Alberti, Carr� Ferro, Lammoglia, Torelli The dimension method2and Simon [29], but certainly it was not efficient enough for almost any practical use.The GTM proved a statement by explicitly giving a possible proof of it, similar to onewhich might be provided by a student using synthetic geometry.Another way to approach the problem of proving statements in geometry is the algebraicapproach that gives a proof by means of algebraic calculations, providing a decisionalgorithm. The existence of such a decision algorithm has been proved by Tarski [37] fora subset of geometry that he indicates as elementary geometry. The algebraic approach isfar more efficient: it requires at first an algebraic equivalent formulation of the geometricproblem, then it reduces the decision problem to an algebraic one. In this case, automatedtheorem proving can rely on results from years of research in algebra.Many algebraic approaches to geometry theorem proving can deal with problems that canbe expressed by polynomial equations, with coefficients in an appropriate field K, whosevariables are usually the coordinates of the points involved in the problem. This impliesthat one is actually dealing with problems in a subset of elementary geometry: problemsthat do not involve order relations and, in particular, inequalities (such as > and <,whereas „ can be dealt with in some cases, see next section). Other approaches, see forinstance [11] [12] [37], can deal with inequalities and with variables which couldrepresent any geometrical entity and not necessarily point coordinates, but so far have notbeen implemented efficiently in a software environment.Among the algebraic approaches to elementary geometry theorem proving we recall themethod introduced by Wu, based on the computation of characteristic sets [41] [42] [10];those introduced by Kapur [20] and by Kutzler and Stifter [26], based on thecomputation of Gr�bner bases, and the dimension method introduced by Carr� andGallo, based on computation of the dimension of an algebraic variety [7]. Wu [43] [44]as well as Carr� and Gallo [8] have extended their methods to differential geometry. Inthe dimension method Carr� and Gallo introduce some hierarchical notions of validity ofstatements in elementary and differential geometry. Some examples that were leftunsolved by Wu’s method, in the differential case, are proven with this method.However the procedure to prove differential geometry statements presented in [8] is notcomplete and in ⁄ 2.2.2 we will give a decision procedure, that uses the notions ofdifferential dimension polynomial and Cartan characters, to decide some further cases.The extension to the differential case is not implemented in the present environment and itwill not be easily included, due to the lack of a general-purpose mathematical tool, suchas differential Gr�bner bases, computable with reasonable efficiency.The paper briefly recalls the theory behind proofs in elementary geometry, which is ratherwell known, while presenting a more detailed exposition of the differential case, morecomplex and perhaps less widely known. The two cases are discussed in two parallel andindependent sections: the reader mainly interested in the implementation or in elementarygeometry can safely skip the section on differential geometry, and vice versa.

Alberti, Carr� Ferro, Lammoglia, Torelli The dimension method31 . Theorem proving in elementary geometryTo formulate a geometric problem in algebraic terms, given a coordinate system, thehypotheses and the conclusion expressing the geometric constraints have to be rewritteninto polynomial equations. Proving the validity of the geometric statement is equivalent toproving that the solutions of the polynomial equations H1 = 0, ..., Ht = 0, representingthe hypotheses, are also solutions of the polynomial equation G = 0, representing theconclusion. Sometimes some hypotheses give place to inequalities F1 „ 0, ..., Fi „ 0:this case can be treated by introducing an auxiliary variable Z and replacing theinequalities by a single equation (F1...Fi)Z — 1 = 0. This trick is known as Rabinowitschlemma. Moreover, the conclusion at times is expressed by more than one equation; in thiscase one has to split the original problem into several subproblems.In the following we need some terminology, taken from [18], that we briefly recall. LetK be an algebraically closed field, Kn be the affine n-dimensional space over K andK[X1, ..., Xn] the ring of polynomials in n variables over K. A subset of Kn is analgebraic set if it contains all the elements of Kn that satisfy a system of polynomialequations F1 = 0, ..., Ft = 0 where Fi ˛ K[X1, ..., Xn], 1 £ i £ t. We will say that thealgebraic set is determined by F1 = 0, ..., Ft = 0. The affine space Kn can be made into atopological space by considering the algebraic sets as the closed sets. A nonempty subsetY of a topological space is said to be irreducible if it cannot be expressed as union of twoproper subsets, each one of which is closed in Y. An affine algebraic variety is anirreducible closed subset of Kn. Every algebraic set in Kn can be expressed uniquely as aunion of irreducible varieties, no one containing another; these varieties are said to beirreducible components of the algebraic set. The dimension of an algebraic set X is themaximum integer d, such that there exists in X a chain Z0 � Z1 � ... � Zd ˝ X ofdistinct affine varieties.The validity of a geometric statement, translated into polynomial equations, is proved ifthe algebraic set determined by the system H1 = 0, ..., Ht = 0 representing thehypotheses (from now on we will call it H) is contained in the algebraic set determined bythe polynomial equation G = 0, representing the conclusion or thesis (from now on T).Actually this case corresponds to the fact that the geometric statement is trueunconditionally; more often the statement is true under some non-degeneracy conditions,that are usually left unexpressed. In these cases, if one would state explicitly the non-degeneracy conditions and add them to the hypotheses, then one could decide upon thestatement validity. Unfortunately it is not always easy, nor practical, to specifycompletely the non-degeneracy conditions. When a statement is rejected as false by aprover, one has to analyze the difference between H and T, in order to distinguishbetween degenerate cases and more significant cases in which the statement does nothold. In fact a statement can be accepted as true by one method and rejected as false by

