IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 1, JANUARY 2015 549

Regret Minimization for Reserve Prices
in Second-Price Auctions

Nicolo Cesa-Bianchi, Claudio Gentile, and Yishay Mansour

Abstract— We show a regret minimization algorithm for setting
the reserve price in a sequence of second-price auctions, under
the assumption that all bids are independently drawn from the
same unknown and arbitrary distribution. Our algorithm is
computationally efficient, and achieves a regret of OWT) in

a sequence of 7' auctions. This holds even when the number of
bidders is stochastic with a known distribution.

Index Terms— Prediction theory, sequential analysis, statistical
learning, semi-supervised learning.

I. INTRODUCTION

ONSIDER a merchant selling items through e-Bay

auctions. The sell price in each auction is the second-
highest bid, and the merchant knows the price at which the
item was sold, but not the individual bids from the bidders
that participated in the auction. How can the merchant set a
reserve price in order to optimize revenues? Similarly, consider
a publisher selling advertisement space through Ad Exchange
(such as AdX) or Supply Side Platform (such as Adsense),
where advertisers bid for the advertisement slot and the price
is the second-highest bid. With no access to the number of
bidders that participate in the auction, and knowing only the
actual price that was charged, how can the publisher set an
optimal reserve price?

We abstract this scenario by considering the following
problem: A seller is faced with repeated auctions, where each
auction has a (different) set of bidders, and each bidder draws
bids from some fixed unknown distribution which is the same
for all bidders. It is important to remark that we need not
assume that the bidders indeed bid their private value. Our
assumption on the bidders’ behavior, a priori, implies that
if they bid using the same strategy, their bid distribution
is identical.! The sell price is the second-highest bid, and the
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1For example, if we had considered a first-price auction, then assuming that
bidders use the same strategy to map their private value to a bid would result
in the same bid distribution.

seller’s goal is to maximize the revenue by only relying on
information regarding revenues on past auctions.

The issue of revenue maximization in second-price auctions
has received a significant attention in the economics litera-
ture. The Revenue Equivalence theorem shows that truthful
mechanisms? that allocate identically have identical revenue
(see [15]). Myerson [14], for the case of monotone hazard rate
distributions, characterized the optimal revenue maximization
truthful mechanism as a second-price auction with a seller’s
reserve price, i.e., with a minimum price disqualifying any bid
below it.

In addition to their theoretical relevance, reserve prices
are to a large extent the main mechanism through which a
seller can directly influence the auction revenue in today’s
electronic markets. The examples of e-Bay, AdX and Adsense
are just a few in a large collection of such settings. The
practical significance of optimizing reserve prices in sponsored
search was reported in [16], where optimization produced a
significant impact on Yahoo!’s revenue.

We stress that unlike much of the mechanism design
literature (see [15]), we are not searching for the optimal
revenue maximization truthful mechanism. Rather, our goal
is to maximize the seller’s revenue in a given, yet very
popular, mechanism of second-price auction with a reserve
price. In our model, the seller has only information about the
auction price (and possibly about the number of bidders that
participated in the auction). We assume all buyers have the
same unknown bid distribution, but we make no assumptions
about this distribution, only that the bids are from a bounded
domain. In particular, we do not assume that the distribution
has a monotone hazard rate, a traditional assumption in the
economics literature. The main modeling assumption we rely
upon is that buyers draw their value independently from the
same distribution (i.e., bids are independent and identically
distributed). This is a reasonable assumption when the auction
is open to a wide audience of potential buyers. In this case, it
is plausible that the seller’s strategy of choosing reserve prices
has no influence on the distribution of bids.

A. Our Results

The focus of our work is on setting the reserve price in a
second-price auction, in order to maximize the seller’s revenue.
Our main result is an online algorithm that optimizes the
seller’s reserve price based only on the observation of the
seller’s actual revenue at each step. We show that after 7' steps

2A mechanism is truthful if it is a dominant action for the bidders to bid
their private value.
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(T repetitions of the auction) our algorithm has a regret of
only O(+/T). Namely, using our online algorithm the seller
has an average revenue per auction that differs from that of
the optimal reserve price by at most O(1/+/T), assuming the
value of any bid lies in a bounded range interval.

Our algorithm is rather easy to explain and motivate at
a high level. Let us start with a simple O(T?/3) regret
minimization algorithm, similar to [12]. The algorithm
discretizes the range of reserve prices to ®(T!/3) price bins,
and uses some efficient multi-armed bandit algorithm (see [5])
over the bins. It is easy to see that lowering the optimal
reserve price by € will result in an average loss of at most €.
This already shows that vanishing average regret is achievable,
specifically, a regret of O(T%3). Our main objective is to
improve over this basic algorithm and achieve a regret of
OWT).

An important observation to understand our algorithm is
that by setting the reserve price low (say, zero) we observe
the second-highest bid, since this will be the price in the
auction. Hence, with enough observations, we can reconstruct
the distribution of the second-highest bid. Given the assump-
tion that the bidders’ bid distributions are identical, we can
recover the bid distribution of an individual bidder, and the
distribution of the highest bid. Clearly, a good approximation
to this distribution results in a good approximation to the
optimal reserve price. Unfortunately, this simple method does
not improve the regret, since a good approximation of the
second-highest bid distribution incurs a significant loss in the
exploration, and results in a regret of O(T?%/3), similar to
the regret of the discretization approach.

Our main solution is to perform only a rough estimate of
the second-highest bid distribution. Using this rough estimate,
we can set a better reserve price. In order to facilitate future
exploration, it is important to set the new reserve price to the
lowest potentially optimal reserve price. The main benefit is
that our new reserve price has a lower regret with respect to the
optimal reserve price, and we can bound this improved regret.
We continue in this process, getting improved approximations
to the optimal reserve price, and accumulating lower regret
(per time step) in each successive iteration, resulting in a total
regret of O(+/T) for T time steps.

Our ability to reconstruct the bid distribution depends on
our knowledge about the number of participating bidders in
the auction. Our simpler case involves a known number of
bidders (Section II). We later extend the algorithm and analysis
to the case where there is stochasticity in the number of
bidders through a known distribution (Section III). In both
cases we prove a regret bound of O(+/T). This bound is
optimal up to logarithmic factors. In fact, simple choices of
the bid distribution exist that force any algorithm to have order
VT regret, even when there are only two bidders whose bids
are revealed to the algorithm at the end of each auction.

Finally, in Section IV we present two extensions. One is
for the case when the regret analysis refers to the stronger
notion of realized regret (Section IV-A), the other extension

3Note that the setting is not symmetric, and increasing by e might lower
the revenue significantly, by disqualifying many attractive bids.

is a standard twist that removes any prior knowledge on the
time horizon T (Section IV-B).

B. Related Work

There is a vast literature in Algorithmic Game Theory on
second price auctions, with sponsored search as a motivating
application. An important thread of research concerns the
design of truthful mechanisms to maximize the revenue
in the worst case, and the derivation of competitive ratio
bounds, see [10]. A recent related work [8] discusses revenue
maximization in a Bayesian setting. Their main result is a
mechanism that achieves a constant approximation ratio with
respect to any prior distribution using a single sample. They
also show that with additional samples, the approximation ratio
improves, and in some settings they even achieve a 1 — ¢
approximation. In contrast, we assume a fixed but unknown
prior distribution, and consider the rate at which we can
approximate the optimal reserve price. In our setting, as we
mentioned before, achieving a 1 — € approximation, even for
€ = T~1/3, is straightforward, and the main focus of this paper
is to show that a rate of € = T~!/? is attainable.

Item pricing, which is related to regret minimization under
partial observation [5], has also received significant attention.
A specific related work is [12], where the effect of knowing
the demand curve is studied. (The demand curve is equivalent
to the bid distribution.) The mechanism discussed in [12] is a
posted price mechanism, and the regret is computed in both
stochastic and adversarial settings. In the stochastic setting
they assume that the expected revenue function is strictly
concave, and use the UCB algorithm of [3] over discretized
bid values to derive their strategy. Again, we do not make such
assumptions in our work.

The question of the identification of the buyers’ utilities
given the auction outcome has been studied in the economics
literature. The main goal is to recover in the limit the buyers’
private value distribution (i.e., the buyers’ utility function),
given access to the resulting auction price (i.e., the auction
outcome) and assuming that bidders utilities are independent
and identically distributed [1], [9]. It is well known in the
economics literature that given a bid distribution that has a
monotone hazard rate, there is a unique reserve price maxi-
mizing the expected revenue in a second-price auction, and this
optimal price is independent of the number of bidders [14].
As we do not make the monotone hazard rate assumption, in
our case the optimal price for each auction might depend on
the actual (varying) number of bidders. Because the seller does
not observe the number of bidders before setting the reserve
price (Section III), we prove our results using the regret to
the best reserve price, with respect to a known prior over the
number of bidders. As we just argued, depending on the bid
distribution, this best reserve price need not be the same as the
optimal reserve price one could set when knowing the actual
number of bidders in advance.

