allowable
Decrease of $35 means that no matter how small the profit margin is, as long as Fancy boards generate a
positive profit margin, the optimal solution will not change.

Variable Cells: Reduced Cost

Next, G.F. Hurley notices that there is a Reduced Cost of approximately -7.33 listed for Sporty boards
(x1). To see what this means, G.F. Hurley forces the production of one Sporty board by adding the
constraint x; = 1. Figure 3.2.10 shows the new formulation after Solver has found the optimal solution.

A B C D E F G
1 Chapter 3: Sensitivity Analvsis
2 (3.2 SKBMAN, Inc. (3 variahles)
3 |Profit Maximization Problem
4

Pool-Runner

5 |Decision Variable Sporty (x,} Fancy (x,) (x3)
6 Decision Values [# to make per week] 1 103.933333 209
7 Total Profit
8 |Objective Function [Profit (5}] 15 i3 20 £7,832.67
9
10 Constraints
11 Shaping Time (mimites) 5 15 4 2400 = 2400
12 Truck Awvailability 2 2 2 627.867 = 700
13 North American Maple Veneers 0 7 0 727.533 = 340
14 |Chinese Maple Veneers 7 0 7 1470 = 1470
15 Force One Sporty Board 1 0 a 1 = 1

Figure 3.2.10: Forcing the production of one Sporty board (x;)

The new optimal solution is 1 Sporty board, approximately 103.933 Fancy boards, and 209 Pool-Runner
boards. (There is nothing wrong with having a non-integer solution since the decision variables are
production rates per week, not number of skateboards sold.) This production mix generates a total profit
of $7,832.67 per week. This is a decrease of $7840 - $7832.67 = $7.33 per week. Therefore, Reduced
Cost refers to the change in the Final Value of the objective function that is caused by increasing a
decision variable by one unit.

Ql. SK8MAN has a regular customer who wants to special order 10 Sporty boards. If SKSMAN
manufactures those boards, how will that affect profit for that week?

Alternatively, one could think of Reduced Cost as the amount by which the objective function coefficient
would have to increase to before it would profitable to make that item. For example, G.F. Hurley notices
that the Allowable Increase for Sporty boards is approximately 7.33 and the Reduced Cost for Sporty
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boards is approximately -7.33. This is not a coincidence! If G.F. Hurley increases the profitability of
Sporty boards by more than $7.33, then Sporty boards would be profitable to produce.

To experiment with this idea, G.F. Hurley changes the profitability of Sporty boards to $23. The result is
shown in Figure 3.2.11. In this case, it is now profitable to produce Sporty boards.

A B C D E F G
1 Chapter 3: Sensitivity Analvsis
2 3.2 SKEMAN, Inc. (3 variables)
3 Profit Maximization Problem
4

Pool-Runner

5 |Decision Variable Sporty (x,} Fancy (x.) (x5)
6 Decision Values [# to make per week] 210 o0 0
7 Total Profit
& |Objective Function [Profit (5] 23 35 20 I §7,980.00 .I
9
10 Constraints
11 |Shaping Time (minutes) 5 15 4 2400 = 2400
12 | Truck Awvailability 2 2 2 &00 = 700
13 North American Maple Veneers 0 7 0 630 = 340
14 | Chinese Maple Veneers 7 0 7 1470 = 1470

Figure 3.2.11: Formulation when the profitability of Sporty boards is $23

In a maximization problem, the Reduced Cost value will always be less than or equal to zero. If the
Reduced Cost is less than zero, then it is not profitable to make the product. G.F. Hurley considers what it
means to have a Reduced Cost value of zero.

The Sensitivity Report in Figure 3.2.3 shows that the Reduced Cost values for the other two decision
variables, x, and x3,are both 0. That is because both of those decision variables are already part of the
optimal solution. If a decision variable is not part of the optimal solution, its final value is 0. Its Reduced
Cost measures the amount the final value of the objective function would be reduced if the value of the
decision variable were increased by just 1 unit.

Constraints: Shadow Price

G.F. Hurley then moves to the Constraints section of the Sensitivity Report (see Figure 3.2.12), where the
most useful piece of information is the Shadow Price. The Shadow Price tells the effect on the value of
the objective function of increasing the resource that is constraining the solution by 1 unit. In other words,
the Shadow Price refers to the amount by which the objective function value changes given a 1-unit
increase or decrease in one right hand side of a constraint.
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Variable Cells

Final Reduced Objective  Allowable  Allowable

Cell MName Value Cost Coefficient  Increase Decrease
SBS6 Decision Values [#to make perweek] Sporty (x1) 0 -7.333333333 15 7.333333333 1E+30
SCSE  Decision Values [#to make per week] Fancy (x2) 104 0 35 40 35
SD56 Decision Values [#to make per week] Pool-Runner (x3) 210 0 20 1E+30 7.333333333

Constraints

Final Shadow Constraint Allowable  Allowable

Cell MName Value Price R.H. Side Increase Decrease
SES11 Shaping Time (minutes) 2400 2.333333333 2400 240 1560
SES12 Truck Availability 528 0 700 1E+30 72
SE5S13 Morth American Maple Veneers 728 0 240 1E+30 112
SES14 Chinese Maple Veneers 1470 1.523809524 1470 343.6363630 420

Figure 3.2.12: Sensitivity Report for the 3-variable SKSMAN problem

For example, the shaping time constraint shows a Shadow Price of approximately 2.33. That means if the
amount of shaping time were increased by 1 unit, the value of the objective function would increase by
2.33 units.

In the context of the SKEMAN problem, the units of shaping time are minutes, and the units of the
objective function are dollars. Suppose the workers agree to work a total of 100 minutes longer each
week. Doing so would increase the available shaping time by 100 minutes. According to the Sensitivity
Report, that should increase the value of the objective function for the optimal solution by approximately
100 - $2.3333 = $233.33.

Figures 3.2.13a and 3.2.13b show that the objective has increased to $8,073.33. The new production plan
is 0 Sporty boards, approximately 110.67 Fancy boards, and 210 Pool-Runner boards.

A B C D E F G

1 Chapter 3: Sensitivity Analvsis

2 3.2 SKEMAN, Inc. (3 variables)

3 Profit Maximization Problem

4

Pool-Runner

5 |Deciston Vanable Sporty (x;} Fancy (x,) (x3)

6 Decision Values [# to make per week] 0 110.666667 210

7 Total Profit
EIObjecti\'e Function [Profit ()] 13 s 20 I $8,073.33 _I

9

10 Constraints

11 Shaping Time (mimites) 3 15 4 2500 = 2500

12 Truck Awvailability 2 2 2 641.333 = 700

13 North American Maple Veneers 0 7 0 774.667 = 340

14 Chinese Maple Veneers 7 0 7 1470 = 1470

Figure 3.2.13a: Formulation when available shaping time is increased by 100 minutes
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Objective Cell (Max)
Cell Name Original Value Final Value
SG58 Objective Function [Profit (3)] Total Profit 50.00 58,073.33

Variable Cells

Cell MName Original Value Final Value Integer
SES6  Decision Values [#to make per week] Sporty (x1) 0 0 Contin
SC56  Decision Values [#1to make per week] Fancy (x2) 0 110.6666667 Contin
SD56 Decision Values [#ta make per week] Pool-Runner (x3) 0 210 Contin

Constraints

cell Name Cell value Formula Status Slack

SE5S11 Shaping Time (minutes) 2500 $ES11<=5G511 Binding 0
SES12 Truck Availability £41.3333333 SES12<=5G512 Not Binding 58.66666667
SES13 Morth American Maple Veneers 774.6666667 SES13<=5G513 Mot Binding £5.33333333
SE5S14 Chinese Maple Veneers 1470 SE$14<=5G514 Binding 0

Figure 3.2.13b: Answer Report when available shaping time is increased by 100 minutes

On the other hand, suppose that the available shaping time is reduced by 150 minutes. That reduction
should then reduce the final value of the objective function by approximately 150 - $2.333 = $350.
Figures 3.2.14a and 3.2.14b demonstrate that the objective function has decreased to $7,490. The new
production plan is 0 Sporty boards, 94 Fancy boards, and 210 Pool-Runner boards.

A B C D E F G

1 Chapter 3: Sensitivity Analvsis

2 3.2 SKEMAN, Inc. (3 variables)

3 |Profit Maximization Problem

4

Pool-Runner

5 Decision Variahle Sporty (x;) Fancy (x-) (x3)

6 Decision Values [= to make per week] 0 04 210

7 Total Profit
EObjecti\'e Function [Profit (5)] 15 33 20 I 57.490.00 _I

9

10 Constraints

11 |Shaping Time (minutes) 3 13 4 2250 = 2250

12 | Truck Awvailability 2 2 2 608 = 700

13 North American Maple Veneers 0 7 0 658 = 340

14 |Chinese Maple Veneers 7 0 7 1470 = 1470

Figure 3.2.14a: Formulation when available shaping time is reduced by 150 minutes
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Objective Cell {Max]
Cell Mame Original Value Final Value
5G58 Objective Function [Profit {5)] Total Profit 50.00 57,490.00

Variable Cells

Cell Mame Original Value Final Value Integer
SB56  Decision Values [#to make per week] Sporty (x1) 0 0 Contin
SC56  Decision Values [#to make perweek] Fancy (x2) 0 94 Contin
5056 Decision Values [# to make per week] Poaol-Runner (x3) 0 210 Contin

Constraints

cell Mame Cell Value Formula Status  Slack
SESLL Shaping Time (minutes) 2250 5E511<=5G511 Binding 0
SES12 Truck Availability 608 SES12<=5G512 MotBinding 92
SESL3 Morth American Maple Veneers 658 SE513<=5G513 Mot Binding 182
5E514 Chinese Maple Veneers 1470 5E514<=5G514 Binding 0

Figure 3.2.14b: Answer Report when available shaping time is reduced by 150 minutes

Thus, the Shadow Price shows how much the value of the objective function will increase or decrease for
each unit of increase or decrease in the availability of one of the constraining resources.