Alberti, Carr� Ferro, Lammoglia, Torelli The dimension method4another, according to different ways of interpreting validity, as will be discussed in moredetails in ⁄ 4. The two methods shortly detailed in the following actually behavedifferently in this matter. Wu’s method explicitly derives the non-degeneracy conditions,sometimes together with some irrelevant ones. Objective of the dimension method is theanalysis of the dimension of the irreducible components of H, that are not in T,introducing different levels of validity for geometric statements.1.1 Wu’s methodIn 1978 Wu introduced a procedure to prove geometric statements automatically, basedon the computation of a characteristic set of a defining equations set of an algebraicvariety, due to Ritt [34]. Wu’s method, besides being very effective, has an advantageover other methods: it provides non-degeneracy conditions, under which the statementholds, even though they are not always geometrically meaningful. Wu’s procedure hasbeen later simplified by Chou, who used the characteristic set in weak sense. His workhas been fully described and documented in his book [10], providing many examples oftheorems proved by his program.Consider the set of polynomial equations H1 = 0, ..., Ht = 0, representing thehypotheses, and G = 0, representing the conclusion. In order to prove the statement, onehas to follow a procedure, which can be sketched in three steps:1. compute a triangularization of H1 = 0, ..., Ht = 0;2. compute successive pseudo-divisions between the set of polynomials obtainedat the previous step and G, to compute the final remainder R0;3. analyse R0 and non-degeneracy conditions.At the last step Wu’s procedure indicates that if R0 = 0, then the statement is true underthe non-degeneracy conditions given by the initials of the polynomials in the characteristicset (i. e. the triangular set in step 1); if R0 „ 0, then the characteristic set has to be furtherexamined to establish if each one of its polynomials is irreducible, in which case thestatement can be rejected as false, or if for some of them a factorization can be found. Inthis last case one should test the new sets of polynomials given by the substitution of thereducible polynomial with its factors separately, and apply the algorithm again to thesenew sets. One ends up with different final remainders, some of which could be equal tozero, giving an indication that the statement is true under the conditions expressed by theinitials of the polynomials in that particular characteristic set. This procedure correspondsto strengthening the hypotheses in ways that at times cannot be obvious at all.