There have been some works [7], [11], [20] on optimizing
the reserve price, concentrating on more involved issues that
arise in practice, such as discrete bids, nonstationary behavior,
hidden bids, and more. While we are definitely not the first
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Fig. 1. The revenue function R for m = 5 bids of value B = 07,
B@ =05, B8 =035, B® =024, B®) = 0.05. For p € [0, B®] the
revenue is constant, R(p) = B@. For p € [8(2), B(l)] the revenue grows
linearly, R(p) = p, For p € [B(l), 1] the revenue is null, R(p) = 0.

ones to consider approximating optimal reserve prices in a
second-price auction, to the best of our knowledge this is the
first work that derives formal and concrete convergence rates.
Finally, note that any algorithm for one-dimensional
stochastic bandit optimization could potentially be applied to
solve our revenue maximization problem. Indeed, whenever
a certain reserve price is chosen, the algorithm observes a
realization of the associated stochastic revenue. While many
algorithms exist that guarantee low regret in this setting, they
all rely on specific assumptions on the function to optimize
(in our case, the expected revenue function). See [6] obtains
a regret of order /T under smoothness and strong concavity.
The authors of [2] achieve a regret worse only by logarithmic
factors without concavity, but assuming other conditions on
the derivatives. The work [21] shows a bound of the same
order just assuming unimodality. The work [4] also obtains the
same asymptotics O(+/T') on the regret using a local Lipschitz
condition. The approach developed in this paper avoids making
any assumption on the expected revenue function, such as
Lipschitzness or bounded number of maxima. Instead, it
exploits the specific feedback model provided by the second-
price auction in order gain information about the optimum.

II. KNOWN NUMBER OF BIDDERS

We first show our results for the case where the number
of bidders m is known and fixed. In Section III we will
remove this assumption, and extend the results to the case
when the number of bidders is a random variable with a known
distribution. Fortunately, most of the ideas of the algorithm can
be explained and nicely analyzed in the simpler case.

A. Preliminaries

The auctioneer organizes an auction about an item to
be sold. He collects m > 2 bids Bj, Ba, ..., B, which
are 1.i.d. bounded random variables (for definiteness, we let
B; € [0,1] for i = 1,...,m) whose common cumulative
distribution function F is arbitrary and unknown. We let
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Fig. 2. At the beginning of Stage i 4+ 1, Algorithm 1 has at its disposal
an estimate z; (here represented by the piecewise constant solid line) of the
actual expected revenue function u (the thick solid line). The upper horizontal
dashed line indicates the estimate ; (ﬁ;") of the actual maximum u(p*)
(recall that ﬁf is a maximizer of 7;(-)). The lower horizontal dashed line
indicates the lower end of the confidence interval for z; (ﬁl*) This defines
the next set P;1 of candidate optimal reserve prices, here marked by the
thick solid line on the price axis, and the next reserve price p;41, which is
the lowest price in P; 1. In this ﬁgure,Aﬁ,-H = 0. Also, for simplicity, we
have disregarded the further constraint /7 ; (p) < 1 —a.

BM_ B® . B™ denote the corresponding order statistics
B(l) > B(z) >0 > B(m)'
In this simplified setting, we consider a protocol in which

a learning algorithm (or a “mechanism”) is setting a reserve
price (i.e., a minimal price) p € [0, 1] for the auction. The
algorithm then observes a revenue R(p) = R(p; By, ..., Bm)
defined as follows:

B® if p < B®

R(py=1p it B® <p=<BO
0 if p> B,

In words, if the reserve price p is higher than the highest bid
B , the item is not sold, and the auctioneer’s revenue is zero;
if p is lower than B() but higher than the second-highest bid
B® then we sell at the reserve price p (i.e., the revenue is p);
finally, if p is lower than B we sell the item to the bidder
who issued the highest bid B at the price of the second-
highest bid B (hence the revenue is B(®). Figure 1 gives a
pictorial illustration of the revenue function R(p).

The expected revenue u(p) = E[R(p)] is the expected
value of the revenue gathered by the auctioneer when the
algorithm plays price p, the expectation being over the bids
Bi, B, ...By. Let

p* = argmax u(p)
pel0,1]
be the optimal price for the bid distribution F. We also write
F> to denote the cumulative distribution function of B®).
We can write the expected revenue as

w(p) =E[BP]+E[p -BP|B® < p < BV]
xP[B® < p < BY]
—E[B(2)|p > B(l)] p[p > B(l)]

where the first term is the baseline, the revenue of a second-
price auction with no reserve price. The second term is the
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gain due to the reserve price (increasing the revenue beyond
the second-highest bid). The third term is the loss due to the
possibility that we will not sell (when the reserve price is
higher than the highest bid). The following fact streamlines the
computation of u(p). All proofs are given in the appendices.
Fact 1: With the notation introduced so far, we have
P
wp) =E[BO]+ [ Paydr = p (F )"
where the expectation E[ - | is over the m bids By, Ba, ..., By.
The algorithm interacts with its environment (the bidders)
in a sequential fashion. At each time step ¢+ = 1,2,... the
algorithm sets a price p; and receives revenue R;(p;) =
R(p:s Bi1, ..., Biy) which is a function of the random
bids B;.1,..., By, at time t. The price p; depends on past
revenues Rg(ps) for s < ¢, and therefore on past bids.
Given a sequence of reserve prices pi, ..., pr, we define the
(cumulative) expected regret as

Z E[Rt(P )

t=1

~
~

—ERi(po)]) = D _(u(p™) — u(p)) (1)

t=1

where the expectation E;, = E;[- | p1,..., pr—1] is over
the random bids at time ¢, conditioned on all past prices
P1,..., pr—1 (i.e., conditioned on the past history of the
bidding process). This implies that the expected regret (1) is
indeed a random variable, as each p; depends on the past
random revenues. Our goal is to devise an algorithm whose
regret after T steps is O(+/T) with high probability, and with
as few assumptions as possible on F. We see in the sequel
that, when T is large, this goal can actually be achieved with
no assumptions whatsoever on the underlying distribution F.
Moreover, in Section IV-A we use a uniform~convergence
argument to show that the same regret bound O(+/T) holds
with high probability for the realized regret

T

max

R —
pelon] - ( +(p)

R; (Pt))-

Note that here the realized revenue of the seller is compared
against the best reserve price on each sequence of bid realiza-
tions. Therefore, the realized regret is a much stronger notion
of regret than the expected regret (1).

It is well known that from the distribution of any order
statistics one can reconstruct the underlying distribution.
Unfortunately, we do not have access to the true distribution of
order statistics, but only to an approximation thereof. We first
need to show that a small deviation in our approximation will
have a small effect on our final result. The following prelimi-
nary lemma will be of great importance in our approximations.
It shows that if we have a small error in the approximation
of F>(p) we can recover u(p) with a small error. The
function f(-) therein maps (F(-))" to F>(-). In fact, since
the bids are independent with the same distribution, we have
Fa(p) = m (F(p)"~'(1 = F(p)) + (F(p))" = B((F(p))™).
The main technical difficulty arises from the fact that the
function #~!(-) we use in reconstructing (F(-))m from Fp(-)—
see pseudocode in Algorithm 1, is not a Lipschitz function.

Lemma 1: Fix an integer m > 2 and consider the function

plx) =mx"n

Then B~'(-) exists in [0, 1]. Moreover, if a € (0,1) and x €
[0, 1] are such that a — € < f(x) < a + € for some € > 0,
then

—(m-1x, xe€l0,1]

Pl - ==sx=p @+ = @)
In a nutshell, this lemma shows how approximations in the
value of f(-) turn into approximations in the value of f~!().
Because the derivative of f~! is infinite at 1, we cannot hope
to get a good approximation unless a is bounded away from 1.
For this very reason, we need to make sure that our function
approximations are only applied to cases where the arguments
are not too close to 1. The approximation parameter a in the
pseudocode of Algorithm 1 serves this purpose.

B. The Algorithm

Our algorithm works in stages, where the same price
is consistently played during each stage.* Stage 1 lasts T}
steps, during which the algorithm plays p, = p; for all
t = 1,...,T;. Stage 2 lasts T, steps, during which the
algorithm plays p; = pp for all t = Ty + 1,...,T1 + T»,
and so on, up to S stages. Overall, the regret suffered by this
algorithm can be written as

S
D (ulp™) — u(P)) T
i=1
where the sum is over the S stages. The length 7; of each
stage will be set later on, as a function of the total number
of steps T. The reserve prices pi, p2,... are set such that
0 =p1 < py <--- < 1. At the end of each stage i, the
algorithm computes a new estimate z; of the expected revenue
function u in the interval [p;, 1], where p* is likely to lie.
This estimate depends on the empirical cumulative distribution
function 1/7\2,1- of F> computed during stage i in the interval
[Pi, 1]. The algorithm’s pseudocode is given in Algorithm 1.
The quantity Cs,;(p) therein is defined as

Coi () 2 I 6S
i = = In —.
A T S F T

Cs,i(p) is a confidence interval (at confidence level 1—4J/(35))
for the point estimate 7;(p) in stage i, where S = S(T) is
either the total number of stages or an upper bound thereof.
Stage 1 is a seed stage, where the algorithm computes a first
approximation 71 of u. Since the algorithm plays p; = 0, and
R(0) = B, during this stage T independent realizations of
the second-bid variable B are observed. Hence the empirical
distribution 1/52,1 in Algorithm 1 is a standard cumulative
empirical distribution function based on i.i.d. realizations
of B . The approximation 7 is based on the corresponding
expected revenue u contained in Fact 1, where f(-) is the
function defined in Lemma 1, mapping (F(p))" to Fa(p).