Constraints: Allowable Increase and Allowable Decrease

Returning once again to the Sensitivity Report in Figure 3.2.12, G.F. Hurley puts his attention towards the
columns for an Allowable Increase and Allowable Decrease for each of the constraints. These refer to
increases or decreases in the right hand side of a constraint (i.e., increasing or decreasing the availability
of one of the constraining resources, such as shaping time). If an increase or decrease falls within the
range determined by the Allowable Increase and Allowable Decrease, then the Shadow Price will remain
the same.

For example, from the Sensitivity Report, the Allowable Increase in shaping time is 240 minutes, and the
Allowable Decrease is 1,560 minutes. So, if a change in the availability of shaping time falls in the range
between an increase of 240 minutes and a decrease of 1,560 minutes, the Shadow Price will stay constant
at approximately $2.33.

G.F. Hurley wonders what happens if a change in the available shaping time falls outside this range. He
supposes that the shaping time increases by 241 minutes. Since 241 is greater than the Allowable
Increase, there should be an effect on the Shadow Price. Figures 3.2.15a and 3.2.15b show the spreadsheet
formulation and sensitivity report, respectively, for this change.
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A B C D E F G

1 Chapter 3: Sensitivity Analvsis

2 3.2 SKEMAN, Inc. (3 variables)

3 |Profit Maximization Problem

4

Pool-Runner

5 |Decision Variable Sporty (x,} Fancy (x,) (x5)

6 Decision Values [= to make per week] 0 120 210

7 Total Profit
EObjecth'e Function [Profit (5}] 15 35 20 I 58.400.00 _I

9

10 Constraints

11 |Shaping Time (minates) 3 13 4 2040 = 2641

12 | Truck Awvailability 2 2 2 660 = 700

13 North American Maple Veneers 0 7 0 840 = 340

14 | Chinese Maple Veneers 7 0 7 1470 = 1470

Figure 3.2.15a: Formulation when the shaping time constraint increases by 241 minutes

Variable Cells

Final Reduced Objective Allowable Allowable

Cell MName Value Cost Coefficient Increase  Decrease
SES6  Decision Values [# to make per week] Sporty (x1) 0 -5 15 5 1E+30
SC56  Decision Values [#to make per week] Fancy (x2) 120 0 35 1E+30 35
SDS6  Decision Values [#to make per week] Pool-Runner {x3] 210 0 20 1E+30 5

Constraints

Final Shadow  Constraint Allowable Allowable

Cell MName Value Price R.H. Side Increase  Decrease
SE511 Shaping Time (minutes) 2640 0 2641 1E+30 1
SES12 Truck Availability 660 0 700 1E+30 40
SES13 Morth American Maple Veneers 840 3 840 0.466666667 840
SE514 Chinese Maple Veneers 1470 2.857142857 1470 1.75 1470

Figure 3.2.15b: Sensitivity Report when the shaping time constraint increases by 241 minutes

G.F. Hurley notices that the Shadow Price has changed to 0. A Shadow Price of 0 means that there is no
value in increasing the availability of installation time any further. Therefore, increasing the availability
of a resource beyond the Allowable Increase decreases the Shadow Price.

He also notices that increasing the available shaping time changes the optimal solution to 0 Sporty boards,
120 Fancy boards, and 210 Pool-Runner boards per week. Furthermore, the Allowable Increase for
shaping time has changed to infinity (1E+30). This means there is no value in increasing the available
shaping time any more.

Next, G.F. Hurley investigates what happens if the available shaping time decreases below the Allowable
Decrease of 1,560. Suppose he decreases it by 1,561 minutes. The available shaping time becomes 839
minutes. Figures 3.2.16a and 3.2.16b show the spreadsheet formulation and sensitivity report for this
change.
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A B C D E F G

1 Chapter 3: Sensitivity Analvsis

2 3.2 SKSMAN, Inc. (3 variables)

3 Profit Maximization Problem

4

Pool-Runner

5 |Decision Variable Sporty (x;} Fancy (x.) (x3)

6 Decision Values [= to make per week] 0 0 200.75

7 Total Profit
EObjecti‘re Function [Profit ()] 15 33 20 I 54,195.00 .I

9

10 Constraints

11 Shaping Time (minutes) 3 15 4 839 = 835

12 Truck Avalability 2 2 2 419.5 = 700

13 North American Maple Veneers 0 7 0 ] = 840

14 |Chinese Maple Veneers 7 0 7 1468.25 = 1470

Figure 3.2.16a: Formulation when the shaping time constraint decreases by 1,561 minutes

Variable Cells

Final Reduced Objective Allowable Allowable

Cell Mame Value Cost Coefficient Increase Decrease
SB56 Decision Values [#to make per week] Sporty {x1) 0 -10 15 10 1E+30
SC56  Decision Values [# to make per week] Fancy (x2) 0 -40 35 40 1E+30
sDs6  Decision Values [# to make per week] Pool-Runner (x3) 209.75 0 20 1E+30 3

Constraints

Final Shadow Constraint Allowahle Allowable

Cell Name Value Price R.H.Side Increase Decrease
SE511 Shaping Time [minutes) 839 5 839 1 839
SE512 Truck Availability 419.5 0 700 1E+30 280.5
SES13 Morth American Magple Veneers 0 0 840 1E+30 340
SES14 Chinese Maple Veneers 1468.25 0 1470 1E+30 1.75

Figure 3.2.16b: Sensitivity Report when the shaping time constraint decreases by 1,561 minutes

G.F. Hurley notices that this change increases the value of the Shadow Price to $5. That is, decreasing
the availability of a resource beyond the Allowable Decrease increases the Shadow Price. This makes
economic sense, because decreasing the availability of a resource, as he did, increases the value per unit
of that resource.

3.2.3 Adding a Fourth Product—Is it profitable?

The managers at SKEMAN, Inc. are now considering adding a fourth line of skateboards to their portfolio
of products. The EasyRider skateboard will be made from seven North American maple veneers, require
12 minutes of shaping time, and, of course, require 2 trucks. The managers believe that each EasyRider
skateboard manufactured will earn $25 profit. They are excited by the prospect of adding a new product
to their line, but the key question is whether it will be profitable to do so. Figures 3.2.17 and 3.2.18
display the problem formulation with a fourth decision variable and the optimal solution, as well as the
Sensitivity Report.
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A B = D E F G H

1 Chapter 3: Sensitivity Analvsis

2 3.2 SKEMAN, Inc. (4 variables)

3 Profit Maximization Problem

4

Pool-Runner EasyRider

5 Decision Variable Sporty (x,} Fancy (x.) (x3) r4)

& Decision Values [# to make per week] ] 104 210 0

7 Total Profit
Elobject'n'e Function [Profit (3] 15 35 20 25 I 57,840.00 .I

o
10 |Constraints

11 Shaping Time (mimites) 5 13 4 12 2400 = 2400
12 |Truck Availability 2 2 2 2 628 = 700
13 North American Maple Veneers 0 7 0 7 728 = 540
14 |Chinese Maple Veneers 7 0 7 0 1470 = 1470
Figure 3.2.17: Formulation for the 4-decision variable SK8MAN problem
Variable Cells
Final Reduced Objective  Allowable  Allowable
Cell Name Value Cost Coefficient  Increase Decrease
5856 Decision Values [#to make per week] Sporty (x1) 0 -7.333333333 15 7.333333333 1E+30
SCS6  Decision Values [#to make per week] Fancy (x2) 104 0 35 40 3.75
sDSe  Decision Values [#to make per week] Pool-Runner (x3) 210 0 20 1E+30 7.333333333
SESE  Decision Values [#to make per week] EasyRider (x4) 0 -3 25 3 1E+30
Constraints
Final Shadow Constraint  Allowable  Allowable
Cell MName Value Price R.H. Side Increase Decrease
SF511 Shaping Time (minutes) 2400 2.333333333 2400 240 1560
SF512 Truck Availability 628 0 700 1E+30 72
SF513 MNorth American Maple Veneers 728 0 840 1E+30 112
SF514 Chinese Maple Veneers 1470 1.523809524 1470 343.6363636 420

Figure 3.2.18: Sensitivity Report for the 4-variable SKEMAN problem

Notice that the optimal solution has not changed, despite the addition of a new product. That means it is
not profitable to make the new product. SKSMAN, Inc. will earn more profit by continuing to make only
Fancy and Pool-Runner skateboards. Now the question is what, if anything, can be done so that making
the new EasyRider boards would be part of SK8MAN’s optimal production plan.

To answer that question, G.F. Hurley turns his attention to the Sensitivity Report. Considering the
information on the EasyRider board (product x,), he sees that the Allowable Increase in the objective
coefficient is 3. That means that the profitability of EasyRider boards would have to increase by at least
$3 (to $28) per board before they would become part of the optimal solution.