Alberti, Carr� Ferro, Lammoglia, Torelli The dimension method51.2 The dimension methodThis method introduces different definitions of validity of a geometric statement. In thedimension method a geometric statement is said to be absolutely true if H is a subset of T.In this case, the intersection between H and the set determined by the negated thesis isempty (the approach is refutational). Let us call such an intersection NT. By changing theinequality G „ 0, expressing the negated thesis, according to Rabinowitsch lemma, onecan make NT into an algebraic set, and evaluate its dimension. By definition, when NT isempty, one has: dim (NT) = —1.The class of absolutely true statements is the same as the class of true statementsdetermined by Kapur’s method [20].We say that a geometric statement is generically true in strong sense if T contains all theirreducible components of maximal dimension of H. Also in this case the approach isrefutational. One has:dim (H) > dim (NT).We say that a geometric statement is generically true in weak sense if at least oneirreducible component of maximal dimension of H is in T. This means that H has thesame dimension as the algebraic set (let us call it TH) determined by the polynomialequations of the hypotheses and of the thesis: dim (H) = dim (TH).We say that a geometric statement is generically false if no irreducible component ofmaximal dimension of H is in T. In this case, one finds out that:dim (H) > dim (TH).Finally, we could say for completeness that a geometric statement is absolutely false ifT is disjoint from H. In this case:dim (TH) = —1.Therefore, if a statement is absolutely false then the negation of the thesis contains H, andthis means that the negation of the conclusion is an absolutely true theorem.We explicitly remark that a statement which is declared to be generically true or false bythe dimension method is not necessarily generically true or false according to Wu’smethod. These levels of validity are actually not comparable, as will become clearer in thefollowing ⁄ 4.Moreover, we note that it is not necessary to compute three different dimensions, becauseof the relation dim(H) = max{dim(TH), dim(NT)}. In order to compute the dimension ofan algebraic set, we have implemented the algorithm introduced in [7], which issummarised in the next subsection.

Alberti, Carr� Ferro, Lammoglia, Torelli The dimension method61.2.1 An algorithm to compute the dimensionLet I be an ideal in K[X1, ..., Xn] and let {G1, ..., Gr}be a Gr�bner basis [3] of I, withrespect to a given order. Consider the r · n matrix M = [mij], where mij = 1 if Xj haspositive exponent in the leading term of Gi, 0 otherwise.Let p the smallest integer such that there exists an r · p submatrix of M in which everyrow contains at least one non-zero element. Then the dimension of the algebraic setdetermined by I is n — p.Actually the problem of determining the submatrix is equivalent to the set-cover problem,which is NP-complete. We have tackled this problem by adapting Petrick’s algorithm forminimizing boolean functions (see for instance [28]).When a statement is found to be absolutely true, there is no matrix to compute, since thereduced Gr�bner basis is trivial, that is, it is constituted only by the polynomial 1. In theother cases, the fact that the minimization procedure is computationally complex isovershadowed by the problem of computing the Gr�bner basis, which is of doubleexponential complexity. Actually one could avoid to compute the Gr�bner basis, in orderto compute the dimension of an algebraic variety; [17] provides alternative methods,which behave better in the worst case.2. Theorem proving in differential geometrySome procedures to prove statements in differential geometry are based on differentialalgebra techniques developed in the ’30s by J.F.Ritt [34] and later by E.R.Kolchin [23].Using Ritt’s method, Wu proved several non-trivial conjectures and theorems, takenfrom differential geometry of curves and from mechanics, and gave some interestingexamples of mechanical theorem discovery, automatically deriving Newton’sgravitational laws from Kepler’s observational laws [44].The alternative approaches resorting on Gr�bner bases led to successful decisionprocedures for elementary and algebraic geometry only. The difficulty consists inextending the constructive methods in commutative algebra to differential algebra. Theextension is straightforward only in the case of systems of linear differential operators,and a complete generalization requires ad hoc techniques [27].Carr� and Gallo’s paper [8] provides an algorithm for theorem proving in differentialgeometry, in the case in which only ordinary differential equations are involved, based onthe calculation of the differential dimension of differential quasi-algebraic sets. As in thecase of elementary geometry this method introduces different hierarchical notions ofvalidity of statements.We shall now recall some definitions; the notions which are not defined here can befound in [23] and [34].

Alberti, Carr� Ferro, Lammoglia, Torelli The dimension method7A differential ring (or D -ring) R is a commutative ring with unit and a setD = {d1, ..., dn} of commuting derivations, i.e. didj = djdi for all i, j = 1, ..., n. Adifferential field (or D-field) K is a D-ring K, such that K is also a field. For example, thefield of all complex meromorphic functions on a given region of Cn with the set ofoperators ¶/¶X1, ..., ¶/¶Xn is a differential field.Let K be a universal differential field (cf. [23] page 133) of characteristic zero.Q = {q = d1a1 ... dnan: (a1, ..., an)˛