“4For simplicity, we have disregarded rounding effects in the computation
of the integer stage lengths T7;.
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Algorithm 1 Regret Minimizer

Input: Confidence level 6 € (0, 1], approximation parameter a € (0, 1], time horizon T';

Let stage lengths 7; = 712" fori =1,2,...
Stage 1:

o Forallt=1,...,Ty, play p; = p1 = 0 and observe revenues R1(0), ..., Rz, (0).

o Compute, for x € [0, 1], empirical distribution

-~ 1
Fikx) = Tl ’{t =1,...,T1: R/(0) S)C}‘.

« Compute, for p € [0, 1], approximation

P ~
m1(p) = E[B?] + /O By di — p p~ (Bt ().

For Stage i =2,3, ...
e Forallt=1+3/2\7;, ...
where p; is computed as follows:
— Compute maximizer
Pi1 =

— Set py =min P, (\{p : Fri-1(p) <1 —a}.
« Compute, for x € [p;, 1], empirical distribution

-~ 1
Fi(x) = T

1

« Compute, for p € [p;, 1], approximation

’23’=1 T;, play p; = pi, and observe revenues R (p;), ..., Rr, (Di),

argmax Hi-1(p).

pelpi—1,11: Fai—1(p)<l—a

- Let P; = {p €pi-1, 11 : fi—1(p) = wi-1(p7_;) — 2Cs,i-1(P}_)) — 2Ca,i—1(l7)}-

{t:l,...,T,-:R,(ﬁ,-)ng.

pi P ~
zi(p) =E[B®] + /O Fy(t)dt + [ Fri(ydi — p B~ (Foi(p)).
Di

Note that if ,[)’_1 is available, maximizing the above function
(done in Stage 2) can easily be computed from the data. The
presence of the unknown constant E[B(z)] is not a problem
for this computation.’ In Stage 2 (encompassing trials t =
T+ 1,..., Ty + Tz) the algorithm calculates the empirical
maximizer

@i(p)

Pl = argmax

pel0,11: B 1 (p)<l—a

then computes the set of candidate optimal reserve prices

P, ={p 0,11 : mi(p) = m1(p}) — 2Cs,1(P}) —2Cs,1(p)}

and sets the reserve price p to be the lowest one in P,, subject
to the additional constraint that® 1?2,1(17) < 1 — a. Price p»
is played during all trials within Stage 2. The corresponding
revenues R;(py), for t = 1,..., T, are gathered and used
to construct an empirical cumulative distribution 1?2,2 and an
approximate expected revenue function > to be used only in

SNote that in the algorithm (subsequent Stage 2) we either take the
difference of two values 21 (p1)—71(p2), in which case the constant cancels,
or maximize over 71(p), in which case the constant does not change the
outcome.

SNote that the intersection is not empty, since ﬁT is in the intersection.

the subinterval’ [pa, 1.
In order to see why F» 2 and i are useful only on [Py, 1],
observe that
if B < p,
if B® > p>.

. paor 0
R(p2) = [3(2)

Thus, for any x > p> we have that
P(R(P2) < x) =P(B® < x).

Hence, if we denote by Ri(p2),..., R7,(P2) the revenues
observed by the algorithm during Stage 2, the empirical
distribution function

~ 1 ~
Fo(x)=— |{t =1,...,T72 : R(p2) 5x}|
Ip)

approximates F»(x) only for x € [p2, 1].

All other stages i > 2 proceed similarly, each stage i relying
on the existence of empirical estimates 1?2,1-,1, i—1,and p;_|
delivered by the previous stage i — 1. Figure 2 gives a pictorial
explaination of the way the algorithm works.

7Once again, computing the argmax of 7y over [ps, 1] as well as the set
of candidates P3 (done in the subsequent Stage 3) is not prevented by the

presence of the unknown constants ]E[B(z)] and fop 2 F>(r) dt therein.
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C. Regret Analysis

We start by showing that for all stages i the term 1 — Fz,,- (p)
in the denominator of Cs,;(p) can be controlled for all p such
that 4 (p) is bounded away from zero. Recall that § = S(T')
denotes (an upper bound on) the total number of stages.

Lemma 2: With the notation introduced so far, for any fixed
stage i,

1(p)? 1 6S
—|—
6 2T 6

1-F(p) >

holds with probability at least 1 — 06/(3S), uniformly over
p € [pi, 11, conditioned on all past stages.

In the sequel, we use Lemma 2 with p = p* and assume
that 1 — Fz,i(p*) > o holds for each stage i with probability
at least 1 — d/(3S), where the approximation parameter o is
defined as

1 (p*)? 1 6S
o= — 1

- n
6 2 min; T; 0

provided p* € [p;, 1]. In order to ensure that o > 0, it suffices
to have u(p*) > 0 and T large enough —see Theorem 1
below. Recall that it is important to guarantee that I?z,i(p) be
bounded away from 1 for all arguments p which we happen
to evaluate 1?2,1- at. This is because the function ,[)”1 has an
infinite derivative at 1.

The following lemma is crucial to control the regret of
Algorithm 1. It states that the approximation in stage i is
accurate. In addition, it bounds the empirical regret in stage i,
provided our current reserve price is lower than the optimal
reserve price. The proof is a probabilistic induction over
stages.

Lemma 3: The event

|1u(p) — i (p)| <2Cs.,i(p)

holds with probability at least 1 — 6/3 simultaneously in all
stages i =1, ..., S. Moreover, the events

forall pe[p;, 1] (3

0 < @B — W(p") < 2Co4(FP) +2Coi(p") ()
both hold with probability at least 1 — 0 simultaneously in all
stagesi =1,...,8S.

The next theorem proves our regret bound under the
assumption that u(p*) is nonzero. Note that u(p*) = 0
corresponds to the degenerate case u(p) = 0 for all p € [0, 1].
Under the above assumption, the theorem states that when
the horizon T is sufficiently large, then with high probability
the regret of Algorithm 1 is O(«/ T logloglog T (loglog T)) =
O(«/T). 1t is important to remark that in this bound there is
no explicit dependence on the number m of bidders.

Theorem 1: For any distribution F of the bids and any
m > 2 such that u(p*) > 0, we have that Algorithm 1
operating on any time horizon T such that

1 6(1 + log, log, T)\ 2
y (721n (1 +1log, log, ))
u(p*) o

T >

using approximation parameter o. > u(p*)*/12 has regret

O(\/T(log loglog T + log 1/0) (loglog T))

u(p*)
_ 5 (W)
u(p*)
with probability at least 1 — 6.
The proof of this theorem follows by applying at each
stage i the uniform approximation delivered by Lemma 3 on
the accuracy of empirical to true regret. This would bound

the regret in stage i by 8§ aTl, Iln %—see the proof in
P

Appendix V. We then set the length 7; of stage i as T; =
T2 ie, Ty = JT,T» = T3* T3 = T7/8,..., which
implies that the total number of stages S is O(loglogT).
Finally, we sum the regret over the stages to derive the
theorem.

Two remarks are in order at this point. First, the reader
should observe that the bound in Theorem 1 does not explicitly
contain a dependence on m; this is mostly due to the fact
that the approximation result in Lemma 1 is in turn inde-
pendent of m. The number of bidders m shows up implicitly
only through u(p*) —see also the discussion at the end of
Section V. Second, the way we presented it makes Algorithm 1
depending on the time horizon T', though this prior knowledge
is not strictly required: In Section IV-B we show a standard
“doubling trick” for making Algorithm 1 independent of the
time horizon T'.

D. Lower Bounds

The next result shows that the /7 dependence of the
regret on the time horizon T is not a consequence of our
partial information setting. Indeed, this dependence cannot be
removed even if the mechanism is allowed to observe the
actual bids after setting the reserve price in each repetition
of the auction.

Theorem 2: There exists a distribution of bids such that any
deterministic algorithm operating with m = 2 bidders is forced
to have expected regret

i(ﬂ (P = u(p)) = Q(WT).

=1
Although the result is proven for deterministic algorithms, it
can easily be extended to randomized algorithms through a
standard argument.

III. RANDOM NUMBER OF BIDDERS

We now consider the case when the number of bidders m
in each trial is a random variable M distributed according
to a known discrete distribution Q over {2,3,4,...}. The
assumption that Q is known is realistic: one can think of
estimating it from historical data that might be provided by
the auctioneer. On each trial, the value M = m is randomly
generated according to Q, and the auctioneer collects m bids
B1, By, ..., By. For given m, these bids are i.i.d. bounded
random variables B € [0,1] with unknown cumulative
distribution F, which is the setting considered in Section II.
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For simplicity, we assume that M is independent of the random
variables B;. For fixed M = m, we denote by B,Ell ) >
B,S,z) > ..o > B,S,m) the corresponding order statistics.