The shadow prices on the constraints help explain why the profit margin would need to be at least $28 for
each EasyRider skateboard. Each EasyRider board requires 7 North American maple veneers and 2
trucks. The related resource constraints have 0 shadow prices because not all of these resources are
currently being used. However, each EasyRider requires 12 minutes of installation. Each minute has a
shadow price of $2.333. If G.F. Hurley multiplies 12 by $2.333, he obtains $28. Thus the resources
needed to produce an EasyRider board are valued at $28 with the current optimal production plan.
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Now, suppose the marketing division at SKSMAN, Inc. has just signed a contract with Allie Loop, the top
female skateboarder in the world. She will endorse the new EasyRider board. Taking into consideration
the cost of Allie Loop’s endorsement contact, the marketing division estimates that the retail price of an
EasyRider can be increased by $5. This would then increase the profitability of EasyRider to $30 per
board. Since the increase in profitability is larger than the Allowable Increase, this should be enough to
make it profitable to produce EasyRider boards.

Figures 3.2.19a and 3.2.19b shows the problem formulation and the Sensitivity Report after increasing the
profitability of the EasyRider board (x,) to $30 per board.

A B C D E F G H

1 Chapter 3: Sensiitvity Analvsis

2 |3.2 SKEMAN, Inc. (4 variables)

3 |Profit Maximization Problem

4

Pool-Runner EasyRider

5 Decision Variable Sporty (x,}  Fancy (x;) (x5 (¢ 4)

6 |Decision Values [# to make per week] ] 40 210 80

7 Total Profit
EIObjecth'e Function [Profit (5)] 13 i3 20 30 I $8.000.00 _I

9

10 Constraints

11 Shaping Time (minutes) 5 13 4 12 2400 = 2400
12 Truck Awvailability 2 2 2 2 660 = 700
13 North American Maple Veneers 0 7 0 7 840 = 340
14 Chinese Maple Veneers 7 0 7 0 1470 = 1470
Figure 3.2.19a: Formulation when the profitability of EasyRider boards is $30
Variable Cells
Final Reduced Objective  Allowable  Allowahle
Cell Name Value Cost Coefficient  Increase Decrease
SBSE  Decision Values [#to make per week] Sporty (x1) 0 -B.666666667 15 6.66BBBEGGT 1E+30
SCS6  Decision Values [#to make per week] Fancy (x2) 40 0 35 2.5 5
SDS6 Decision Values [#to make per week] Pool-Runner (x3) 210 0 20 1E+30 B.6BB6E6B6T
SES6  Decision Values [#to make per week] EasyRider (x4) 80 0 30 5 2
Constraints
Final Shadow Constraint  Allowable  Allowable
Cell Name Value Price R.H. Side Increase Decrease
SF511 Shaping Time [minutes) 2400 1.666606067 2400 240 120
SF512 Truck Availability 660 a 700 1E+30 40
SFS13 Morth American Maple Veneers 840 1.428571429 840 70 112
SF514 Chinese Maple Veneers 1470 1.904761905 1470 140 420

Figure 3.2.19b: Sensitivity Report when the profitability of EasyRider boards is $30

When the profitability of the EasyRider board is increased to $30 per board, it becomes profitable to
produce 80 of them per week. G.F. Hurley compares this optimal production plan with the optimal
production plan before SK8MAN got the Allie Loop endorsement (see Figure 3.2.17). He notices that 210
Pool-Runner boards (x;) will still be produced, but only 40 Fancy boards will be produced. So, in order to
produce 80 EasyRider boards, 64 fewer Fancy boards would have to be made.
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G.F. Hurley wonders why this is more profitable to produce 64 fewer Fancy boards while producing 80
more EasyRider boards. He considers the profit margins on each of the boards. Making 64 fewer Fancy
boards would decrease the total profit by (64)($35) = $2,240. At the same time, making 80 EasyRider
boards that were not being made before would increase the total profit by (80)($30) = $2,400. Thus, the
total profit is being increased by $2,400 — $2,240 = $160 per week.
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Section 3.3: The Pallas Sport Shoe Company

Recall from Chapter 2 that the Pallas Sport Shoe Company manufactures six different lines of sport
shoes: High Rise, Max-Riser, Stuff It, Zoom, Sprint, and Rocket. Table 3.3.1 displays the amount of daily

profit generated

line of shoes requires for the six steps of production. The last line of the table shows the total amount of

by each pair of shoes for each of these six products. It also lists the amount of time each

time per day available for each of the six production steps. Sue Painter, the production manager of the

company would
profit.

like to determine the daily production rates for each line of shoes that will maximize

High Max- Stuff . Total Time Available
Ri{sge Riser It Zoom | Sprint | Rocket (minutes per day)
Profit $18 $23 $22 $20 $18 $19
Stamping 1.25 2 1.5 1.75 1 1.25 420
Upper Finishing 3.5 3.75 5 3 4 4.25 1,260
Insole Stitching 2 3.25 2.75 | 2.25 3 2.5 840
Molding 5.5 6 7 6.5 8 5 2,100
Sole-to-Upper 7.5 7.25 6 7 1675 | 65 2,100
Joining
Inspecting 2 3 2 3 2 3 840

Table 3.3.1: Profit and production detail per pair for six lines of sport shoes

3.3.1 Problem Formulation

The formulation

Decision Variab

of the problem is given below.

les

Let:

x1 = the daily production rate of High Rise

X, = the daily production rate of Max-Riser

x3 = the daily production rate of Stuff It

x4 = the daily production rate of Zoom

xs = the daily production rate of Sprint

x¢ = the daily production rate of Rocket

z = the amount of profit Pallas Sport Shoe Company earns per day

Objective Function

Maximize: z=18x; +23x; +22x3 + 20x4 + 18x5 + 19x4
Subject to:

Constraints
Stamping Time: 1.25x1 + 2xy + 1.5x3 + 1.75x4 + x5 + 1.25x6 < 420
Upper Finishing Time: 3.5x1 +3.75x, + S5x3 + 3x4 + 4xs + 4.25x < 1,260
Insole Stitching Time: 2x1 + 3.25x, + 2.75x3 + 2.25x4 + 3x5 + 2.5x¢ < 840
Molding Time: 5.5x1 + 6x3 + Tx3 + 6.5x4 + 8x5 + 5x6 < 2,100
Sole-to-Upper Joining Time:  7.5x; + 7.25x, + 6x3 + Tx4 + 6.75x5 + 6.5x5 < 2,100
Inspecting Time: 2x1 + 3x5 + 2x3 + 3x4 + 2x5 + 3x6 < 840
Non-Negativity: xX120,%>0,x3>20,x,>0,x5>0, x>0

This formulation as it appears in a spreadsheet is presented in Figure 3.3.1. Solver has been run, and the
optimal solution also appears in the spreadsheet.
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A B C D E F G H ]

1 Chapter 3: Sensiuvity Analvsis
2 3.3 Pallas Sport Show Company
3 Profit Maximization
4

High Rise Max-Riser  Stuff It Zoom Sprint Rocket
5 Decision Variahle (x1) (x2) (x5 (x3) (xs) (x4
6 Decision Values [# to make per dav] 0 4.28204434 4512172 72.3275 104.902 89.82118
7 Total Profit
8 |Objective Function [Profit (5)] 18 23 22 20 13 19 $6,132.57
9
10 Constraints Used Available
11 | Stamping (mimites) 1.25 2 13 1.75 1 1.25 420 = 420
12 Upper Finishing (minutes) i3 3.75 3 3 4 25 1260 = 1260
13 Insole Sttching (minutes) 2 3.25 2.75 2.25 3 25 840 = 840
14 Molding (mimites) 535 6 7 6.5 8 5 2100 = 2100
15 Sole-to-Upper Joining (minutes) 7.5 7.25 6 7 6.75 6.5 2100 = 2100
16 Inspecting (mimtes) 2 3 2 3 2 3 700.34210 < 840

17

Figure 3.3.1: Pallas Sport Shoes Spreadsheet Formulation and Optimal Solution

3.3.2 Interpreting the Solution

Ql. Without referring to an Answer or Sensitivity Report, which of the constraints in the spreadsheet
in Figure 3.3.1 are binding and which are non-binding? How do you know?

Q2. Similarly, which one of the constraints will show a Shadow Price of zero in the Sensitivity
Report, and why does that make sense?

Sue Painter has seen the Answer and Sensitivity Reports. She wonders, “How do I go about implementing
this optimal solution?”” In order to answer this question, the production manager must understand what the
optimal solution means.

Q3. The optimal solution given in the spreadsheet from Figure 3.3.1 lists x; = 0. What does that
mean? What does it mean that x, =~ 4.2829?

Recalling that the decision variables in the problem were defined as daily production rates, x, =~
4.2829means that on most days, 4 Max-Riser shoes will be produced. Then, approximately every fourth
day, 5 Max-Riser shoes will be produced. This production plan would yield 4.25 Max-Riser shoes every
four days.

Similarly, a daily production rate for x; = 45.1217 means that on most days 45 will be produced, but on
about every eighth day, 46 will be produced. This production plan would yield 45.125 Stuff It shoes every
eight days.

Q4. How might the production rate of 72.3275 for product x, be implemented?

So, in order to implement the optimal production plan, the production manager will have to allocate
production resources in such a way that the optimal production rates are achieved.
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Figure 3.3.2 shows the Sensitivity Report for the optimal solution to the Pallas Sport Shoe problem. The
production manager notices that it reports an Allowable Increase of about $0.0507 in the coefficient of x,
in the objective function.

Variable Cells

Final Reduced  Objective Allowable Allowable

Cell Name Value Cost Coefficient Increase Decrease
SBS6  Decision Values [#to make per day] High Rise (x1) 0 -0.05070018 18 0.05070018 1E+30
5C56  Decision Values [#to make per day] Max-Riser (x2) 4282944345 0 23 0.083039283 0.239247312
SD5S6  Decision Values [#to make per day] Stuff It (x3) 45.12172352 0 22 0.100842737 1.120253165
SES6  Decision Values [#to make per day] Zoom (x4) 72.32746358 0 20 0.25648415 0.055429065
SFS6  Decision Values [#to make per day] Sprint (x3) 104.9015749 0 18 6.260393168 0.529751905
5G56  Decision Values [#to make per day] Rocket (x6) 89.82118492 0 19 0.572383906 0.040500229

Constraints

Final Shadow  Constraint Allowable  Allowable
cell Mame Value Price R.H. Side Increase Decrease
SH511 Stamping (minutes) Used 420 5.580179533 420 113.5815474 B.859180036
SH512 Upper Finishing {minutes) Used 1260 1.793895871 1260 15.4507772 111.8007117
SH313 Inscole Stitching (minutes) Used B840 0.2556552906 B840 72.56195985 4.008064516
SHS14 Molding {minutes) Used 2100 0.203375224 2100 29.90972919 134.3521595
SH515 Sole-to-Upper Joining {minutes) Used 2100 0422262118 2100 20.14864865 179.7068966
SH516 Inspecting {minutes) Used 799.3421903 0 240 1E+30 40.65780969

Figure 3.3.2: Sensitivity Report for the Pallas Sport Shoe problem

Q5. Suppose Pallas Shoes was able to increase the profit margin on x; to $18.05. Would this change
affect the optimal solution? Why or why not?

Qeé. Suppose Pallas Shoes was able to increase the profitability of x; to $18.10. What would be the
effect on the optimal solution of this increase?

3.3.3 Using the Sensitivity Report to Make Decisions

Pallas Shoes is considering adding an hour of overtime to one of the workers. Sue Painter must decide to
which of the production tasks the overtime should go.

Q7. Using the Sensitivity Report in Figure 3.3.2 to guide the decision, to which of the six production
tasks should the extra time be added? Why?

Suppose that the union contract mandates that any overtime work be paid at double the normal rate of $28
per hour.

Q8. Would it be profitable to add to one hour of overtime? If so, how much larger than the cost of the
overtime would the increase in profits be? If not, at what hourly pay rate would it be profitable?

Finally, the managers at Pallas Sport Shoes are considering adding another line of shoes. The data for the
new Pro-Go model is shown in Table 3.3.2.
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Pro-Go
Profit $20
Stamping 1.5
Upper Finishing 3.9
Insole Stitching 2.6
Molding 6.3
Sole-to-Upper Joining 6.8
Inspecting 2.5

Table 3.3.2: Profit and production detail per pair of Pro-Go sport shoes
At present, there are no plans to increase the total amount of time available for each of the six steps of

production. Figure 3.3.3 contains the new spreadsheet and optimal solution with the information for Pro-
Go as decision variable x;. Figure 3.3.4 shows the Sensitivity Report.

A B z D E F G H ] K

1 |Chapter 3: Sensitivity Analvsis

2 |3.3 Pallas Sport Show Company

3 | Profit Maximization

a

High Rise Max-Riser StuffIt Zoom Sprint Rocket Pro-Go

5 Decision Variable () (24} (x3) (x4) (xs) (xg) (25}

6 Decision Values [# to make per dav] 0 4.2820443 451217 72.3275 104.902 89.8212 0

7 Total Profit
EIObjective Function [Profit (3)] 18 23 22 20 18 1% 20

9

10 Constraints Used Available

11 Stamping (mimites) 1.25 2 1.5 1.73 1 1.25 1.5 420 = 420

12 Upper Finishing (mimutes) 33 375 3 3 4 425 3. 1260 = 1260

13 Insole Sutching (minutes) 2 325 275 2.25 3 25 2.6 540 = 540

14 Molding (minutes) 3.5 ] 7 6.5 § 5 6.3 2100 = 2100

15 Sole-to-Upper Joining (minutes) 7.5 7.25 6 7 6.75 6.5 6.8 2100 = 2100

16 Inspecting (mimites) 2 3 2 3 2 3 25 700.342190 = 340

Figure 3.3.3: Formulation with seven decision variables
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Variable Cells

Final Reduced Objective  Allowable  Allowable

Cell Mame Value Cost Coefficient  Increase Decrease
5BS6 Decision Values [#1to make per day] High Rise (x1) 0 -0.05070018 18 0.05070018 1E+30
SC56 Decision Values [#to make per day] Max-Riser (x2)  4.282944345 0 23 0.083039285 0.239247312
SDS6 Decision Values [#to make per day] Stuff It (x3) 45.12172352 0 22 0.100842737 1.120253165
SES6  Decision Values [#to make per day] Zoom (x4] 72.32746858 0 20 0.25648415 0.055429065
SF56  Decision Values [#to make per day] Sprint (x5) 104.5019749 0 18 £.260393168 0.529761905
5G56 Decision Values [#to make per day] Rocket {x6) 89.32118492 0 19 0.572583906 0.040500229
SHS6 Decision Values [#to make per day] Pro-Go (x7) 0 -0.183813285 20 0.183813285 1E+30

Constraints

Final Shadow Constraint  Allowable  Allowable
Cell Mame Value Price R.H. side Increase Decrease
51511 Stamping (minutes) Used 420 5.580179533 420 113.5815474 B.859180036
51512 Upper Finishing {minutes) Used 1260 1.793895871 1260 15.4507772 111.8007117
51513 Insole Stitching (minutes) Used 840 0.235655296 840 72.56195965 4.008064516
51514 Malding {minutes) Used 2100 0.203375224 2100 29.30972919 134.3521595
51515 Sole-to-Upper Joining (minutes) Used 2100 0.422262118 2100 20.148p84865 179.7088966
51516 Inspecting (minutes) Used 799.3421903 0 240 1E+30 40.65780989
Figure 3.3.4: Sensitivity Report with seven decision variables
Qo. Why was it not profitable to produce the new product?
Q10. How much would its profit margin have to increase to make it profitable enough to produce?

©2011 North Carolina State University

Chapter 3 — Page 33



Version 5/9/2011 Analyzing Optimal Solutions—Sensitivity Analysis

Section 3.4: Chapter 3 (Sensitivity Analysis) Homework Questions
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Chapter S Summary

What have we learned?
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Terms

Allowable Decrease
Allowable Increase
Binding

Constraint

Final Value
Original Value
Reduced Cost
Sensitivity Analysis
Shadow Price
Slack

Variable Cells
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Chapter 3 (Sensitivity Analysis) Objectives

You should be able to:
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Chapter 3 Study Guide

1.
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Section 4.0: Introduction

The last two chapters focused on maximizing profit. First, Chapter 2 explained how to explore
maximization linear programming problems by hand and with Excel. Then, Chapter 3 was dedicated to
interpreting and analyzing the solutions and constraints of these maximization problems. In both of these
chapters, the goal was to find the largest value of the objective function, given a set of constraints.

In this chapter, minimization linear programming problems are introduced. Excel Solver is again used,
but this time, the intent is to obtain the smallest value of the objective function for a given set of
constraints. The chapter begins by exploring the problem of finding a food program for Malawian
children. The food program needs to meet daily nutritional requirements while minimizing calories.

Next, a group of planners is trying to reduce the amount of water pollution coming into two watersheds in
Wisconsin. They need to keep in mind a number of constraints as they attempt to minimize the cost of the
project. Excel Solver is used to solve this problem.

Finally, the chapter ends with a linear programming problem involving a gasoline distributer. The
distributor needs to determine the optimal gasoline blend while minimizing the cost of this blend. Again,
Excel Solver is used to solve this problem.

In each of these problems, the goal is to minimize the value of the objective function, representing either
calories or cost. The methods used to formulate and solve these problems are very similar to the methods
used to solve maximization problems. The largest difference is simply the way one thinks about the set-up
of the problem. There will also be a greater mix of constraint types. In the previous chapters all of the
constraints were of the form, “less than or equal to” and involved a resource or market demand limit. In
this chapter many of the constraints will be of the form, “greater than or equal to”.
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Section 4.1: Nutrition in Malawi

Malawi is a landlocked country in southern Africa (see Figures 4.1.1 and 4.1.2). Its population of over
13,000,000 lives in an area about the size of the state of Pennsylvania. Malawi’s economy is largely based

on agriculture. Much of its population is impoverished. As a result, the diets of Malawian children are
frequently deficient in essential nutrients.

[ ]

Figure 4.1.1: Map of southern Africa with Malawi in black
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Figure 4.1.2: Detailed map of Malawi
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Malawi is an impoverished nation, so the financial aspect of any food program is a vital concern. For that
reason, Dr. Corr, an administrator at the World Health Organization, needs to determine an optimal food
program for this country. In particular, he needs to minimize the total number of calories while meeting
the minimum requirements for key nutrients, using the highest nutrient concentrated food combinations.
This will be the most efficient way to meet the children’s minimum nutritional requirements. A common
problem in poor regions is that their diet is dominated by low cost high caloric foods with little other
nutritional value. All of the foods under consideration are readily available in Malawi at low cost.

The key nutrients Dr. Corr takes into account and the minimum daily requirements recommended by the
World Health Organization are listed in Table 4.1.1. The foods available to the Malawians are shown in
Figure 4.1.3. Notice that the units of measurement are not all the same in Table 4.1.1. For example,
protein is measured in grams. Calcium and iron are measured in milligrams. Vitamins By and B, are
measured in micrograms. Nutritional facts per gram for these foods appear in Table 4.1.2. These nutrients
are all scaled based on the same units of measurement in Table 4.1.1. For example, let’s look at a gram of
maize flour. Each gram of maize flour contains 0.08120 grams of protein. It also contains 0.0612
milligrams of calcium and 0.03450 milligrams of iron. Each gram of maize flour contains 0.2450
micrograms of vitamin By and so forth. The caloric content per gram of each of the food sources is given
in Table 4.1.3.