Our learning algorithm is the same as before: In each time
step, the algorithm is requested to set reserve price p € [0, 1]
and, for the given realization of M = m, only observes the
value of the revenue function R (p) = R(p; By, B2, ..., By)
defined as

B it p<BY
R"(p)=1p if BY < p<BY
0 it p> B

without knowing the specific value of m that generated this
revenue. Namely, after playing price p the algorithm is observ-
ing an independent realization of the random variable RY (p).
The expected revenue u(p) is now

1(p) =EuE[RM (p)] = D" 0(m)E[R" (p) | M = m]

m=2

where the inner expectation E[ - | M = m] is over the random
bids By, B>, ..., By,.

Again, we want to minimize the expected regret with respect
to the optimal reserve price

p* = argmax u(p)
pelo,1]

for the bid distribution F', averaged over the distribution Q
over the number of bidders M, where the expected regret over
T time steps is

T
> (u(p™) = u(p)

t=1

and p; is the price set by the algorithm at time ¢.
In Section IV-A we show that the same regret bound holds
for the realized regret

T

SR (p) — R (1)

t=1

max
pel0,1]

where M, is the number of bidders at time ¢.
Let F> ,, denote the cumulative distribution function of B,(,,z).
We use Ep[F2u](x) to denote the mixture distribution
> Q(m)Fy p(x). Likewise,

m=2

Ex[FM](x) =D 0m)(F(x))"

m=2

Relying on Fact 1, one can easily see that

p
n(r) = EwELE]+ [ Bu[Pu0)ar
—pEu[FM](p). )

As in Section II, our goal is to devise an online algorithm
whose expected regret is of the order +/7, with as few
assumptions as possible on F and Q.
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We first extend Lemma 1 to handle this more general
setting.®

Lemma 4: Let T be the probability generating function
of M,

T(x)= Y Q(m)x"

m=2

and define the auxiliary function
AX)=Tx)+ 0 —x)T'(x)

where, for both functions, we let the argument x range in
[0,1]. Then T and A are bijective mappings from [0,1] onto
[0,1] and both T~' and A~" exist in [0,1]. Moreover, letting
ae(0,1), and 0 <€ <1 —a, if x is such that

a—e<A(T ') <a+e
then
cE[M]

l—(a+e)
(6)

BIMI__ 1 @+

T(A™ (@) - m <

In addition, if9
(T")* (1 =)+ T'N)T" () = T'N)T" (@) (1 —x) (D)
holds for all x € [0, 1] then, for any a € (0,1) and € > 0,

TA™ @) - —— <x = TU @ +——. ®
—a i
Observe that 7(-) and A(-) in this lemma have been defined
in such a way that!”

EmF2,m](p) = A(F(p))

and

Eu[FM1(p) = T(F(p)).
Hence, Ey[FM](p) in (5) satisfies

EulF"1(p) = T (A~ (BnlFom1()).

In particular, when P(M = m) = 1 as in Section II, we obtain
T(x) = x™ and A(x) = mx™ ! — (m — 1)x™. Thus, in
this case A(T~!(-)) is the function B(-) defined in Lemma 1,
and the reconstruction function f~!(-) we used throughout
Section II is T(A_1 (-)). Because this is a more general setting
then the one in Section II, we do still have the technical issue
of insuring that the argument of this recostruction function is
not too close to 1.

As in the fixed m case, the algorithm proceeds in stages.
In each stage i the algorithm samples the function Ey[F> ]

8More precisely, in dealing with a more general setting we only obtain a
slightly looser result than Lemma 1.

9Condition (7) is a bit hard to interpret: It is equivalent to the convexity
of the function T(A*l(x)) for x € [0, 1] (see the proof of Lemma 4
in Appendix V), and it can be shown to be satisfied by many standard
parametric families of discrete distributions Q, e.g., Uniform, Binomial,
Poisson, Geometric. There are, however, examples where this condition does
not hold. For instance, the distribution Q, where Q(2) = 0.4, Q(8) = 0.6,
and Q(m) = 0 for any m # 2, 8 does not satisty (7) for x = 0.6, i.e., it yields
a function T(A_1 (x)) which is not convex on x = 0.6.

10Recall from Section II-A that, for any fixed M = m, we have F, ,,,(p) =

m (F(p))"~1(1 = F(p)) + (F(p))".
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by sampling RM (p) at appropriate values of p. This allows
it to build an empirical distribution I?z,i and to reconstruct
the two unknown functions Ey[F2 p] and Ey[F M1 occur-
ring in (5) over an interval of reserve prices that is likely
to contain p* Whereas Ey[F> »] is handled directly, the
reconstruction of Ej[FM] requires us to step through the
functions T and A according to the following scheme:

Fai(p) ~ EnlFaml(p) = A(F(p))
— Ail(Fz,gp)) ~ F(p)
> T(A7 (Fi(p)) ~ T(F(p)) = Eu[FM1(p).

Namely, in stage i we sample E/[F>, »] to obtain the empiri-
cal distriEution E,i, and then estimate Ep [ FM]in (5) through
T(A~ (Fa,i ())).

In order to emphasize that the role played by the composite
function A(T~'(-)) here is the very same as the function £(-)
in Section II, we overload the notation and define in this
section f(x) = A(T~'(x)), where T and A are given
in Lemma 4. Moreover, we define for brevity Fp(x) =
Em[F2,m1(x).

With this notation in hand, the detailed description of the
algorithm becomes very similar to the one in Section II-B.
Hence, in what follows we only emphasize the differences,
which are essentially due to the modified confidence interval
delivered by Lemma 4, as compared to Lemma 1.

In particular, if we rely on (6), the new confidence interval
size for Stage i depends on the empirical distribution fz’i
through the quantity (we again overload the notation)

pE[M] 21 65
/2,68
1= Foi(p) — /7 m&S VT 0

- 1 I 6S
- = __ _ _~ n ——
20— Fi(p)* o

Cs,i(p) =

with

i
Similarly, if we rely on (8), we have instead
6S

p 1
- = _  _ n—.
l—F(p V2T 9

The resulting pseudocode is the same as in Algorithm 1,
where the observations R;(p;) therein have to be interpreted
as distributed i.i.d. as RM(p;), and E[BP] and F> in gi
are replaced by their M-average counterparts IEMIE[BZ(W) ]
and F>. We call the resulting algorithm the Generalized
Algorithm 1.

As for the analysis, Lemma 2 is replaced by the following
(because of notation overloading, the statement is the same as
that of Lemma 2, but the involved quantities are different, and
so is the proof in the appendix).

Lemma 5: With the notation introduced at the beginning of
this section, if S = S(T) is (an upper bound on) the total
number of stages, we have that, for any fixed stage i,

Cs,i(p) =

pp? [ 168

6 o1 s

1—Fi(p) >

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 1, JANUARY 2015

holds with probability at least 1 — 0/(3S), uniformly over
p € [pi, 11, conditioned on all past stages.

Then an easy adaptation of Lemma 3 leads to the following
expected regret bound. The proof is very similar to the proof
of Theorem 1, and is therefore omitted.

Theorem 3: With the notation introduced at the beginning
of this section, for any pair of distributions F and Q such
that u(p*) > 0 we have that the Generalized Algorithm 1,
operating on any time horizon T satisfying

1 6(1 + log, log, T)\ >
' (2881n (1 +1log, log, ))
u(p*) o

and with approximation parameter a. > u(p*)?/12, has regret

T >

A
— 5 x0 (\/T(log loglog T + log 1/9) (loglog T))
1(p*)
A
1 (p*)?
with probability at least 1 — 6, where A = E[M] if (6) holds
and A =1 if (8) holds.

X (5( Tlogl/&)

IV. EXTENSIONS

This section further extends the results contained in the
previous two sections. First, we show how to bound with
high probability the realized regret (Section IV-A). Second, we
show how to turn Algorithm 1 into an algorithm that does not
rely on prior knowledge of the time horizon T (Section IV-B).

A. Bounding the Realized Regret

In this section, we show how to bound in probability the
realized regret

T T
M, M,
max >R (p) = DR (pr)
t=1 t=1

pelo,1

suffered by the Generalized Algorithm 1. As a special case,
this clearly applies to Algorithm 1, too.

We need the following definitions and results from empirical
process theory—see [19]. Let F be a set of [0, 1]-valued func-
tions defined on a common domain X. We say that F shatters
a sequence xi,...,x, € X if there exists ri,...,r, € R
such that for each (ai,...,a,) € {0, 1}" there exists f € F
for which f(x;) > r;j iff a; = 1 for all i = 1,...,n. The
pseudo-dimension [17] of F, which is defined as the length
of the longest sequence shattered by JF, controls the rate of
uniform convergence of means to expectations in JF. This is
established by the following known lemma, which combines
Dudley’s entropy bound with a bound on the metric entropy
of F in terms of the pseudo-dimension—see [18], [19].

Lemma 6: Let X1,X5,... be iid random variables
defined on a common probability space and taking values in X.
There exists a universal constant C > 0 such that, for any fixed

T and o,
<C,/dT1 !
n_
- 0

T

> f(X)—TE[f]

t=1

sup
feF
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Algorithm 2 Anytime Regret Minimizer

Input: Confidence level ¢ € (0, 1], approximation parameter o € (0, 1];

For Block r =0,1,2, ...
Run Algorithm 1 with input parameters

0
block r confidence 6, = —————,
r+DH@r+2)

approximation parameter o,

block r horizon T, = 2".

with probability at least 1 —9, where d is the pseudo-dimension
of F.