Nutrient Minimum daily requirement
Protein 20 grams (g)
Calcium (Ca) 400 milligrams (mg)
Iron (Fe) 7 mg
Folate (Vitamin By) 50 micrograms (ug)
Cyanocobalamin (Vitamin By,) | 0.5 pug
Ascorbic acid (Vitamin C) 20 mg
Thiamine (Vitamin B;) 0.7 mg
Riboflavin (Vitamin B,) 1.1 mg
Niacin (Vitamin B;) 12.1 mg
Retinol (Vitamin A) 400 pg

Table 4.1.1: Nutrients and minimum daily requirements

Tangerines

Pigeon peas

Maize flour
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il

Matemba
Potatoes Chinese cabbage
Figure 4.1.3: Malawian foods

Food Protein | Ca Fe Vit. By | Vit. By, | Vit.C | Vit.B, | Vit. B, | Vit.B; | Vit. A

(® (mg) (mg) (ng) (ng) (mg) (mg) (mg) (mg) (ng)

Maize flour | 0.08120 | 0.0612 | 0.03450 | 0.2450 0 0 0.00385 | 0.00201 | 0.03630 | 0.112
Tangerines | 0.00805 | 0.3640 | 0.00156 | 0.1560 0 0.268 | 0.00058 | 0.00036 | 0.00377 | 0.338
Pigeon peas | 0.06760 | 0.4290 | 0.10000 | 1.1000 0 0 0.00148 | 0.00571 | 0.00781 0
Matemba 0.20100 | 0.1000 | 0.00556 | 0.2440 | 0.0158 0 0.00041 | 0.00063 | 0.03900 0
Potatoes 0.01960 | 0.0507 | 0.00350 | 0.0922 0 0.128 | 0.00105 | 0.00021 | 0.01390 0
g‘gg:; 0.01500 | 1.0500 | 0.00800 | 0.6630 0 0.450 | 0.00040 | 0.00070 | 0.00500 | 2.230

Table 4.1.2: Nutritional content per gram of foods

Food Energy content (cal/g)
Maize flour 3.620
Tangerines 0.532
Pigeon peas 1.190
Matemba 0.956
Potatoes 0.931
Chinese cabbage 0.131

Table 4.1.3: Energy content of foods

Dr. Corr uses linear programming to design a diet that meets all nutritional requirements while keeping
the intake of calories at a minimum. In this case, each nutrient under consideration acts as a constraint.
The total number of calories is the objective function. Note that the objective is to minimize the number of
calories. Therefore, the method used to solve this problem must be different from the previous chapters,
where the objective was maximization.

Ql. How do you think this minimization problem differs from the maximization problems in the
previous two chapters?
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Minimization Linear
Programming Problems

Minimization linear programming
problems are solved very similarly to
maximization problems. However,
instead of the optimal solution being the
largest value of the objective function, it
is now the smallest.

Optimal Solution

Figure 4.1.4: Example of a feasible region and optimal
solution in a minimization problem

4.1.1 Linear Programming Formulation

The first step in the formulation of a linear programming problem is to define the decision variables in the
problem. The decision variables are then used to define the objective function. In the Malawian diet
problem, Dr. Corr seeks to minimize the daily intake of calories. Therefore, the objective function must
represent the total calories in the diet per day. These calories come from the available foods. Thus, each
decision variable represents the amount of each type of food in the diet each day.

Q2. How many decision variables should be defined?

Q3. How should the decision variables be defined?

Q4. Use the decision variables and the values in Table 4.1.3 to write the objective function, where z
represents the number of calories consumed per day.

The last step in the formulation is writing the system of constraints for the problem. The diet must meet or
exceed the minimum daily allowances for each of the key nutrients listed in Table 4.1.1. Therefore, Dr.
Corr multiplies the number of grams of the food by its corresponding nutritional content to obtain the
amount of that nutrient consumed. For example, if a person eats x; grams of maize flour, he/she consumes
0.0612 mg of calcium (see Table 4.1.2). Dr. Corr multiplies these two numbers together to show the
number of milligrams of calcium the maize flour serving provides:

(x; grams of maize flour)(0.0612 mg of calcium per gram) = 0.0612x; mg of calcium

Dr. Corr needs to determine the total number of milligrams of calcium in the food intake for an entire day.
To do so, he must repeat the above process for each decision variable and add the results together. This
yields the following expression:.

0.0612x; + 0.3640x; + 0.4290x5 + 0.1000x4 + 0.0507x5 + 1.0500x4
This represents the total number of milligrams of calcium in the food intake for an entire day.
Then, Dr. Corr completes this constraint by making the above expression greater than or equal to 400:

0.0612x; + 0.3640x; + 0.4290x3 + 0.1000x4 + 0.0507x5 + 1.0500x6 > 400
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In this equation both the left hand side of the equation and right hand side are in milligrams.

Qs. Why is this constraint greater than or equal to 400?

Qe. Continue this process to find a constraint inequality for each of the nutrients in Table 4.1.1.
Next, Dr. Corr builds the notion of a balanced diet into the model. To do this, he takes into account what
nutritionists recommend as the minimum and maximum number of calories for a typical Malawian child

aged 6-9 years. This recommendation is also broken down into a range of calories for each of the various
food groups. Table 4.1.4 contains these recommended minimums and maximums.

Food Group Food Minimum Maximum
Cereals Maize flour 900 1100
Fruits Tangerines 15 45
Legumes Pigeon peas 45 150
Fish, meat, eggs Matemba 30 90
Roots Potatoes 60 240
Vegetables Chinese cabbage 15 45

Table 4.1.4: Minimum and maximum calories per day by food group for children in Malawi

For example, the table shows that the recommended number of calories per day from cereals is between
900 and 1100 calories. In the Malawian children’s diets, the food Dr. Corr chooses to represent this group
is maize flour, because it is the most available grain in Malawi. The number of grams of maize flour
consumed per day is represented by x;. From Table 4.1.3, its energy content is 3.620 calories per gram.
Thus, the total number of calories coming from cereals would be 3.620x,. Now, it is recommended that
the total be greater than or equal to 900 and less than or equal to 1100 per day. This is really two
constraints:

3.620x; > 900 and 3.620x; <1100

In other words, the total number of calories from cereals must be between 900 and 1100.

Q7. Continue this process to find a constraint inequality for each of the remaining food groups.

Q8. Using your responses to Q3 through Q7, write the complete problem formulation.

Qo. Based on this problem formulation, write a general prediction for the results of this problem. For
example, are there any foods that must be consumed? Are there any foods that may not need to be
consumed? Explain your answer.

In the Homework Exercises for this chapter, you will revisit this problem. You will be asked to enter your

problem formulation into a spreadsheet solver to find the optimal solution and then to interpret this
solution using answer and sensitivity reports.
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Section 4.2: Minimizing Cost to Reduce Phosphorus in Watersheds

Water pollution comes from many sources. Water that runs off construction sites following rainstorms—
known as construction runoff—contributes to water pollution. As water runs off construction sites, it
picks up harmful sediment. The sediment might contain lead or mercury, nutrients like nitrogen and
phosphorus, as well as oil, grease, and pesticides.

In urban and suburban areas, rain or snowfall that does not evaporate or soak into the ground is called
urban storm runoff. Urban storm runoff also carries nutrients, sediment, and chemicals as it flows
eventually into our waterways.

Fertilizers, pesticides, manure, and tilled soil are beneficial to crops. However, they can become harmful
to our water as rains and irrigation wash them away. This is referred to as water pollution from
agricultural sources.

Finally, industries, such as factories, release water back into the environment that has not been completely
relieved of its nutrients and sediments. Much of this water runoff from industrial sources contains the
chemical phosphorus, which potentially can harm the environment.

Phosphorus is one of the key nutrients necessary for the growth of plants and animals. However, in large
amounts, it leads to excessive plant growth and decay. Phosphorus also favors certain weedy species over
others. Too much phosphorus is likely to cause severe reductions in water quality. This is known as
excessive phosphorus loading. Each form of water pollution discussed here (construction runoff, urban
storm runoff, agricultural sources, and industrial sources) contributes to the amount of phosphorus in the
water.

A challenge for many environmental groups is how to reduce the amount of phosphorus in the water at a
minimal cost. Linear programming can be used to determine how to minimize the cost while achieving a
specified phosphorus level for the best environmental quality.

In northeastern Wisconsin, there is a watershed system that is an area of concern because of the amount of
phosphorus loading. A watershed system is the various land areas which drain into a certain lake or river.
The communities in northeastern Wisconsin are planning to reduce the pollution in their watersheds. In
this region, water drains into either Lake Winnebago or Green Bay (see Figure 4.2.1). In the rest of the
state, water drains into the Mississippi River.
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Figure 4.2.1: Map of Wisconsin showing Lake Winnebago and Green Bay

Nadia Manning is leading a group of planners who are focusing on pollution from the four sources
discussed above. These are construction site runoff, urban storm runoff, agricultural sources, and
industrial sources including municipal treatment plants. Nadia wants to reduce the amount of phosphorus
in each watershed. Her goal is to reduce the amount of phosphorus by exactly 40,000 kilograms in Lake
Winnebago (approximately 44 tons) and exactly 85,000 kilograms of phosphorus in Green Bay
(approximately 93.5 tons), as seen in Table 4.2.1.

Watershed Amount of Phosphorus
1 | Lake Winnebago 40,000 kg

2 | Green Bay 85,000 kg
Table 4.2.1: Amount of phosphorus by watershed

The cost of the phosphorus reduction varies for each source. These costs are found in Table 4.2.2.