Recall that EyE[RM (p)] = u(p) for all p € [0, 1]. Let
R = {RM(p) 1 pel0, l]} be the class of revenue functions
indexed by reserve prices p € [0, 1]. Hence, for each p,
RM(p) is a [0, 1]-valued function of the number M of bidders
and the bids Bi,..., By. In the appendix we prove the
following bound.

Lemma 7: The pseudo-dimension of the class R is 2.

As announced, the following is the main result of this
section, whose proof combines Lemma 6, Lemma 7, together
with a standard martingale argument.

Theorem 4: Under the assumptions of Theorem 3
(Section III), the actual regret of Generalized Algorithm 1
satisfies

T T
M M A = | 1
max R —E R =—x0 T log —
pE[O,l] - t (p) p— t (pl) /.l(p*)z g 5

t=

with probability at least 1 — J, where A = E[M] if (6) holds
and A =1 if (8) holds.

B. The Case of Unknown Time Horizon T

We wuse a standard “doubling trick” argument—
see [5, Sec. 2.3] applied to Algorithm 1 (the same argument
applies to the Generalized Algorithm 1). The idea is to
partition the sequence 1,2,... of time steps into blocks of
geometrically growing length, where each block r =0, 1, ...
starts at time 2" and ends at time 2"+ — 1. At the beginning of
each new block r, we restart Algorithm 1 from scratch, using
T, =2"+1 —1—2" 41 =2" as new horizon parameter, and
setting the current confidence level as 6, = ¢ / r+ D@ +2),
where J is the desired confinence level. The algorithm’s
pseudocode is given in Algorithm 2.

Using the standard analysis for the doubling trick,
Algorithm 2 is easily see to achieve the following bound on
the expected regret.

Theorem 5: For any distribution F of the bids and any
m > 2 such that u(p*) > 0, we have that Algorithm 2 using
approximation parameter o, > ,u(p*)2/12 has regret

1 T loglog T T loglog T log T
o : 10g2( oglog ) +«/— oglog /log og
u(p*) o u(p*) 5

with probability at least 1 — 0 simultaneously over all T.
Clearly enough, combining with Theorem 4 a similar state-
ment can be given for the realized regret as well.

V. CONCLUSIONS AND DISCUSSION

Optimizing the reserve price in a second-price auction is
an important theoretical and practical concern. We introduced
a regret minimization algorithm to optimize the reserve price
incurring a regret of only O(+/T). We showed the result both
for the case where the number of bidders is known, and
for the case where the number of bidders is drawn from a
known distribution. The former assumption, of known fixed
number of bidders, is applicable when the number of bidders
is given as the outcome of the auction. The assumption that
the distribution over the number of bidders is known is rather
realistic, even in the case where the number of participating
bidders is not given explicitly. For example, one can hope to
estimate such data from historical data that might be made
available from the auctioneer.

Our optimization of the reserve prices depends only on
observable outcomes of the auction. Specifically, we need only
observe the seller’s actual revenue at each step. This is impor-
tant in many applications, such as e-Bay, AdX or AdSense,
where the auctioneer is a different entity from the seller, and
provides the seller with only a limited amount of information
regarding the actual auction. It is also important that we
make no assumptions about the distribution of the bidder’s
bid (or its relationship to the bidder’s valuation) since many
such assumptions are violated in reality. The only assumption
that we do make is that the distributions of the bidders are
identical. This assumption is a fairly good approximation of
reality in many cases where the seller conducts a large number
of auctions and bidders rarely participate in a large number of
them.

The resulting algorithm is very simple at a high level, and
potentially attractive to implement in practice. Conceptually,
we would like to estimate the optimal reserve price. The main
issue is that if we simply exploit the current best estimate,
we might miss essential exploration. This is why, instead
of playing the current best estimate, the algorithm plays a
minimal e-optimal reserve price, where € shrinks over time.
The importance of playing the minimal near-optimal reserve
price is that it allows for efficient exploration of the prices, due
to the specific feedback model provided by the second-price
auction setting.

An interesting direction for extending our results is the
generalized second price auction model, when multiple items
of different quality are sold at each step. Here the problem
of estimating the expected revenue function becomes more
involved due to the presence of terms that depend on the
correlation of order statistics.
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A different open issue, of more technical nature, is
whether the inverse dependence on wu(p*) in Theorem 1
(and on ,u(p*)2 in Theorem 3) can somehow be removed.
Indeed, these factors do not seem to be inherent to the problem
itself, but only to the kind of algorithms we use.

In a similar vein, because the number of bidders (Section II)
or the distribution on the number of bidders (Section III under
assumption (8)) does not explicitly show up in the regret
bounds, one may wonder whether our algorithm really needs
to know this information. Unfortunately, the answer seems to
be affirmative, as our algorithm hinges on reconstructing the
underlying bid distribution F(-) from the distribution of the
second-highest bid F;(-), and we are currently unaware of how
this could be done without knowing m (or its distribution).
A simple attempt to remove the dependence on m from
Algorithm 1 is to let m — oo in the reconstruction func-
tion f(-). The resulting £ (x) would still be well defined, since
lim;,— 0 f(x) = x — xlogx, uniformly over x € [0, 1], and
Lemma 1 would still hold since its statement is independent
of m. However, we would no longer be optimizing the “right”
function z; (p) but an approximation thereof, the error in this
approximation propagating across time steps in an additive
manner, so that at the end of T steps we would obtain a linear
regret bound of the form 10) (dm T+ T ) where d,, is con-
stant with 7', and goes to zero as the true underlying m goes to
infinity. The question whether it is possible to refine this sim-
ple argument so as to achieve a nontrivial (i.e., sublinear in T)
cumulative regret bound without knowing anything about m
remains open.

APPENDIX
MAIN PROOFS

Proof of Fact 1: By definition of R(p) we can write
w(p) = /1xsz(x> +pP(B® <p<BY). (9
p
By applying the identity E[X] = [P(X > x)dx to the
nonnegative random variable B?) ;g py we obtain
/pl xdF(x) = p(l — Fz(p)) +/pl(1 - Fz(x)) dx
= p— pF(p) +E[B?]

—/p(l — Fz(x)) dx
0

= ]E[B(2)] —pF(p) +/p F (1) dt.
0
Moreover,
Fa(p) =m (F(p))"~' (1 = F(p)) + (F(p)"
and
P(B® < p < BY) =m (1- F(p)) (F(p)"~".

Substituting the above into (9) and simplifying concludes the
proof. (]

Proof of Lemma 1: A simple derivative argument shows that
the function fB(-) is a strictly increasing and concave mapping

from [0, 1] onto [0, 1]. Hence its inverse S~ () exists and is
strictly increasing and convex on [0, 1]. From our assumptions
we immediately have: (i) x < f~!(a+¢) for any € € [0, 1 —a],
and (ii) #~'(a — €) < x for any € € [0, a].

In turn, because of the convexity of -1 (+), we have

I’ (a+6)<,[)’ (a)+ ﬁ ( ) , Ve €[0,1 —a]. (10)
Similarly, by the convexity and the monotonicity of £~ (-) we

can write

-1
pla—o = pi@ - L0
dx xX=a
_pl
> p @D veeoa o

At this point, we need the following technical claim.
Claim 1:

—pYa)<2VT—a, Vacelo0,1].

Proof of Claim: Note that the case a € [0,3/4) holds
trivially since 24/1 —a > 1, and therefore we need to
consider only a € [3/4, 1]. Introduce the auxiliary function
f(a) = 1 —24/1 —a. The claim is proven by showing that
B(f(a)) < a for all a € [3/4,1]. We prove the claim by
showing that f(f(a)) is a concave function of a € [3/4, 1],

and that LY @)| > | while B(f(1)) = 1. We have

T da la=1 &
dp(f(@) _ —2(m— 1) 1= (f(a))~!/m
" da 1—fla)
Hence, using L’Hopital’s rule,
dﬁ(f(a))‘ _ 2(m — 1)
da a=1" m
since m > 2. Moreover,
Pp(fla) _ (m—1 w1

m—1_(fla) /" -1
2 T =gt
which is nonposmve if and only if m((f(a))~ 1) <
(1—=f(a))(f(a))” = holds for any a € [3/4, 1]. Since f(a)
ranges in [0, 1] when a € [3/4, 1], after some simplifications,
one can see that the above inequality is equivalent to

1/m _

m+Dx<mx" +1, Vxelo,l1].

In turn, this inequality can be seen to hold by showing
via a 51mple derivative argument that the function g(x) =
m+1 .

mx m + 1 is convex and increasing for x € [0, 1], while
g0)=1>0and g'(1)=m + 1. O

The claim together with (10) and (11) allows us to conclude
the proof of Lemma 1. Specifically, the second inequality
in (2) is obtained by (10) and extended to any € > 0 just
by observing that, by the claim, for € > 1 — a the right-
most side of (2) is larger than 1. Moreover, the first inequality
in (2) is obtained by (11) and extended to any € > 0 by
observing that for € > a the left-most side of (2) is smaller

than S~ (a) mfa—ﬁ%fOforanyae[O,l],
where we have used the fact that f~!(a) < a. O
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Proof of Lemma 2: Let B,Sl) and B,Sz) denote the maximum
and the second-maximum of k i.i.d. bids By, ..., Bi. Set for
brevity A = ]P’(B,S,l) > p). Then we have

A< 21@(3},13/21 > p)

and
A< 2]P’(Bfi1)/ZJ > p)+P(B; > p) < S]P’(B&)m > p).
Hence

1= F(p) =P(BY > p)

z ]P)(Bfrln)/ZJ > p) x P(Bﬁ?m > p)
A A

> x =,

-3 2

In turn, A > u(p), since each time all the bids are less than p
the revenue is zero. Therefore we have obtained that

1 (p)

6
holds for all p € [0, 1]. Finally, since fz,i is the empir-
ical version of F, based on the observed revenues during
stage i (see Section II-C), the classical Dvoretzky-Kiefer-
Wolfowitz (DKW) inequality [13] implies that with probability
at least 1 — 6/3S, conditioned on all past stages,

1 - F(p) =

max_|Fai(p) — Fa(p)| <
pelpi,1]

Proof of Lemma 3: We start by proving (3). Fix any stage i

and write
p P
/ Fz(t)dt—/ F (1) dt
0 0

(F(p)" — B~ (Fai (p))
p ~
< /0 |F>(t) — B (1) di

+p [(F(p)™ = = (B ()

< p max |F(t) — Fa,i (1)
1€(0,p]

\u(p) — 1i(p)| <

+p

(F(p))" = B~ (Fri(p)) -
The DKW inequality implies that

p max | - P < p = 0% < Ccup) (13)
t€[0, p] : B Y A

holds with probability at least 1 — §/(3S). As for the second
term in (12) we apply again the DKW inequality in com-
bination with Lemma 1 with x = (F(p))" = g~ (F(p)),

a= 1/7\2,,-(17), and € = ‘/%T[ In %. This yields

p|p (Fa(p) = 7 (Foi(p)| = Coi(p)

with the same probability of at least 1 — §/(3S). Putting
together and using the union bound over the S stages gives (3).

We prove (4) by induction on i = 1,...,S. We first show
that the base case i = 1 holds with probability at least 1 —4J/S.

+p (12)
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Then we show that if (4) holds for i — 1, then it holds for i
with probability at least 1 — /S over all random events in
stage i. Therefore, using a union bound overi =1,..., S we
get that (4) holds simultaneously for all i with probability at
least 1 — 0.

For the base case i = 1 note that z1(p*) < u1(p})
holds with probability at least 1 — 6/(3S) because we are
assuming (Lemma 2) that I?z(p*) < 1 — a holds with the
same probability, and so p} maximizes 71 over a range that
with probability at least 1 — d/(3S) contains p*. Moreover,
using (3) we obtain

u(p*) — m1(p*) <2Cs1(p™)

and

w1(py) — u(py) = 2C5,1(pY).
Since u(p7) — u(p*) < 0 by definition of p*, we obtain

0 <1 (py) — 1 (p*) <2C5,1(PY) +2C5,1(p*)

as required. Finally, p* > pi trivially holds because p; = 0.
We now prove (4) for i > 1 using the inductive assumption
p* > pi—1 and

0 < zti—1(p;r_y) — i1 (p*) <2Cs,i—1(p;7_)) +2Cs,i—1(p").

The inductive assumption and I?z,i( p*) < 1—a directly imply
p* e PN{p: Fri—1(p) < 1—a} (recall the definition of
the set of candidate prices P; given in Algorithm 1). Thus we
have p* > p; and u;(p}) > 1i(p*), because p; maximizes ;
over a range that contains p*. The rest of the proof closely
follows that of (4) for the base case i = 1. ]

Proof of Theorem 1: If S = S(T) is the total number of
stages, then the regret of our algorithm is

S
(1 (p*) = w(P0)) T1 + D (e (p*) — u(P) T;
i=2
S
< T4 > (e(p*) — u(P)) Ti. (14)
i=2

For all stages i > 1 the following chain on inequalities
jointly hold with probability at least 1 — J uniformly over
i=2,...,8,
u(p*) — u(pi)
< u(p*) = wi—1(pi) +2Cs,i-1(pi)
(by (3) —note that p; > p;—1)
< u(p) = hi—1(pr_y) +2Cs,i—1(Pi_)) + 4Cs,i—1 (D)
(since p; € P;)
< u(p®) — mi—1(p*) +2Cs,i—1(pj_)) +4Cs,i—1(pi)
(since z1;—1(p;_)) = fi—1(p*) —see (4))
< 2Cs,i-1(p*) +2Cs,i-1(Pi_1) +4Cs.i-1(Pi)
(by p* > p; combined with (3))
1 6S

In —
aTi,1n5

<8

where in the last step we used the fact that 1?2,,-_1 (P <l—-a
holds by Lemma 2, and that £ ;_1(p) < 1 —a for p = p; and
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p = p;_, by the very definitions of p; and p}_,, respectively.
Substituting back into (14) we see that with probability at least
1 — ¢ the regret of our algorithm is at most

S

6S
T+ 8 ZT e 11n7

Our setting 7; = T1-27 for i = 1,2,... implies that S is
upper bounded by the minimum integer n such that

n

S s

i=1
Since i > log,log, T makes T; > % then S < [2log,
log, T = O(loglog T). Moreover observe that T; = T1-2"
is equivalent to 77 = T and = /T, fori > 1.
We therefore have the upper bounr

(14) < VT +8JT S/~ 1n%s

(15)
If u(p*) > 0 and
72In(6S/6
minT; =T = JT > LA{)
i 1(p*)
then a > u(p*)?/12, and the above is of order
VT (logloglog T + log 1/5) (loglog T)
n(p*)
as claimed. U

Proof of Lemma 4: We start by observing that 7(0) =
A0) =0, T(1) = A1) =1, T'(x) > 0 for x € [0,1],
and A’(x) = (1 — x)T”(x) > 0 when x € [0, 1]. Hence both
T(x) and A(x) are strictly increasing mappings from [0,1]
onto [0,1], and so are T~ (x), A~'(x) and A(T~'(x)). Hence
our assumptions on x can be rewritten as

T(A a—e€) <x <T(A '(a+e)).

Moreover, since 7(-) and A(-) are both C°°(0, 1), so is

T(A'("). Let € < 1 —a. We can write
dT(A"' ()

T(A N ate)=TA @) +e —
X
for some ¢ € (a,a + €), where

dT(A™'(x))  T'(y) _
dx A

T'(y)
(I =»T"(y)

and we set for brevity y = A_l(x) € [0, 1]. Now, for any
y €10, 11,

T'(y) Y Dueam Qm)y"?
T Somma m(m — 1) Qmyyn2 =7 =

As a consequence, since Al
can write
-1
dT(A™ (x)) - 1 - 1
dx = 1=ANa+e) T 1-T"a+e
(16)

<1

is a nondecreasing function, we

the last inequality deriving from!! A(x) > T(x) for all
x € [0, 1]. Finally, from the convexity of T we have T (x) >
T(1) + (x = DT'(1) = 1+ (x — DE[M]. Thus T~ (x) <

11— E[M] , x € [0, 1], which we plug back into (16) to see that

dT (A7 (x))
dx x=¢

“l—(a+e)

Replacing backwards, this yields the second inequality of (6).

To prove the first inequality of (6), we start off showing it
to hold for € < min{a, 1 —a}, and then extenditto € < 1 —a.
Set € < a. Then proceeding as above we can see that, for
some ¢ € (a — €, a),

-1
T(A ) =T(A (a—e€)) +e w
_ €
<T(A 1(61—'5))-1-7_1(&)
< T(A (@ + M
1 GE[M]
<T(A (a—f))'i‘m

the last inequality requiring also € < 1 — a. If now € satisfies
a <€ <1—a (assuming a < 1/2) then the first inequality
of (6) is trivially fulfilled. In fact,

eE[M] E[M]
T—arg = ¢ @-Tg,

( [M])
—all1-=
1—2a

<0

T(A™ (@) —

since E[M] > 2. This concludes the proof of (6).
In order to prove (8), we set for brevity y = A~!(x), and
using the rules of differentiating inverse functions, we see that

A>T(A'(x)) 1 T'(y)
dx? =27y (A=) (T"())?
T'NT"(y)

S O

Thus —T(A I(x)) = 0 for x € [0, 1] is equivalent to

(T (1 =) +T'MT" ()
>T'WMT" ()1 ~y),
Since y ranges over [0,1] when x does, (7) is actually
equivalent to the convexity of T(A~!(x)) on x € [0, 1]. Under
the above convexity assumption, we can write, for € < 1 —a,
1-T(A"'(a)
— €
1—
1 €
T(A" (a)) + —.
1—a

Vx € [0, 1].