Source Cost of Phosphorus
Reduction per kg
1 | Construction runoff $770
2 | Urban storm runoff $2,025
3 | Agricultural sources $26
4 | Industrial sources $75

Table 4.2.2: Phosphorus reduction costs by source

Table 4.2.1 shows the target reduction goal for each of the two watersheds. Nadia wants to exactly meet
these reduction goals. She understands that exceeding the target will always increase the cost. Since the
objective of this problem is to minimize the cost, there is no reason to have any more phosphorus than the
specified amounts.
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Table 4.2.2 shows the cost by source of reducing phosphorus in the water. It is important to notice those
quantities are fixed and, thus, not variable. The solution to the water pollution problem requires reducing
various sources of pollution in each of the watersheds to meet the reduction goals. Nadia and her team of
planners are deciding how to reach those goals while keeping costs to a minimum.

4.2.1 Linear Programming Formulation

Nadia develops the complete linear programming formulation. First, she needs to define the decision
variables. One way would be to let g1, g, g3, and g4 represent the amount of phosphorus reduction in the
Green Bay watershed from each of the four sources. Similarly, wy, w,, w3, and w4 could represent the
amount of phosphorus reduction in Lake Winnebago from each source. Nadia notices she needs a
different letter for the variables relating to each watershed.

Nadia and her team decide they need a system that uses just one letter for both watersheds. Therefore, she
employs double-subscripted variables. As the name suggests, these variables have two subscripts. In
this case, the first subscript refers to the watershed (Lake Winnebago or Green Bay). The second subscript
refers to the source (construction runoff, urban storm runoff, agricultural sources, or industrial sources).

To help visualize this, Nadia creates a matrix (Table 4.2.3). In the matrix, the first subscript refers to the
row in which the variable is written. The second subscript refers to its column. In general, x;; represents
the element in row 7 and column j of the matrix.

In the water pollution example, one decision variable represents the amount of reduction in phosphorus
going into the Lake Winnebago watershed from agricultural sources. A single double-subscripted variable
(x13) may be used for this decision variable. The first subscript indicates the first watershed, Lake
Winnebago, and the second subscript indicates the third pollution source, agriculture. Table 4.2.3 contains
eight decision variables arranged in rows by the two watersheds and in columns by the four sources of
pollution.

Source (j)
Construction Urban storm Agricultural Industrial
runoff runoff sources sources
Lake Winnebago X1,1 X1,.2 X1,3 X1,4
Watershed (i)
Green Bay X2.1 X2 X23 X24

Table 4.2.3: Definition of decision variables

Now that Nadia has defined the decision variables, she writes the objective function. Since the goal is to
minimize cost, she uses the values in Table 4.2.2 to develop the following objective function.
Minimize:
z=8770(x11 + x2,1) + $2025(x12 + x22) + $26(x1 53 + x23) + $75(x14 + x24)
= $770X1,1 + $770)C2,1 + $2025X1’2 + $2025x2,2 + $26X1’3 + $26)C2,3 + $75X1’4 + $75X2,4

Notice that each cost appears twice in the objective function. That makes sense, because we are assuming
that it costs the same amount per kilogram to remove the pollution from either of the two watersheds.
There is, however, a difference in cost to reduce each type of pollution. These cost differences can be an
order of magnitude. For example, the cost to remove one kilogram of construction runoff is more than ten
times as expensive as the cost to reduce a kilogram of industrial pollution. The reason for this is that the
construction runoff arrives from widely dispersed areas while industrial pollution is more concentrated.
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Ql. What is the magnitude of difference in cost for urban runoff and agricultural sources? Why do
you think it might be less costly to control agricultural pollution as compared to urban pollution?

There are also some constraints Nadia needs to consider. First, the amount of phosphorus must be reduced
by the values in Table 4.2.1. Thus, Nadia develops the following constraints:

Lake Winnebago target reduction: X11 X2+ x5+ x4 =40,000

Green Bay target reduction: X201 X2 T X235+ Xx24 = 85,000

In addition to meeting the target reductions, Nadia and her team want to ensure that the pollution
reductions over all the sources are evenly distributed. Nadia notices that pollution from agricultural
sources is the least expensive to reduce. Without setting stipulations, agricultural polluters would be
overburdened with phosphorus reductions. On the other hand, urban storm runoff would likely not be
reduced at all, because it is by far the most costly. The team of planners agrees to requirements for
reductions per source as shown in Tables 4.2.4 and 4.2.5.

Minimum percent reduction of these

Source sources into each watershed
Construction runoff 30%
Urban storm runoff 30%

Table 4.2.4: Minimum proportions of reductions per source

Maximum percent reduction of these

r .
Source sources into each watershed
Agricultural sources 15%

Industrial sources 15%

Table 4.2.5: Maximum proportions of reductions per source

Based on this information, Nadia and her team develop the following constraints.

Construction runoff for Lake Winnebago: x1,1 = 12,000=(0.3)(40,000)
Construction runoff for Green Bay: X2,1 >25,500= (0.3)(85,000)
Urban storm runoff for Lake Winnebago: X12>12,000= (0.3)(40,000)
Urban storm runoff for Green Bay: X22>25,500=(0.3)(85,000)
Agricultural sources for Lake Winnebago: x13 < 6,000=(0.15)(40,000)
Agricultural sources for Green Bay: X253 < 12,750=(0.15)(85,000)
Industrial sources for Lake Winnebago: X14 < 6,000=(0.15)(40,000)
Industrial sources for Green Bay: X24 <12,750=(0.15)(85,000)

Q2. Why do the first four constraints use “>"?
Q3. Why do the last four constraints use “<”?
Q4. Why is the right-hand side of the first constraint 12,000?
Qs. Why is the right-hand side of the last constraint 25,5007

Qeé. Without looking at any table or chart explain how you could tell that the constraint containing the
decision variable x; ; refers to reducing pollution from agricultural sources in Green Bay?

Q7. Which constraint sets a limit on pollution reduction from urban storm runoff in Lake Winnebago?

©2010 North Carolina State University Chapter 4 — Page 10



Version 5/9/2011 Finding Optimal Solutions—Linear Programming (Minimization)

Now, Nadia and her team have the complete linear programming formulation:

Decision Variables

Let: x;,; =amount of phosphorus reduction from construction runoff in Lake Winnebago (in kg)
x12 = amount of phosphorus reduction from urban storm runoff in Lake Winnebago (in kg)
x13 = amount of phosphorus reduction from agricultural sources in Lake Winnebago (in kg)
x1.4 = amount of phosphorus reduction from industrial sources in Lake Winnebago (in kg)
X,,1 = amount of phosphorus reduction from construction runoff in Green Bay (in kg)
X2 = amount of phosphorus reduction from urban storm runoff in Green Bay (in kg)
X, 3 = amount of phosphorus reduction from agricultural sources in Green Bay (in kg)
X4 = amount of phosphorus reduction from industrial sources in Green Bay (in kg)
z = the total cost of reducing the amount of phosphorus in the watersheds

Objective Function
Maximize: z=8770x,; + $770x,1 + $2025x; 5 + $2025x,, + $26x, 3 + $26x25 + $75x14 + $75x24

Constraints
Subject to:
Lake Winnebago target reduction: X11 T X12 + X153 + x4 = 40,000
Construction runoff for Lake Winnebago: x1,1 = 12,000
Urban storm runoff for Lake Winnebago: x12 > 12,000
Agricultural sources for Lake Winnebago: x13< 6,000
Industrial sources for Lake Winnebago: X14< 6,000
Green Bay target reduction: X201 X2 X235+ Xx24= 85,000
Construction runoff for Green Bay: X2 = 25,500
Urban storm runoff for Green Bay: X222 25,500
Agricultural sources for Green Bay: X23 < 12,750
Industrial sources for Green Bay: X4 < 12,750
Non-Negativity: X1120,x12>20,x15>0,x4>0,

X2120,%,>0,,x3>0,and x4, >0

4.2.2 Using the Excel Solver

To solve this problem, Nadia and her team rely on Excel Solver. The spreadsheet is shown in Figure
4.2.2.
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A B C D E F G H

1 | Chapter 4: LP Mintmization

2 4.2 WI Watershed

3 | Reduction Cost Minimization

4

5 .. .y . - - Construction Urban Storm Agricultural Industrial

- Decision Variable Values [# of kg of Phosphorus] Runoff Runoff R Sources

7 Lake Winnebago (LW)

8 Green Bay (GB)

9 Total Cost
10 Objective Function [Cost (8'kg)] 770 2025 26 75 S0
11

12 Constraints

13 |Target Reduction for LW (kg} 1 1 1 1 0 = 40,000
14 |Total Reduction for Construction Runoff LW 1 0 = 12,000
15 |Total Reduction for Urban Storm Runeff TW 1 0 = 12,000
16 |Total Reduction for Agriculnwral Sources LW 1 0 = 6.000
17 |Total Reduction for Industrial Sources LW 1 0 = 6,000
15 |Target Reducton for GB (kg) 1 1 1 1 0 = 85,000
19 Total Reduction for Construction Runeff GB 1 0 = 25,500
20 |Total Reduction for Urban Storm Runoff GB 1 0 = 25,500
21 |Total Reduction for Agricultural Sources GB 1 0 = 12,750
22 |Total Reduction for Industrial Sources GB 1 0 = 12,750

Figure 4.2.2: Complete linear programming formulation in Excel

Nadia sets up this linear programming formulation in Excel with the decision variables in the form of a
matrix, as in Table 4.2.3. The decision variables are, therefore, in two rows, rows 7 and 8, rather than in
one long row. The double subscript makes it possible to present the decision variables in a compact form.
Row 7 corresponds to Lake Winnebago and row 8 corresponds to Green Bay. The constraints are grouped
in a similar fashion. By grouping the constraints for watershed, it is possible to efficiently use the copy
and paste command.