T(A  (a+¢) < T(A™' (@) +

IA

On the other hand, if ¢ > 1 — a the above inequality
vacuously holds, since the right-hand side is larger than one,
while T(A7!(x)) < 1 for any x € [0, 1]. This proves the

H'\Whereas the function A(-) is, in general, neither convex nor concave, 7 (-)
is a convex lower bound on A(-).
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second inequality in (8). Similarly, by the convexity and the
monotonicity of T(A~'(-)) we can write, for all € € [0, a],

—1
(A @) 2 T4 (@) - A
B . X=a
> T(a @)~ D
= T4 @) - T—

which gives the first inequality in (8). We extend the above
to any € > 0 by simply observing that ¢ > a implies that
T(A™Na) — 15 <a— 1% <0, where T(A™!(a)) < a
follows from the convexity of T(A~'(-)). This makes (8)
trivially fulfilled. 0

Proof of Lemma 5: Let B,(nl) and B,S,z) denote the highest and
the second-highest of m i.i.d. bids By, ..., B;. Recall from
the proof of Lemma 2 that, for any m > 2

1
P(BFrln)/ﬂ >p) = EP(BS) > p)
and
1
]P)(Bfrln)/ZJ > p) = g]P(B;g) > p).
Moreover,

1= Fa(p) = En [P(B > p| M)]
En[P(B{) ) > | M) x P(B{Y) 0 > p|M)]

= gm0 1) ]
1

2_

- (EM [P(B,E}) > p| M)])2 > éuz(p)

v

the second-last inequality being Jensen’s, and the last one
deriving from H{B)511)>p} > R™(p) forallm > 2 and p € [0, 1].

We then conclude as in the proof of Lemma 2 by applying
DKW on the uniform convergence of 1?2,1- to F. O

Proof of Theorem 2: Consider a setting with two bidders
(m = 2) where both bids Bj, By are revealed at the end of
each auction, irrespective of the chosen reserve price. Note
that a lower bound in this setting implies a lower bound in
the harder setting of Theorem 1, in which only the revenue is
revealed.

Consider bid distributions of the form

) =

Since the bid distribution is supported on {%, %} the expected
revenue of a reserve price 0 < p < % is never greater than that
of p = % Similarly, the expected revenue of a reserve price
% <p< % is never greater than that of p = %. Therefore,
without loss of generality we may restrict our attention to

strategies that select their prices from {%, %}

IE”(B: +€ and IP’(B:%):%—E.

N[—
N|—
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We now compute the expected revenue of p = % and p = %,

N1/ 2 11 5\ 3/(1 2
ma)=5177¢) 22503 -<) 3 3

n(z) —u(3) =5 +e. (17)

For any fixed € € (0, 1), consider now the random variable
Z e {—1,+1} such that P(Z = +1) = P(Z = —1) = } and
let « p be the expected revenue function of the bid distribution

I4+2Ze ifa=

EN[SSH S

P(B=a)=
( ) [ % —Ze ifa=
We now prove that no deterministic mechanism can have small
regret on both conditional bid distributions P(- | Z = +1) and
P(-|Z=-1)

According to (17),

up(31Z=41)=up(3 1 Z=+1)+5+¢
Moreover, switching € to —e gives

up(31Z2==1)=nr(31Z2=-1)+5-¢

Since ¢ is chosen of the order of T~1/2, in the rest of the proof

we may ignore the term €2 appearing in the expected revenue
function u p. This adds a constant to the regret, which is taken
into account by the asymptotic notation. Now let p* = p*(Z)
be the optimal reserve price for the conditional bid distribution.
Thatis, p* = J if Z=+1 and p* = 2 if Z = —1.

Fix any deterministic algorithm choosing reserve
prices p1, p2,... Let Ti2 and T3,4 be the number of
times p; = % and p; = %, respectively. Finally, let 7* be the
number of times p, = p*. Because the regret increases by §
every time p, # p* (recall that we are ignoring the € term
in up), the expected regret of the algorithm with respect to
the worst-case choice of Z is

T
D Elu(p*) —u(p) | Z=2]

t=1

max
ze{—1,+1}

T
> E[u(p*) = u(p))]

t=1

€ *
= E(T —E[T*])

v

€ 1
= (T (BT | Z = +11 4 ElTys | Z = —1])).

In this simplified setting, where the mechanism can observe
the individual bids, each p; is determined by the independent
bid pairs (Bl(l), 31(2)), R (B;l), B;Z)). Let P;' and P, be
the joint distributions of the bid pairs when Z = +1 and



562 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 1, JANUARY 2015

Z = —1, respectively. Finally, let Py = %(P;r + P; ). Then,

Pinsker’s inequality implies
1 +
EKL PT||P

1
KL(P 1P

P;(Pt=%) =< PT(pt=

I\)I

IA

Pr(p = 3)+

where we used the convexity of the relative entropy KL(- I P;r )
in the last step.

We now recognize that P;L and P are product distributions
of T pairs of (shifted and scaled) independent Bernoulli
random variables B1 , and B o with parameters % + € and

2

1) €
% — €, respectively. Therefore, taking the scaling factor into
account and using the chain rule for relative entropy gives
KL(P7IP) < KL(Pr_ IPf_)) +2KL(B,_ 1B, )
5—€ 5te€
< 2TKL(B1 1B, )
i—e §+6
< 326°T
the last inequality holding if € € [0, 0.47]. Hence
ElTi2 | Z=+1]1 < E[Tia]l + T,/ § - 32€2T
= E[T} 2] + €T°/*V/8.
Similarly,
ElT34 | Z = —1] < E[T3/4] 4+ €T>/?V/8.
Therefore
1
S(BMTi21 2 =+11+EIT34 | Z = -11)
1
< 3 (E[T1 /2] + E[T3/4]) + €T3

T
= E +€T3/2\/§.

This implies

T

D E[u(p®) = ulp)] = § (T _T_ 6T3/2¢g) .

=1
Choosing € = ®(T_1/2) concludes the proof of the
theorem. 0

Proof of Lemma 7: Since the revenue RM (p) is determined
by Bl(l/[) and BI(VI) only, we use the notation R,(b1, b2) to
denote the revenue RM (p) when B( ) = = b1 and Bl(l/[) = b.
Since by > by, in order to compute the pseudo-dimension of
F we have to determine the largest number of points shattered
in the region S = {(b1,b2) : 0<by <b; <1} C R? where
the functions R, are defined as

by ifby>p
Ry(b1,b)=1p ifby<p=<bh
0 if b < p.

Note that each function R, defines an axis-parallel rectangle
with corners (p, p), (p,0), (1, p) and (1,0). Inside the
rectangle R, = p, to the left of the rectangle R, = 0, and
points (b1, by) € S above it satisty R, (b1, by) = ba.

We now show that F shatters any two points x; = (by, b)
and xo = (b1 + €, by + €) in the region S such that ¢ > 0
and by + € < by. This is shown by the following case analysis
where we use the values r; = by and r» = by + €.

e p > by + €, this realizes the pattern (0,0) because
Rp(xl) =0 <by and Rp(xz) =0<by+e¢;
e« by < p < by + €, this realizes the pattern (0, 1)
because R,(x1) =0 < by and R,(x2) = p > by +€;
e by + € < p < by, this realizes the pattern (1, 1) because
Ry(x1) =p > by and R,(x2) = p > by + €;
e« by < p < by + €, this realizes the pattern (1,0)
because R, (x1) = p > by and R,(x2) = by + €.
In order to prove that F can not shatter any three points in S,
arrange on the real line the six coordinate values of these
three points. These six numbers define seven intervals. When
p ranges within any such interval, the value of R, must remain
constant on all the three points. This is because the value of
R, (b1, by) changes only when p crosses by or by. But then,
F can only realize at most seven of the eight patterns needed
to shatter the three points. g
Proof of Theorem 4: For the sake of brevity, let R;(p)
denote R,M "(p). Also, let E;[-] be the conditional expecta-
tion E;[-]| p1,..., pi—1], i.e., the expectation of the random
variable at argument conditioned on all past bids and all past
number of bidders. Let p%. be the random variable defined as

T

py = argmax z R:(p).
pel0,11 T2

Then

T T
Z R, (P?‘) - Z R(p1)
t=1 t=1

T
= > Ri(py) — Tulpy) + D E[Ri(p)] -

t=1 t=1

~

T
Z R/ (pr)
t=1

T
+Tu(py) — ZEz [R: (p)]
=1

= max. (Z Ri(p) — Tﬂ(P)) (18)
Z(Ef [Re(p0)] = Re(pr)) 19)

! T
+Tu(py) — D B[ Re(po)]. (20)

t=1

In order to bound (18) we combine Lemma 6 with Lemma 7.
This gives

T
1
prg[gﬁ](z Ri(p) — T#(P)) <C\2rn

with probability at least 1 — J, where C is the constant
mentioned in Lemma 6.

In order to bound (19), note that Z;
fort = 1,2,...

= Et[Rt (Pt)] — R:(pr)
is a martingale difference sequence with
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bounded increments, E;[Z;] = 0 with Z; € [—1, 1] for each ¢.
Therefore, the Hoeffding-Azuma inequality for martingales
establishes that

T
Z(E’[Rt(Pt)] - Rt(pt)) < \/@

=1
with probability at least 1 — o.