Using the cell references from Figure 4.2.2, Nadia types the objective function into cell H10.
=B10 *B8+B10 * B7+ C10 * C8 + C10 * C7 + D10 * D8 + D10 * D7 + E10 * E§ + E10 * E7

Alternatively, she could have used a more compact notation based on the distributive law.
=B10 * (B8 + B7) + C10 * (C8 + C7) + D10 * (D8 + D7) + E10 * (E8 + E7)

All of the constraints for Lake Winnebago appear in rows 13 through 17. The constraints for Green Bay
appear in rows 18 through 22. Column F contains the SUMPRODUCT expression. For example, cell F13
is SUMPRODUCT($B$7:$SE$7,B13:E13). This expression can then be copied into the next four rows.

Q8. Write an expression that can be used to determine the left hand side of the constraint for the target
reduction for Green Bay (i.e., the expression in cell F18).

Solving a minimization problem in Excel is very similar to solving a maximization problem. Nadia
simply needs to tell Solver to minimize the objective function. She follows the same procedures
developed in earlier problems to set up the parameters of the model. The critical difference for this
problem is that it is a minimization problem. Solver needs to be instructed to solve it accordingly (see
Figure 4.2.3). The options are also going to remain the same as in earlier examples (see Figure 4.2.4).
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Solver Parameters

Xl

Set Objective: I

By Changing Yariable Cells:

Ta ' Max &+ Min ™ value Of:

|$B$?:$E$8

Subject to the Constraints:

$FE13 = $H$13

FF14 == fHE14
$FE15 == $HE1S
FF$16 <= $H$16
$FELT <= $HELT
$F$18 = $H$1S

$F419 == $HE1D
$F$20 == $H$20
$FE21 <= $H$21
JF$22 <= fH$22

W Make Unconstrained Variables Mon-Kegative

Change |
Delete |

Select a Solving Method: Sirmplesx LP

=

&dd

Reset all

Options

[ Ema
=l Load|Save |
_ oo |

Solving Method

non-smoaoth,

Select the @RG Nonlinear engine for Solver Problems that are smiookh nonfinear, Select the LP Simplex
engine For linear Solver Problems, and select the Evolutionary engine For Solver problems that are

Help |

Solve I

Close

Figure 4.2.3: Setting up the parameters for this minimization linear programming problem
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All Methods IGRG Nonlinearl Evolutionary I

2]

Constraint Precisian:

[¥] Use automatic scaling

O show Iteration Results

— Salving with Integer Constraints
lgnare Integer Canstraints

Integer Optirmality [36): 1

0.000000001

— Salving Limits
Max Timne (Seconds): 100

Iterations: 100

IMax subproblems:

Max Feasible Solutions:

Evolutionary and Integer Constraints:

QK

Cancel

Figure 4.2.4: Solver Options

Nadia uses Excel Solver to come up with the optimal solution in Figure 4.2.5.

A B C D E F G H

1 Chapter 4: LP Minimization

2 4.2 WI Watershed

3 | Reduction Cost Minimization

4

5 .. _ . - - Construction Urban Storm Agricultural Industrial

s Decision Varable Values [Z of kg of Phosphorus] Runoff Runoff Sources Sources

7 Lake Winnebago (L'W) 16000 12000 6000 6000

g Green Bay (GB) 34000 25500 12750 12750

2 Total Cost
Eobjective Function [Cost (3kg)] 770 2025 26 75 ISllé.SSl.lS(l!

11

12 Constraints

13 |Target Reduction for LW (kg) 1 1 1 1 40000 = 40,000

14 |Total Reduction for Construction Runoff LW 1 16000 = 12,000

15 |Total Reduction for Urban Storm Runoff LW 1 12000 = 12,000

16 |Total Reduction for Agricultural Sources LW 1 6000 = 6.000

17 |Total Reduction for Industrial Sources LW 1 6000 = 6.000

18 |Target Reduction for GB (kg) 1 1 1 1 83000 = 83.000

19 |Total Reduction for Construction Runoff GB 1 34000 = 25,500

20 |Total Reduction for Urban Storm Runoft GB 1 25500 = 25,500

21 Total Reduction for Agricultural Sources GB 1 12750 = 12,750

22 |Total Reduction for Industrial Sowrces_GB 1 12750 = 12,750

Figure 4.2.5: Spreadsheet with optimal solution
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The optimal solution shown in Figure 4.2.5 indicates the kilograms of phosphorus reduction from each
source in each watershed. These values meet all of the constraints for the reduction of phosphorus. The
solution achieves the goal of meeting these constraints for reduction while keeping cost to a minimum.
QO. What is the optimal solution?

Q10. What is the value of the objective function for that optimal solution?

QI11.  Which of the constraints are binding?

4.2.3 Interpreting Results

Nadia and her team examine the Answer Report shown in Figure 4.2.6 and the Sensitivity Report shown
in Figure 4.2.7.

Objective Cell (Min)
Cell Name Original Value Final Value
$H510 Objective Function [Cost (5/kg)] Total Cost 0 3116,331,250

Wariable Cells
Cell Name Original Value Final Value Integer

$B57  Lake Winnebago (LW) Construction Runoff 0 15000 Contin
$C57  Lake Winnebago (LW Urban Storm Runoff 0 12000 Contin
3057 Lake Winnebago (LW Agricultural Sources 0 5000 Contin
SESY  Lake Winnebago (LW Industrial Sources 0 5000 Contin
$B58 Green Bay (GB) Construction Runoff 0 34000 Contin
$C58 Green Bay (GB) Urban Storm Runoff 0 25500 Contin
30553 Green Bay (GB) Agricultural Sources 0 12750 Contin
SE3E  Green Bay (GB) Industrial Sources 0 12750 Contin
Constraints

Cell Name Cell value Formula Status  Slack
3F313 Target Reduction for LW (kg) 40000 3F313=3H313 Binding 0
ZF314 Total Reduction for Construction Runoff_LW 16000 5F514:==5H514 Mot Binding 4000
%F315 Total Reduction for Urban Storm Runoff_LW 12000 5F$15>=5H315 Binding o]
$F$16 Total Reduction for Agricultural Sources_LwW 6000 5F516<=5H3516 Binding 0
3F317 Total Reduction for Industrial Sources_LW 6000 3F517<=5H3517 Binding 0
3F318 Target Reduction for GB (kqg) 85000 3F318=3H318 Binding 0
3F319 Total Reduction for Construction Runoff_GB 34000 5F519>=3H519 Mot Binding 8500
%F320 Total Reduction for Urban Storm Runoff _GB 25500 3F320>=5H320 Binding o]
3F321 Total Reduchion for Agricultural Sources_GB 12750 3F521«<=3%H%21 Binding 0
3F322 Total Reduction for Industrial Sources_GB 12750 5F522<=%5H522 Binding 0

Figure 4.2.6: Answer Report for optimal solution
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Wariable Cells

Final Reduced Objective Allowable Allowable
Cell Name Value Cost Coefficient Increase Decrease

£B%7 Lake Winnebago {LW) Construction Runoff 15000 0 770 1255 G595
$C57  Lake Winnebago (LW Urban Storm Runoff 12000 0 2025 1E+30 1255
5037 Lake Winnebago (LW) Agricultural Sources 5000 0 26 744 1E+30
SE37  Lake Winnebago (LW) Industrial Sources 5000 0 75 595 1E+30
$B$8 Green Bay (GB) Construction Runoff 34000 0 770 1255 595
SC%8  Green Bay (GB) Urban Storm Runoff 25500 0 2025 1E+30 1255
$D38 Green Bay (GB) Agricultural Sources 12750 0 26 744 1E+30
$EZE Green Bay (GB) Industrial Sources 12750 0 75 595 1E+30

Constraints

Final Shadow Constraint Allowable Allowable

Cell Name Value Price R.H. Side Increase Decrease
SF$13 Target Reduction for LW (kg) 40000 770 40000 1E+30 4000
$F$14 Total Reduction for Construction Runoff LW 156000 0 12000 4000 1E+30
$F515 Total Reduction for Urban Storm Runoff_LW 12000 1255 12000 4000 12000
$F£18 Total Reduction for Agricultural Sources_LW 5000 -744 5000 4000 5000
$F$17 Total Reduction for Industrial Sources_LW 5000 -695 5000 4000 5000
$F318 Target Reduction for GB (kqg) 85000 770 85000 1E+30 8500
$F%19 Total Reduction for Construction Runoff_GE 24000 0 25500 8500 1E+30
sFs20 Total Reduction for Urban Storm Runoff GB 25500 1255 25500 8500 25500
SF321 Total Reduction for Agricultural Sources_GB 12750 -744 12750 5500 12750
$F522 Total Reduction for Industrial Sources_GB 12750 -G95 12750 8500 12750

Figure 4.2.7: Sensitivity Report for optimal solution
Q12. From the Sensitivity Report, which of the constraints have a shadow price?
Q13. Explain how the two previous answers are related.

Recall that shadow price refers to the amount by which the objective function value changes given a unit
increase or decrease in one right-hand side (RHS) value of a constraint.

Q14. Interpret the meaning of the shadow price for the “Target Reduction for GB” constraint.

Q15. Interpret the meaning of the shadow price for the “Total Reduction for Agricultural Souces GB”
constraint. Why is it negative?