Finally, term (20) is bounded via Theorem 3 after observing
that p(py) < w(p*), where p* = argmax,co 1 4(p) is
the maximizer of the expected revenue. This concludes the
proof. 0

Proof of Theorem 5: Following (15), the regret accumulated
in block r is upper bounded by

JT | 1+8s,

65,

-

— In
o

with probability at least 1 —
O(logr), provided u(p*) > 0 and

\/?r > 721n(6S,/(5r).
w(p*
On the other hand, if (21) is false, then we can simply upper
bound the cumulative regret in block r by its length 7.
Because the algorithm is restarted at the beginning of each
block, these cumulative regrets have to be summed over
blocks. Let rr be the index of the final block. Clearly, if the
total number of steps is T then 7, < 2T, andrr < 1+log, T
Moreover, denote by 7 the larger r such that (21) is false.
Taking a union bound over blocks (and noting that >_ . d, < d),
we have that with probability at least 1 — J the cumulative
regret of Algorithm 1 is upper bounded by

r rr
1
ST+ > V{14385, ~In

r=0 r=r+l1

or, where S, < [2 log,log, 7,1 =

21

65,

We upper bound the two sums in the above expression
separately. We have

>1-0(2)

But by its very definition 7 also satisfies
721n(6S,, /0r;)

u(p**
so that the first sum can be overapproximated as

4 1 (loglog T)(T + 1)(T +2)
T,=0 ! ( ))
Z(; (ﬂ(P*)8 o

0
As for the second sum, we can write

2?/2 <

rr
1 65,
> VT (1485 [=In—
- o oy
r=r+1
rr
1 6S,
< VTry1+8S,./—1
- ; r + ' ¢ " 5"

563

65,

rr
52\/5 1+8S,, éln

rr

_Z\/_ O(loglog

Vloglog T + log 1/5)

(
loglog T

=0 (2’T/2) x O ( og(og Vloglog T + log 1/5)

u(p
T loglogT
=0 «/—O# Vloglog T +1log 1/
u(p*)
Putting together proves the claimed bound. g
REFERENCES

[1] S. Athey and P. A. Haile, “Identification of standard auction models,”
Econometrica, vol. 70, no. 6, pp. 2107-2140, 2002.

[2] P. Auer, R. Ortner, and C. Szepesvari, “Improved rates for the stochastic
continuum-armed bandit problem,” in Proc. 20th Annu. Conf. Learn.
Theory, 2007, pp. 454-468.

[3] P. Auer, N. Cesa-Bianchi,
the multiarmed bandit problem,” Mach. Learn.,
pp. 235-256, 2002.

[4] S. Bubeck, R. Munos, G. Stoltz, and C. Szepesvdri, “X-armed bandits,”
J. Mach. Learn. Res., vol. 12, pp. 1587-1627, Feb. 2011.

[5] N. Cesa-Bianchi and G. Lugosi, Prediction, Learning, and Games.
Cambridge, U.K.: Cambridge Univ. Press, 2006.

[6] E. W. Cope, “Regret and convergence bounds for a class of continuum-
armed bandit problems,” IEEE Trans. Autom. Control, vol. 54, no. 6,
pp- 1243-1253, Jun. 2009.

[71 E. David, A. Rogers, N. R. Jennings, J. Schiff, S. Kraus, and
M. H. Rothkopf, “Optimal design of English auctions with discrete bid
levels,” ACM Trans. Internet Technol., vol. 7, no. 2, 2007, Art. ID 12.

[8] P. Dhangwotnotai, T. Roughgarden, and Q. Yan, “Revenue maximization
with a single sample,” in Proc. 11th ACM Conf. Electron. Commerce,
2010, pp. 129-138.

[9]1 P. A. Haile and E. Tamer, “Inference with an incomplete model of
English auctions,” J. Political Economy, vol. 111, no. 1, pp. 1-51, 2003.

[10] J. D. Hartline and A. R. Karlin, “Profit maximization in
machanism design,” in Algorithmic Game Theory, N. Nisan,
T. Roughgarden, E. Tardos, and V. V. Vazirani, Eds. Cambridge, U.K.:
Cambridge Univ. Press, 2007.

[11] A. X. Jiang and K. Leyton-Brown, “Bidding agents for online auctions
with hidden bids,” Mach. Learn., vol. 67, nos. 1-2, pp. 117-143,
2007.

[12] R. Kleinberg and T. Leighton, “The value of knowing a demand curve:
Bounds on regret for online posted-price auctions,” in Proc. 44th Annu.
IEEE Symp. Found. Comput. Sci., Oct. 2003, pp. 594-605.

[13] P. Massart, “The tight constant in the Dvoretzky—Kiefer—Wolfowitz
inequality,” Ann. Probab., vol. 18, no. 3, pp. 1269-1283, 1990.

[14] R. B. Myerson, “Optimal auction design,” Math. Oper. Res., vol. 6, no. 1,
pp. 58-73, 1981.

[15] N. Nisan, “Introduction to mechanism design (for computer scientists),”
in Algorithmic Game Theory, N. Nisan, T. Roughgarden, E. Tardos, and
V. V. Vazirani, Eds. Cambridge, U.K.: Cambridge Univ. Press, 2007.

[16] M. Ostrovsky and M. Schwarz, “Reserve prices in internet advertising
auctions: A field experiment,” in Proc. 12th ACM Conf. Electron.
Commerce, 2011, pp. 59-60.

[17] D. Pollard, Empirical Processes: Theory and Applications (Probability
and Statistics), vol. 2. Hayward, CA, USA: Institute of Mathematical
Statistics, 1990.

[18] A. W. van der Vaart and J. A. Wellner, Stochastic Convergence and
Empirical Processes, 2nd ed. New York, NY, USA: Springer-Verlag,
2011.

[19] A. W. van der Vaart and J. A. Wellner, Weak Convergence and Empirical
Processes. New York, NY, USA: Springer-Verlag, 1996.

[20] W. E. Walsh, D. C. Parkes, T. Sandholm, and C. Boutilier, “Computing
reserve prices and identifying the value distribution in real-world auc-
tions with market disruptions,” in Proc. 23rd AAAI Conf. Artif. Intell.,
2008, pp. 1499-1502.

[21] J. Y. Yu and S. Mannor, “Unimodal bandits,” in Proc. 28th Int. Conf.
Mach. Learn., 2011, pp. 41-48.

and P. Fischer, “Finite-time analysis of
vol. 47, nos. 2-3,



564 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 1, JANUARY 2015

Nicolo Cesa-Bianchi is professor of Computer Science at the University of
Milano, Italy, where he is currently director the Computer Science programs.
He was President of the Association for Computational Learning and member
of the steering committee of the EC-funded Network of Excellence PASCAL2.
He served as action editor for the Machine Learning Journal, for IEEE
TRANSACTIONS ON INFORMATION THEORY, and for the Journal of Machine
Learning Research. He is currently associate editor for the Journal of Informa-
tion and Inference and member of the Board of Directors of the Association
for Computational Learning. He was program chair of the 13th Annual
Conference on Computational Learning Theory and of the 13th International
Conference on Algorithmic Learning Theory. He held visiting positions with
UC Santa Cruz, Graz Technical University, Ecole Normale Superieure in Paris,
Google, and Microsoft Research. His main research interests include statistical
learning theory, online learning, sequential prediction. He is coauthor of
the monographs Prediction, Learning, and Games and Regret Analysis of
Stochastic and Nonstochastic Multi-armed Bandit Problems. He is recipient
of a Google Research Award and of a Xerox Foundation UAC Award.

Claudio Gentile is currently associate professor in Computer Science at the
University of Insubria, Italy, where he is also coordinating the PhD program
in Computer Science and Computational Mathematics. His current research
interests are in Online Learning, Big Data analysis, Machine Learning on
networked data, and applications thereof. He is member of the editorial
board of the Machine Learning Journal from 2006, member of the editorial
board of the Journal of Machine Learning Research from 2009, steering
committee member of EU-funded Networks of Excellence projects PASCAL
and PASCAL?2, PC chair, Area Chair or Senior PC member of several interna-
tional conferences in the field of Machine Learning/Artificial Intelligence/Data
Mining (e.g., COLT, NIPS, IJCAIL, ECML/PKDD). He was visiting researcher
at UC Santa Cruz, Microsoft Research, Technion, University College London,
Tel-Aviv University, INRIA Lille, Telefonica, Amazon.

Yishay Mansour got his PhD from MIT in 1990, following it he
was a postdoctoral fellow in Harvard and a Research Staff Member in
IBM T.J. Watson Research Center. Since 1992 he is at Tel-Aviv University,
where he is currently a Professor of Computer Science and has serves
as the first head of the Blavatnik School of Computer Science during
2000-2002. He was the director of the Israeli Center of Research Excel-
lence in Algorithms. Prof. Mansour joined MicroSoft Research in Israel
in 2014. Before that he held visiting positions with MicroSoft, Bell Labs,
AT&T research Labs, IBM Research, and Google Research. He has mentored
start-ups as Riverhead, which was acquired by Cisco, Ghoonet and Verix.
Prof. Mansour has published numerous journal and proceeding papers in
various areas of computer science with special emphasis on communication
networks, machine learning, and algorithmic game theory, and has supervised
over a dozen graduate students in those areas. Prof. Mansour is currently an
associate editor in a multiple distinguished journals and has been on numerous
conference program committees. He was the program chair of COLT (1998)
and serves on the COLT steering committee.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