Q16. How does the interpretation of the shadow price in a minimization problem differ from the the
interpretation of the shadow price in a maximization problem?

While the answer and sensitivity reports give Nadia and her team a lot of important information, they do
not give them the entire picture. They must use their knowledge of the problem. It is important to
remember the units for the various constraints and decision variables. For instance, the decision variables
are in kilograms of phosphorus.

Q17. Which of the sources provides the highest amount of phosphorus reduction? Why does this make
sense?

Q18.  Which of the sources provides the least amount of phosphorus reduction? Why does this make
sense?
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Nadia’s team notices that the Sensitivity Report for the Watersheds Problem lists an Allowable Decrease
in the objective coefficients of four of the decision variables as 1E+30. In other words, these coefficients
may be decreased as much as they want without affecting the optimal solution.

They also notice that these four decision variables (that have an Allowable Decrease of 1E+30) are the
decision variables for agricultural and industrial sources of pollution. These two sources are the least
costly of the four sources from which to reduce pollution. As a result, Nadia’s team sees why the four
constraints related to agricultural and industrial sources are binding. They want to reduce as much
pollution as possible from the least expensive sources in order to minimize the total cost.

Then they notice that the two constraints for urban storm runoff are also binding, but reducing urban
storm runoff is the most expensive source to reduce. Nadia calls the team’s attention to the direction of
the constraint inequalities. For urban storm runoff, both constraint inequalities are “greater than or equal
to.” One way to think of “greater than or equal to” is “at least.” Since the goal is to keep costs at a
minimum, the most expensive source of pollution should be reduced as little as required. For example,
reducing pollution from urban storm runoff by “at least 25,500 kg” means reduce it by exactly 25,500 kg.
To reduce it more while staying within the total target reduction would be more costly. Now they
understand why those two constraints are also binding,

Returning to the Sensitivity Report, the team notices that Solver reports a Shadow Price of 1255 for both
of the urban storm runoff constraints. That means that if the right-hand side of either of those constraints
increases by 1 kg, the total cost of the project would increase by $1,255. They understand why the cost
would increase, but they do not see where the 1255 came from. To see why that makes sense, Nadia
changes the spreadsheet formulation, as shown in Figure 4.2.8. The spreadsheet shows an increase to
12,001 in the right-hand side of the Lake Winnebago urban storm runoff constraint, as well as the
decision variable values for the resulting optimal solution.

A B C D E F G H
1 | Chapter 4: LP Ainimization
2 4.2 WI Watershed
2 Reduction Cost Minimization
4
5

Decision Variable Values [# of ke of Phosphorus] Construction Urban Storm Agricultural Industrial

5 Runoff Runoff Sources Sources

7 Lake Winnebago (LW) 15999 12001 6000 6000

8 Green Bay (GB) 34000 25500 12750 12750

9 Total Cost
10 |Objective Function [Cost ($kg)] 770 2025 26 75 |5116,332,5{I5!
11

12 Constraints

13 |Target Reduction for LW (kg) 1 1 1 1 40000 = 40,000
14 |Total Reduction for Construction Runoff LW 1 15000 = 12,000
15 Total Reduction for Urban Storm Runoff LW 1 12001 = 12,001

16 |Total Reduction for Agriculural Sources LW 1 6000 = 6.000

17 |Total Reduction for Industrial Sources LW 1 6000 = 6.000

18 |Target Reduction for GB (kg) 1 1 1 1 85000 = 85,000
19 |Total Reduction for Construction Runoff GB 1 34000 = 25,500
20 |Total Reduction for Urban Storm Runeff GB 1 25500 = 25,500
21 |Total Reduction for Agricultural Sources_GB 1 12750 = 12,750
22 Total Reduction for Industrial Sources GB 1 12750 = 12,750

Figure 4.2.8: Increasing the amount of reduction in Lake Winnebago urban storm runoff by 1 kg
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By increasing the amount of reduction in urban storm runoff in the Lake Winnebago watershed by 1 kg,
the final value of only two of the decision variables changes. Urban storm runoff in Lake Winnebago
increases from 12,000 kg to 12,001 kg, and construction runoff in Lake Winnebago decreases from
16,000 kg to 15,999 kg.

The increase in urban storm runoff in Lake Winnebago by 1 kg causes the total cost of the project to
increase by $2,025 (see Table 4.2.2). In addition, reducing the construction runoff in Lake Winnebago by
1 kg causes the total cost of the project to decrease by $770. Thus, Nadia saw that the net effect of the
change she made is $2,025 — $770 = $1,255, which is exactly the amount of increase in the total cost of
the project.

Next, Nadia and her team notice that four of the Shadow Prices in the Sensitivity Report are negative
numbers (e.g., the Shadow price for the constraint for agricultural sources in Lake Winnebago is -$744).
This means that increasing the right-hand side of the constraint will decrease the total cost of the project.
The negative shadow prices are all linked to less than or equal to constraints. These constraints limit the
use of lower cost reduction strategies. Increasing the right hand side of any of these constraints expands
the size of the feasible region. As a result, it is possible to improve the optimal solution. In a cost
minimization problem improvements result in a reduction in total cost. This reduction appears as a
negative shadow price. For example, Figure 4.2.9 shows the spreadsheet Nadia has after increasing the
right-hand side of the Lake Winnebago agricultural sources constraint by 1 kg to 6,001. (Note: the right-
hand side of the constraint for urban storm runoff for Lake Winnebago has been changed back to 12,000

kg.)

A B C D E F G H
1 Chapter 4: LP Minimization
2 4.2 WI Watershed
3 | Reduction Cost Mintmization
4
L

Decision Variable Valies [£ of ks of Phosphorus] Construction Urban Storm Agricultural Industrial

5} Runoff Runoff Sources Sources

7 Lake Winnebago (LW) 159090 12000 6001 6000

8 Green Bay (GB) 34000 25500 12750 12750

9 Total Cost
10 |Objective Function [Cost (5/%kg]] 770 2025 26 75 |5116,33[I,5[I6!
11

12 Constraints

13 |Target Reduction for LW (kg) 1 1 1 1 40000 = 40,000
14 |Total Reduction for Construction Runoff LW 1 15000 = 12,000

15 |Total Reduction for Urban Stortn Runoff LW 1 12000 = 12,000
16 |Total Reduction for Agriculnuwral Sources LW 1 6001 = 6.001

17 |Total Reduction for Industrial Sources LW 1 6000 = 6,000

18 |Target Reduction for GB (kg) 1 1 1 1 83000 = 85,000
19 |Total Reduction for Construction Runoff GB 1 34000 = 25,500
20 Total Reduction for Urban Storm Runoff GB 1 25300 = 25,500
21 Total Reduction for Agncultural Sources GB 1 12750 = 12,750
22 Total Reduction for Industnial Sources GB 1 12750 = 12,750

Figure 4.2.9: Increasing the amount of reduction from Lake Winnebago agricultural sources by 1 kg

The team notices that this change in the constraint causes two changes in the final values of the decision
variables. The amount of pollution reduction from agricultural sources in the Lake Winnebago watershed
increases by 1 kg, from 6,000 to 6,001. At the same time, the amount of pollution reduction from
construction runoff in the Lake Winnebago watershed decreases by 1 kg, from 16,000 to 15,999. The net
effect of these two changes is $26 — $770 = -$744, which matches the reported Shadow Price.
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Finally, after a lot of hard work, Nadia and her team of planners know how much reduction in phosphorus
should be coming from each source and how much it will cost to do the entire reduction process. Based
on this information, they are now ready to move forward on this project.
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Section 4.3: Disk Gasoline Distributors, Inc.

Disk Gasoline Distributors, Inc. obtains gasoline wholesale from three refineries. It then blends this
gasoline and introduces additives. These additives are designed to improve vehicle performance. Disk
delivers the finished product to various gasoline retailers.

During the first quarter of the year, the management at Disk wants to produce a blend of gasoline meeting
a particular set of specifications. The product will be delivered to retailers in the Southeast. Table 4.3.1
contains those specifications. To meet the company’s goals for profitability, it must produce 500,000
gallons per week of the blend.

Octane rating: | Greater than or equal to 87
Vapor pressure: | Less than 7.2 pounds per square inch (psi)
Sulfur content: | Less than 75 parts per million (ppm)
Olefins (a family of toxic pollutants): | Less than 10% by volume (%v)
Table 4.3.1: Gasoline blend specifications at Disk Gasoline Distributors

The octane rating is a performance measure of a gasoline. The higher the octane rating, the better the
gasoline performs. Some vehicles require gasoline with an octane rating higher than 89. Vapor pressure is
a measure of the extent to which a gasoline is subject to evaporation. Sulfur content and olefin content
determine how cleanly a gasoline blend burns in a vehicle. A lower content of either produces cleaner
gasoline.

Disk buys gasoline in 100-gallon units directly from three refineries in the southeast:
e Vicksburg, MS,
e Norco, LA, and
e Mobile, AL.

The cost per 100-gallon unit from the refineries is $274.90 from Vicksburg, $265.90 from Norco, and
$249.90 from Mobile. These costs include delivery. The characteristics of the gasoline that Disk can
obtain from these three refineries are contained in Table 4.3.2.

Refinery
Characteristic | Vicksburg | Norco | Mobile
Octane rating 89 88 85
Vapor pressure 7.23 7.09 7.32
Sulfur content 72 86 58
Olefins 7.52 8.97 13.38

Table 4.3.2: Characteristics of gasoline from three refineries

The managers at Disk would like to minimize the cost of the gasoline used in this blend. However, they
are further constrained by the capacities of the three refineries. They can obtain no more than 210,000
gallons per week from Vicksburg, no